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SUMMARY

arises when using the Sinkhorn-Knopp Algorithm for transforming a square matrix into a doubly-stochastic matrix.  I investigate

the existence and classification of solutions to this problem in various cases involving matrices with specific structures.  Beginning

with some simple cases, including low-dimensions and simple patterns, e.g. circulant matrices, I make some conjectures about 

solutions in higher-dimensional and more complex or generalized cases.  I will also explore relationships between solutions and

eigenvectors of N, and prove a few simple theorems in the case that N is circulant.
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Circulant Matrix (3x3) - Solutions
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Circulant Matrix (n x n) - Solutions

m
n

i

n ez




2

m are )1  tosolutions(complex   unityof  rootsnth

mn

m

n

mNotenm
n

m
i

n

m


















 




 1
and1:.1,...,1,0for,

2
sin

2
cos

FACT: 

form  theof rseigenvecto    hasmatrix  circulant     The

021

201

110

n

CCC

CCC

CCC

Nnn
nn

n
































1

1

2

210

1

2

 seigenvalue  toingcorrespond

1
































n

mnmmm

n

m

m

m

m CCCCx 










)1,,1,0for  (  nm 

not. do  rseigenvecto but the , of entries  theon depend  seigenvalue The:Note mm xN




(Davis, P.J.  Circulant     

Matrices.  Wiley, 1979)

Lemma :  toscorrespondbut  , ofr eigenvecto an also is T

m Nx


1,,1,0, eigenvalue  nmmn 

Proof :

 the  However,. ofr eigenvecto an is  so circulant, also is T

m

T NxN


: is eigenvalue ingcorrespond

1

1

2

210



 
n

mmnmn CCCC  

mn

n

m

n

m CCCC  1

2

2

1

10 


 

      11

1

21

2

1

10








nn

mn

n

m

n

m CCCC  

mn

m

m

n

m

n

mmn 



 







 




1
1 since

11

Theorem :

 problem.our   tosolutiona  is

 )1,,1,0(for  xr eigenvecto each  thenmatrix,circulant     an is  If m  nmnnN 


Proof :

k

k

kmnm xx )(
1

)(

1
 since   observeFirst m-n

mm

)1(












 

 

)1()1()1()1( ))(())(( Thus   mm

T

m

T xNxNN


 )1()1( ))(
1

(  m

m

T xN



)1()

1
( 

 mn

T

m

xN




lemma) by the()
1

( )1(

)(



 mnmnn

m

x





mmnnmn xxx


 



 )(

)1()(

)0 (thus nonzero bemust   of entries all

 defined, be ooperator t reciprocal entrywise  For the:Reminder

solutiona  also is 

1

'

'

1

/

/
1

             

 solution,a  is   if So,                           

solution.a  also is xc then

 matrix, givena for  solutiona  is x if that shown be canIt 

3

2

1

32

31







































































xx

x

x

xx

xx

x

x

x

x

x

x

x

3

2

1

3

3

2

1







Classification of Solutions
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