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SUMMARY

arises when using the Sinkhorn-Knopp Algorithm for transforming a square matrix into a doubly-stochastic matrix.  I investigate

the existence and classification of solutions to this problem in various cases involving matrices with specific structures.  Beginning

with some simple cases, including low-dimensions and simple patterns, e.g. circulant matrices, I make some conjectures about 

solutions in higher-dimensional and more complex or generalized cases.  I will also explore relationships between solutions and

eigenvectors of N, and prove a few simple theorems in the case that N is circulant.
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Circulant Matrix (3x3) - Solutions
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Circulant Matrix (n x n) - Solutions
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Classification of Solutions
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General 2x2 Matrix
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Alternating w/ 2 Parameters (4x4)

)1(

321321

321321

321321

321321

22

22

22

22




















































axbxaxb

a

bxaxbxa

b

axbxaxb

b

bxaxbxa

a

axbxaxb

a

bxaxbxa

b

axbxaxb

b

bxaxbxa

a





















1

so
3

2

1

x

x

x

x















































1

1

1

1

and

1

1

1

1

:Solutions  2 )2()1( xx


solutions. 2only   thebe appear to  theseeven, is  that such form  thisof  matrices all  For : Note nN nn

circulant. also is  then

 matrix another  of columns  theas  treatedare solutions  theseIf  :Note 

2

2

N

N































a

bc
a

c

ab
c

b

ac
b

b

ac
b

a

bc
a

c

ab
c

c

ab
c

b

ac
b

a

bc
a

N 2

:equation originalour  inN matrix our  as treat  weIf 2N

 

...

1

))((

)1(
1

2

1

)1()1(






































































































































x

x

a

bc
a

c

ab
c

b

ac
b

b

ac
b

a

bc
a

c

ab
c

c

ab
c

b

ac
b

a

bc
a

a

bc
a

b

ac
b

c

ab
c

c

ab
c

a

bc
a

b

ac
b

b

ac
b

c

ab
c

a

bc
a

xNNx T 

:solutionsr eigenvecto-non following  theus gives which

 



































1

2

2

2

2

4

acb

cab

bac

cab

x
  
































1

2

2

2

2

5

acb

cba
abc

cba

x
  



































1

2

2

2

2

6

cab

bac

acb

bac

x


Notice: the reciprocal pattern between entries of subsequent solutions is still present.
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Other Misc. Results

(Shown w/out Proof)
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