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MAR Centenniat Mathematical Sciences Digital Library (MathDL)

MathDL has been supported by the National Science Foundation under grants DUE-0085861, DUE-0435198, and DUE-
1043879, first as a collection in the National Science Digital Library (NSDL) and then as a pathway within NSDL. MathDL
consists of the following components:

MathDL

Spotlight: Archives of American

Mathematics » Math in the News
¥ On This Day
MAA Presidents
» Convergence
Governance b MAA Reviews

b Classroom Capsules and Notes
Policies and Procedures b Course Communities
» MAA Journal Writing Awards

» Loci and JOMA

Advocacy

Support MAA » Mathematical Communicationg

Our Parers Loci/ M Comergence ks QI

Advertise with MAA Loci was created in 2008 to combine the features of the A large database of books and book reviews, including
Journal of Online Mathematics and its the MAA's list of books recommended for undergraduate M
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High School Teachers So far, we have identified resources for one-variable calculus, multivariable calculus, a first course in ordinary differential
equations, and a probability course, as well as for a pseudocourse containing resources for developmental mathematics.

Faculty and Departments

Check out and rate the resources, make comments, start discussions, and recommend additicnal resources.

Curriculum & Department » y _ . I
Guidelines & Recommendations » Developmental Mathematics
b Linear Algebra
Course Communities
» One-Variable Calculus
b Multivariable Calculus
Classroom Capsules and Notes )
» Ordinary Differential Equations
Project NExT
» Probability
Professional Enhancement
Programs (PREP) Featured Items
INGenlOuS . . P .
Calculus Applets using GeoGebra dentify the Derivative Function
CoMInDS This collection of thity Geogebra applets has been The applet is written in HTMLS, so it is available on -
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High School Teachers Displaying 1 - 10 of 170
Filter by topic

Faculty and Departments y
I Linear Algebra B4 seect- F APPLY

Curriculum & Department » -
(eMEBLEEE SR L B EL SV B A First Course in Linear Algebra | Application: Least Squares )
From the Preface: Application: Optimization and Linear Programming
Course Communities o - gggrec;mmatmn of Eigenvalues and Eigenvectors
Textbook (online and free), Linear Algeb| - iaction
Determinants
Matrix Multiplication Dynamical systems
Classroom Capsules and Notes ) This website provides YouTube videos ¢ Eigenvalues and Eigenvectors
Geometry
Project NExT Matrix Multiplication, Linear Algebra History of Linear Algebra

Inner Product Spaces

Pivot and Gauss-Jordan Tool L!”ear l”dEPEHdenc.e
Linear Transformation

Allows user-entered matrix of up to \( —

Professional Enhancement

Programs (PREP) Iatrix Algebra
IMatrix Expenential (and other matrix-valued functions) '
INGenlOuS Solving Linear Systems: Gaussian Elim| wpatrix Factorizations

Matrix Invertibility
Eigenvalues and Eigenvectors Matrix Multiplication
CoMInDS Review of the hasics of comnuting eit Orthogenality and Projections v M
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Some of the tools/resources

* Videos

* Books/tutorials

* Articles/tutorials

* Interactive tools:
* Visualization of linear transformations
* Guassian elimination
* Wolfram CDF tools

* Classroom “clicker” questions
* Past JMM linear algebra talks
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Home » Courses » Mathematics » Linear Algebra » Video Lectures

'Video Lectures

These video lectures of Professor Gilbert Strang teaching 18.06 were recorded live in the Fall of
COURSE HOME 1999. Support for the video production was provided by the Lord Foundation of Massachusetts

in your end-of-the-
under a grant to the MIT Center for Advanced Educational Services. Iy Qpg orges

year giving.
SYLLABUS EE3 Subscribe to this collection

CALENDAR .
difference.
» Lecture 1: The geometry of linear equations

READINGS ‘No!J >>

ﬁ ASSIGNMENTS

‘ EXAMS » Lecture 2: Elimination with matrices

STUDY MATERIALS

TOOLS

L matiea O hAulbinliantine and insras sanbrionn

Don't show me this again

Need help getting started?
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Vectors and spaces

Linear algebra

Let's get our feet wet by thinking in terms

of vectors and spaces.

