Thus an orthogonal basis for Wis -6,

25. [M] The columns of @ will be normalized v
24, Thus

-2 12 13 0
Vo 12 0 1Az
O=|-3/10 -1/2 13 0
475 0 143 0

o 2 0 142

26. [M] In MATLAB. when A has n columns, s
Q=~A(:1)/norm({A(:,1))
% The first column of Q
for j=2: n
v=RA(:,3) -Q*(Q *A{:.]))
Q(:.J)=v/normiv)
% Add a new column to Q
end

6.5 SOLUTIONS

if|e 0
3|10 5
=3[.]6)., O
of|6 0
3|ljojl-5

ersions of the vectors v;, ;. and v, found in Exercise

20 -20 -10 10
6 & 6

0

R=0TA=
¢ 00 63 —H3
00 0 52

uitable commands are

Notes: This is a core section — the basic geometric principles in this section provide the foundation
for all the applications in Sections 6.6-6.8. Yet this section need not take a full day. Each example
provides a stopping place. Theorem 13 and Example | are all that is needed for Section 6.6. Theorem 15,
however, gives an illustration of why the QR factorization is important. Example 4 is related to Exercise

17 in Section 6.6.

1. To find the normal equations and to find x,
-1 2

compute

a2 A, Sl e -
2 3 3l il o=z

-1 2 -l
Tho
’“"[2 -3 3}

i

4
1
2

Th al equati (ATA=aTh: | & T
HN )€ MOC: equa ons are X = . —I] 22 _[1 = ll .

b. Compute

SRS ISR
[l

2. To find the normal equations and to find X, compute

2
ArAz—zz;;lzs
_133;3_813

. T n 112 8|x —24
a. The normal equations are (A" A)x=A"b: = L
& 10 x -2

b. Compute

-1
i=(ATA)'lATh=|:IZ 3} {‘24]=L['° —3]{—24]
8 10) | 2| s6|-8 12 -

2241 [+
Ts6 168 | |3

3. To find the normal equations and to find %. compute

1 -1 0 2] 2/ [6 6
ATA= =
[-2 23 5] 0 3 L 42]
2

a1 102
2 235

. r . 16 6]x 6
a. The normal equations are (A" A)x=A"b: =
6 42| x —

b. Compute



ceaTA ' ATp<[6 © T6] 1[92 6] 6
e “le 42) [-6)7216|-6 6] -6
1288 [ 43
216]-72] [-1/3
4. To find the normal equations and to find X, compute
13

o1 3 3
ATA:L 1 |]1 - {3 11}
1
L1 1’ Te
ATh:[s 1 1] : =La,]
0

3 3 6
a. The normal equations are (A7 A)x=A"h: |:3 | ]:H:f :| = |:l4:|

b. Compute

e ATA AT ]? 3 Te] 1 36
= Tl3 n) el -3 34
_ 14 N
T24)24] |1
5. To find the least squares solutions to Ax = b, compute and row reduce the augmented matrix for the
system A" Ax=A"h:

4 2 1 14 o 1 35
[A74 ATb]=|2 2 0 4]-j0 1 -1 3
20 2 0o 0
so all vectors of the form X=| =3 [+ x; :| are the least-squares solutions of Ax =h.

6. To find the least squares solutions to Ax = b, compute and row reduce the augmented matrix for the
system A" Ax=A"h:

6 3 3 127 I o 1 5
[ATA ATb]=|3 3 0 12[~j0 1 -1 -
30 3 150 |00 0 0
5 -1
so all vectors of the form x=| —1 |+x,| 1| are the least-squares solutions of Ax =h.
0 1

10,

11.

1 -2 3
. From Exercise 3, A= -2 h= : . and Xx= :| Since

0 3 —4 -13

2 5] 2
1 -2 3 2 3] [-1
. -1 2| 437 1 -2 1 -3
Ax=b= [—1;3__ |77 4|7] 3
205 2| L) | 2] |-

the least squares error is || AX—b||= J20=2,f5.

1 3 5 -

1
. From Exercise 4, A=|1 -1|. h=|1/, and i=|:| . Since
1 1 0 -
1 3 i 5 4 5 -1
Af-b=|1 —1H—|=u—| =1-1
1 1 0 2 0 2

the least squares error is || Ax —b [=+/6.

. (a) Because the columns a; and a, of A are orthogonal, the method of Example 4 may be used to

find b, the orthogonal projection of b onto Col A:

1
1 2
?ﬂz=§ 3|+
-2

b-a, b-a, 2
a+ —a, =—a, +
ap -y iy 7

(b) The vector £ contains the weights which must be placed on a; and a, to produce b. These

247
weights are easily read from the above equation, so %= .
17

(a) Because the columns a; and a, of A are orthogonal. the method of Example 4 may be used to

find b, the orthogonal projection of b onto Col A:

b b 1 o2 e
b=+ 20 g =t —a, =31 [+ 4= -1
PR Ay -5 2 | 2 2 4

(b) The vector X contains the weights which must be placed on a, and a, to produce b. These

3
weights are easily read from the above equation, so x = |:“ 2].

