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Big Picture: Column space and nullspace of A and AT
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Figure 1: The action of A: Row space to column space, nullspace to zero.



m>ninAxr=0b Solve A" Az = ATb

Projection p= A% = A(A"A)"tATh = Pb
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Figure 2: Least squares : Z minimizes ||b — Ax||? by solving AT Az = A™b.



SVD = Singular Value Decomposition
A=U Z VI (mxm)(mxn)(nxn)
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Figure 3: Orthonormal bases that diagonalize A.



Pseudoinverse A* IS n by m
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Figure 4: The inverse of A (where possible) is the pseudoinverse A™.



SVD

Construct V,2,U in A=UZXZVT
vy orthonormal eigenvectors of AT A

ATAvi =7 Vi li=oF  1;>0
KEY u; = Av; are orthogonal because
(AVHT(A V) =vi" (ATAV)) =7 vi'v
Normalize to length 1 Divide u; by ai= [|uil|
vn orthonormal in N(A)
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Choose Vr+1
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Choose Ur+1 ... un orthonormal in N(AT)
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Then Avs =01U1 ... AV, = 0OrUr



PROOF 1

row rank = column rank

Factor Amxn=CmxrDrxn = [C1 Cr][d1 dn]
Basis for column space in C: dimr
Coefficients for each column are in D

row 1 row 1

Look again, REVERSED 4=

row m TIOW I

A= CD expresses rows of A by rows of D
Coefficients for each row are in C
Then row space has dimension <r



PROOF 2

row rank = column rank

Xr basis for row space
..... AXr Independent in column space
Suppose 0 = c1Axq + - + CAX:
=A(Cix1 ++ +CX) = Av
VvV IS In row space and null space: v =0.
Then ¢ =0 since Xx; are a basis.
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