Have you ever wondered what the difference is
between speed and velocity? Ever try to visualize in
four dimensions or six or seven? Linear algebra
describes things in two dimensions, but many of the
concepts can be extended into three, four or more.
Linear algebra implies two dimensional reasoning,
however, the concepts covered in linear algebra
provide the basis for multi-dimensional
representations of mathematical reasoning. Matrices,

Matrix transformations

Understanding how we can map one set of

vectors to another set. Matrices used to
define linear transformations.

vectors, vector spaces, transformations, Alternate coordinate systems
eigenvectors/values all help us to visualize and

understand multi dimensional concepts. This is an
advanced course normally taken by science or
engineering majors after taking at least two semesters
of calculus (although calculus really isn't a prereq) so
don't confuse this with regular high school algebra.

(bases)

We explore creating and moving between
various coordinate systems.

) Community Questions

https://www.khanacademy.org/math/linear-algebra
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Elementary Linear Algebra
(Lecture Notes by Keith Matthews, 1991)

CMAT: An exact arithmetic matrix calculator program

« Preface
Title Page/Contents (pages 0, i-iv)
o pdf version of book (911K)
Chapter 1: Linear Equations (pages 1-21)
Chapter 2: Matrices (pages 23-54)
Chapter 3: Subspaces (pages 55-69)
Chapter 4: Determinants (pages 71-88)
Chapter 5. Complex Numbers (pages 89-114)
Chapter 6: Eigenvalues and Eigenvectors (pages 115-128)
Chapter 7: Identifying Second Degree Equations (pages 129-148)
Chapter 8: Three-dimensional Geometry (pages 149-187)
Further Reading/Bibliography (pages 189.191-193)
Index (pages 194-196)

« Corrections

Solutions to Elementary Linear Algebra
(Prepared by Keith Matthews, 1991)

« Title Page/Contents (pages 0/i)
o pdf version of the solutions (437K - best read with zoom in)
Problems 1.6: Linear Equations (pages 1-11)
Problems 2.4: Matrices (pages 12-17)
Problems 2.7: Matrices (pages 18-31) |
Problems 3.6: Subspaces (pages 32-44)
Problems 4.1: Determinants (pages 45-57)
Problems 5.8. Complex Numbers (pages 58-68) -

http://www.numbertheory.org/book/
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Linear Algebra in Twenty Five Lectures
(=) ¢

Tom Denton and Andrew Waldron

March 27, 2012

Edited by Katrina Glaeser, Rohit Thomas & Travis Scrimshaw

https://www.math.ucdavis.edu/~linear/linear.pdf
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laNotes.pdf

Introduction to Linear Algebra

Thomas L. Scofield

August 31, 2014

http://www.calvin.edu/~scofield/courses/m231/S14/laNotes.pdf



http://www.calvin.edu/~scofield/courses/m231/S14/laNotes.pdf

Books/tutorials

mug FEM TS
[{] joshua.smevt.edu/lineara ﬂ_‘ - . - P - . &8

- C' [} joshua.smcvt.edu/linearalgebra/book.pdf Q '\;? ®
P Calculus Program [ MAA - Linear Algebr... E Weather

i2% Apps [ Pepperdine email (P Home page of Davi...

LINEAR ALGEBRA

Jim Hefferon
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left & right inverses

Prof. Drucker

MAT 5410

Notes on Left and Right Inverses

An abuse of notation. We will use the same symbol for an m x n real matrix A that we use for the linear
map that sends vectors x in R" to the vectors Ax in R™. Thus, for example, I,, denotes both the n x n
identity matrix and the identity map on R™.

Other notations. R(A) denotes the column space or range of A, AN'(A) denotes the nullspace or kernel of A,
and AT denotes the transpose of A. Thus R(AT) is the row space of A and N(AT) is the left nullspace of
A. Finally, {e,..., e, } denotes the standard ordered basis of R™.

Before proving anything, we state all our results.

Theorem 1. (Left inverses) Let A be an m x n real matrix of rank r with echelon matrix U. Then the
following conditions are equivalent:
a. r =n. (This implies that n < m.)
b. Every column of U is a pivot column.
. R(AT) =R".
. N(A) = {o}.
. The columns of A are linearly independent.
. The system of equations Ax = b has at most one solution for each b € R™.

As a linear map, A is one-to-one.

. The n x n symmetric matrix ATA is invertible.

. There is a linear map B : R™ — R™ such that Bo A = I,,. Equivalently, there is an n x m matrix B such
that BA = I,,. (One such matrix is B = (ATA)~'AT))

Theorem 2. (Right inverses) Let A be an m x n real matrix of rank r with echelon matrix U. Then the

following conditions are equivalent:
a. r =m. (This implies that m < n.)

. U has no zero rows.

. R(A) =R™.

. N(AT) = {o}.

. The rows of A are linearly independent.

. The system of equations Ax = b has at least one solution for each b € R™. (The system of equations is
said to be consistent.)

. As a linear map, A is onto.
o L L

- E0R om0 B

-0 BRn T

= 0s
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IFEM.AppP.pdf

Partitioned Matrices
and the Schur
Complement

]
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\

A Fresh Approach to the Singular Value Decomposition

Author(s): Colm Mulcahy and John Rossi

Source: The College Mathematics Journal, Vol. 29, No. 3 (May. 1998), pp. 199-207
Published by: Mathematical Association of America

Stable URL: http://www jstor.org/stable/2687046

Accessed: 25/09/2008 19:12

Your use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
hitp/iwww.jstor. ge/infofabout/pol t jsp- JSTOR's Terms and Conditions of Use provides, i part, that unless

you have obtained prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use,

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at

http/iwww.jstor.orgl; /showPublisher?publisherCode=maa.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is a not-for-profit organization founded in 1995 to build trusted digital archives for scholarship. We work with the
scholarly community to preserve their work and the materials they rely upon, and to build a common research platform that
promotes the discovery and use of these resources. For more information about JSTOR, please contact support@jstor.org.
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The Exponential of a Matrix

The solution to the exponential growth equation

dr
i kr is given by = r:ur:-k',

i
|| It is natural to ask whether yvou can solve a constant coefficient linear system

7' = AF

| in a similar way.

|| If a solution to the system 1s to have the same form as the growth equation solution. 1t should look like
7 = e,
The first thing I need to do is to make sense of the matrix exponential ¢t .

The Tavlor series for ¢* 1s

Con
e = E —.
n!

n={)

| It converges absolutely for all z.
(| It Aisan n xn matrog with real entries. define

" o A
et —

n!
n=)

The powers A" make sense. since A is a square matrix. It is possible to show that this series converges for all t and every matrix A

| Dafferentiating the series term-by-term.

=
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Applet: Linear transformation in two dimensions

A= '_2 -1 —YU U g 4-YI U U
-1 1
det(a) = -3 74 2
[
0 X X
14 2 4 2
5 | 2 O
| —y -4

The linear transformation T' = Ax, with A specified in the upper left hand corner of the applet, is illustrated by its mapping of a quadrilateral. The
original quadrilateral is shown in the zy-plane of the left panel and the mapped quadrilateral is shown in the 'y’ -plane of the right panel. You can
change the linear transformation by typing in different numbers and change either quadrilateral by moving the points at its corners. The determinant
| of A (shown in upper left hand corner) determines how much T stretches or compresses area and whether or not it reverses the orientation of the
region. The orientation of each quadrilateral can be determined by examining the order of the colors while moving in a counterclockwise direction |
around its perimeter. 1Tse the + and - buttons of each panel to zoom in and out. (When det A = 0, you cannot drag points in the right panel.)

http://mathinsight.org/applet/linear transformation 2d
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Linear transformations
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A 0
i 3 -1 ¢ 0 1 2 6 5 4 3 -1 0 1 2 3 4 5
Y 1
-1
-2
2 -3
4 |
-3
-5 =
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For Math Majors and Minors

Programming Reference

Math and IT Dept

Mercyhurst Home
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Other experimentation /visualization

. [F=Sj = S
/ € GeoGebra X \ f—

<« C' [ tube.geogebra.org w @ =
it Apps [3 Pepperdine email (P Home page of Davi.. (P Calculus Program [JB] MAA - Linear Algebr... E Weather

G eQG e brO Materials Downloads Community Help | Sign in |

| Q) (oo

| Featured Materials
i =
— = ' ek
4 Y o e o —
I <J (/\ ) = >
r. Y : _
Moss Egg by Robert » Growth of Inclined Plan
My World My Math! Involute profile Dixon " Facebook.com " Two Mas...
| Stephen Jull Xabier Iriarte " Bill Lombard A Roy Wright ukukuku
|
Newest Materials Popular Worksheets Popular Tags
e i algebra | | line
Menentukan Luas Belah Angle at the centre Theo 9e0metry auatons | agebra | inear |
= —- 4 January 2, 2016 - T:28 PM October 22, 2011 - 11:47 PM area | quadratic | tessellation | graph | 0f| '
Kurniawan hughes —
B0 e0 A3 eon functi0n5| angle| functi0n| circle| angles

http://tube.geogebra.org/
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Other experimentation /visualization

. [P F= e

I E‘ Math Applet Menu X% |, —— -y - — . -
€& - C' [) math.mercyhurst.edu/~lwilliams/Applets/ oy @
2 Apps [ Pepperdine email (P Home page of Davi.. ((F' Calculus Program [J MAA - Linear Algebr... ! Weather

| »

Dr. Wiliams Home Math Ap p Iets

Lauren Williams, Department of Mathematics and Information Technology,
Mercyhurst University

cv

Teaching Archive

Math Applets O
For Math Majors and Minors Note to Users:
) All applets on this page are written in JavaScript, with graphics supported by the Raphaél library. If you
Programming Reference see colors and motion above, and a slider is visible and allows you fo move a circle, you'll be able to
use all applets. If not. make sure JavaScript is enabled, and try using a browser other than Internet
Explorer.

Math and IT Dept

Precalculus / Trigonometry

« Transformations of Functions

« Graphing Rational Functions (without derivatives)
« The Unit Circle

Transformations of Trigonometric Functions '
Polar Graphing

Mercyhurst Home

Calculus °

http://math.mercyhurst.edu/~Iwilliams/Applets/



http://math.mercyhurst.edu/~lwilliams/Applets/

aussian elimination

[P P FE

: [l Gauss-Jordan Elimination = X \

<« C' [9 www.idomaths.com/gauss_jordan.php w @ =
£ Apps [ Pepperdine email (P Home page of Davi.. ((F Calculus Program  [J] MAA - Linear Algebr... E Weather
Gauss-Jordan Elimination Calculator : ggf;t]i"" of the month (Sep -
» Enter the dimension of the matrix. (Rows x Columns). * ;L;:h\':;ﬁii‘; Teach Your Kids
» Maximum matrix dimension for this system is 9x9. » Question of the week (7 Dec
» Result will be rounded to 3 decimal places. 2011)

Math problem from the past
Birthday Paradox

Identity matrix will only be automatically appended to the right side of your matrix if
the resulting matrix size is less or equal than 9x9

X Automatically append the Identity Matrix [ L LLte Online Tools

Worksheet Generator
Problem Sums Worksheet

Enter the matrix entries in the boxes below:

Generator
L I 2z JI NN + GCDand LCM
[+ J[ 5 J[ & J[ o ] « Geometric Linear
L7 )0 8 [ @ 1[ 1 ] Transformation (2D)

« Geometric Linear
Matrix
r 7 Gauss-Jordan Elimination
123 -1 « Permutations and
Combinations
Prime Factorization

456 0 .
« Quadratic Equations
789 1 « Significant Figures
L _ « Simultanecus Linear

Equations

Step 1: Swap row 3 and 1

7891 Select Language v

456 0
123 -1

Step 2: Divide row 1 by 7

’71 1.143 1.286 O.143—‘

http://www.idomaths.com/gauss jordan.php
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(Gaussian elimination

B e LI PN | Y )

’/ [ Row Echelon Form ;\ i —— —

€« C' | [ www.math4all.in/public_html/linear%20algebra/RowEchelonForm/index.html oy e =

2 Apps [ Pepperdine email (P Home page of Davi.. ((F' Calculus Program [J MAA - Linear Algebr... H Weather

| Applet 2.5 : Row Echelon Form |

Rowl : 1 2 3 -1

Row?2 : |4 5 6 0

Row3 : |7 ] 9
I Row4 :

Row5 :

Row6 :

Elementary Row Operations :

| Scale row by Scale

Exchange row and Exchange

Add tumes row to row Add

| MNext operation ? | | Undo |

| Clear Matrix | | Row Echelon Form | | Reduced Row Echelon Form

http://www.math4all.in/public html/linear%20algebra/RowEchelonForm/index.html
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(Gaussian elimination

m Result of solution using G: X \

Matrix Tran

Matrix Multig

latrix

€ C' | [ matrix.reshish.com/gaussSolution.php
it Apps [ Pepperdine email (P Home page of Davi.. (P Calculus Program [ MAA - Linear Algebr... BB Weather

Your matrix

olumn in

Multiply the

the

o

[2A

http://matrix.reshish.com/
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(Gaussian elimination

I RowReducer X % 'y —— - R — —
€« - C' [) www.dangries.com/Flash/RowReducer/RowReducer.html oy @ =
it Apps [3 Pepperdine email (P Home page of Davi.. (P Calculus Program [JB] MAA - Linear Algebr... ! Weather

Row Operations

Swap rows
EL | go

II Multiply row
by I o

m  Add I
times row
to row go

start over with original matrix

start over with a new matrix

show printable output

http://www.dangries.com/Flash/RowReducer/RowReducer.html
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Wolfram CDF activities

n Linear Algebra - Wolfram | X \

& C' [ demonstrations.wolfram.com/topic.htm|?topic=Linear%20Algebra Q 5y @ =

it Apps [ Pepperdine email (P Home page of Davi.. (P Calculus Program [ MAA - Linear Algebr... BB Weather

10437 Interactive Demonstrations

©® Wolfram Demonstrations Project™ rouered by cor rechoiogy»

EXPLORE LATEST ABOUT PARTICIPATE AUTHORING AREA

Linear Algebra . e
Demonstrations 1 - 20 of 166
T 5]

3|14 9| NEXT

A

Three Vector Spaces 2D Jacobian Reindeer Linear '

K-Tiling th
i Transformation

http://demonstrations.wolfram.com/topic.html?topic=Linear%20Algebra
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Other technology

* Mathematica
* Matlab

* Maple

* Excel




Classroom “clicker” questions

oo o o=

-

/ [} MathQUEST/MathViote X\
€« C' [ mathquest.carroll.edu/la.htm oy @ =
£ Apps [ Pepperdine email (P Home page of Davi.. ((F Calculus Program  [J] MAA - Linear Algebr... E Weather

Classroom Voting Questions: Linear Algebra

Please e-mail us if you intend to use any of these questions! keline(@ carroll.edu We will send you a teacher's edition and we would really like
vour feedback!

Click Here, for the complete set of linear algebra voting questions, ordered following the topic headings below.

Click Here, for these questions 1n a larger font. which may be more useful if vou plan to cut and paste these questions from the pdf file into
PowerPoint.

Click Here, for the linear algebra voting questions ordered following Lay's "Linear Algebra" 3rd edition.
Click Here, for the linear algebra voting questions ordered following Poole's "Linear Algebra”.

Click Here, for the differential equations and linear algebra voting questions ordered following Farlow, Hall. McDill, & West's "Differential
Equations and Linear Algebra” 2nd edition.

Questions by topic:

Svstems of Equations. Sample Teacher's Edition

Matrix Representations of Svstems of Equations

Gaussian Elimimation Sample Teacher's Edition
Solution Sets of Linear Svstems

Linear Combinations

Linear Independence

Rank of a Matrix

Matrix Operations Sample Teacher's Edition

Matrix Inverses Sample Teacher's Edition

Detenminants

Eigenvalues and Eigenvectors Sample Teacher's Edition
Eigenspaces

Complex Eigenvalues

Diagonalization N
Vector Spaces and Subspaces
Fundamental Vector Subspaces

Linearly Independent Sets -

http://mathquest.carroll.edu/la.html
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Past JMM linear algebra talks

oo o o=

/. [ Linear Algebra Presentatic X \ -

<« C' [ seaver-faculty.pepperdine.edu/dstrong/LinearAlgebra/index.htm % @
£ Apps [ Pepperdine email (P Home page of Davi.. ((F Calculus Program  [J] MAA - Linear Algebr... E Weather
Presentations made at the
Joint Meetings of the AMS and MAA

from the contributed papers sessionson
Innovative and Effective Ways to Teach Linear Algebra

2008 (5an Diego)

2009 (Washington D.C.)

2010 {San Francisco}
2011 {(New Orleans)
2012 (Boston)
2013 (San Diego}
| 2014 (Baltimore)
2015 (San Antonio)

http://seaver-faculty.pepperdine.edu/dstrong/LinearAlgebra/index.html
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Past JMM linear algebra talks

/ [ Linear Algebra Presentatic X

<« C' | [ seaver-faculty.pepperdine.edu/dstrong/LinearAlgebra/2015/index.html 2 @ =
£ Apps [ Pepperdine email (P Home page of Davi.. ((F Calculus Program  [J] MAA - Linear Algebr... E Weather
Presentations made at the
2015 San Antonio Joint Meetings of the AMS and MAA

from the contributed papers sessions on
Innovative and Effective Ways to Teach Linear Algebra

Talks from previous Joint Meetings

Sundaymorning, January 11, 2015

Visualizing Linear Algebra using the HTMLS Canvas
I Paul R. Bouthellier, University of Pittsburgh Titusville

Collaboration and Community in Fully Online Synchronous Linear Alsebra Recitations
Greg Stuart Mayer, The Georgia Institute of Technology

Motivating students for Linear Algebra by using puzzles
Maima Naheed, Benedict College

GeoGebra and Linear Algebra
Philip Joseph Lombardo, St. Joseph's College of New York

Interleaving Connections of Difficult 2D and 3D Linear Algebra Concepts using Interactive Explorative GeoGebra Applets
James D. Factor, Alverno College

L Enhanced student learning and attitudes with weekly MATLAB explorations
Dan Seth, West Texas A&M University

Linear Algebra with the Hand and Eye
Sarah J Greenwald, Appalachian State University

Introducing Galois theory in an introductory linear algebra course
Chad Awtrey, Elon University

Teaching Linear Algebra in the embodied symbolic and formal worlds of mathematical thinking: Is there a preferred order?
Sepideh Stewart, University of Oklahoma

http://seaver-faculty.pepperdine.edu/dstrong/LinearAlgebra/index.html
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More work needed

There are all sorts of tools and resources online.
Some are good, some are not.

A more extensive survey of online is needed.
This compilation/collection of tools could be
sorted by topic, format, helpfulness/quality, etc.,
similar to sorting through restaurants on Yelp.
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There are all sorts of tools and resources online.
Some are good, some are not.

A more extensive survey of online is needed.
This compilation/collection of tools could be
sorted by topic, format, helpfulness/quality, etc.,
similar to sorting through restaurants on Yelp.

Questions?