(a) Because the columns a, . a, and a, of A are orthogonal. the method of Example 4 may be used

to find b, the orthogonal projection of b onto Col A:



= bhoay b-a, b-a, 2 1 7 -2
h= a+ A, + a;=—ay +0a, +-a;
ay -y @y -y I 3 Av={2{b=Av={ 2| |b-Av|=24
4 0 1 3 8 —4
L +0 =IRIRIER Since Au and Au are equally close to b, and the orthogonal projection is the unigue closest point in
“13le 1 N 3l ol | 4 Col A to b, neither Au nor Av can be the closest point in Col A to b. Thus neither v nor v can be a
least-squares solution of Ax = b.
1 -1 =5 |-
. : 0 i i B 5 7
(b) The vector x contains the weights which must be placed on a, . a,. and a; to produce b. These 15. The least squares solution satisfies Ri=0"b. Since R=|:g. [:| and th=|: ]:|‘ the augmented
2/3 -
weights are easily read from the above equation, so X=| 0. matrix for the system may be row reduced to find

113 (R QIh]:[; f[ —ﬂ{é (11 —ﬂ

12. (a) Because the columns a, , a, and a, of A are orthogonal, the method of Example 4 may be used

. I -
to find b, the orthogonal projection of b onto Col A: and so ¥ =|:_1i| is the least squares solution of Ax =h.
= h-a h-a, b -ay 1 14 5
b= a+ =, + dy =§:1L+?:1:+ ——la; 5 3 1772
a-a ag-a a;-a
L e v 16. The least squares solution satisfies R =0"b. Since R= and Q'h= . the augmented
1 1 0 5 05 a2
11 14iof si-1] {2 matrix for the system may be row reduced to find
=— +— — =
3l 0 301] 3|1 3 [R th]= 2 3 172 _ 1 0 29
-1 1 —1 & 0 5 92 o1 9
" 5 i i thi I 29
(h) The vector x contains the weights which must be placed on a, . a,. and a, to produce b. These and so i=|: g] is the least squares solution of Ax = b.
13 .
weights are easily read from the above equation, so X= 143 | 17. a. True. See the beginning of the section. The distance from Ax to bis | Ax - b .
-3 b. True. See the comments about equation (1).
13. One computes that ¢. False. The inequality points in the wrong direction. See the definition of a least-squares solution.
1 0 d. True. See Theorem 13,
. True. See Th 14,
Au={-11{.b—Au=| 2].||b—Au|=+40 ¢ frue. see theorem
11 —6 18. a. True. See the paragraph following the definition of a least-squares solution.
7 4 b. False. If % is the least-squares solution, then A X is the point in the column space of A closest to
b. See Figure 1 and the paragraph preceding it
Av=|—12|.b—Av=| 3| [b-Av|-29 c. True. See the discussion following equation (1).
7 -2 d. False. The formula applies only when the columns of A are linearly independent. See Theorem
Since Av is closer to b than Aw is. Au is not the closest point in Col A to b, Thus u cannot be a least- 14.
squares solution of Ax=h. e. False. See the comments after Example 4.
14. One computes that f. False. See the Numerical Note.
3 2 19. a. If Ax=10, then A" Ax=AT0=0. This shows that Nul A is contained in Nul A”A.
Au=|{Blb—Au=| 4| |b-A 24
" ) " X - Auli=24 b. If A" Ax=0, then x” A" Ax=x"0=0. So (Ax)" (Ax) =0, which means that || Ax|?=0. and

hence Ax = 0. This shows that Nul A" A is contained in Nul A.



20.

21

23.

24.

26,

Suppose that Ax = 0. Then A" Ax=AT0=10. Since A" A is invertible, x must be 0. Hence the
columns of A are linearly independent.

a. If A has linearly independent columns, then the equation Ax = 0 has only the trivial solution. By

Exercise 19, the equation A" Ax=0 also has only the trivial solution. Since A" A is a square
matrix, it must be invertible by the Invertible Matrix Theorem.

b. Since the n linearly independent columns of A belong to R™, m could not be less than .

¢. The n linearly independent columns of A form a basis for Col A, so the rank of A is n.

. Note that A" A has n columns because A does. Then by the Rank Theorem and Exercise 19,

rank A" A =n—dim Nul A" A = n — dim Nul A = rank A

By Theorem 14, b= A%=A(ATA) ' A™b. The matrix A(ATA) A" is sometimes called the hai-
matrix in statistics.

Since in this case A" A=1, the normal equations give ¥= ATh.

2 2 6

3. The solutions correspond to the points on the line midway between the lines x+y=2andx +v=
4.

22 6
. The normal equations are |: i||:xi| =|: i| whose solution is the set of all (x. ) such that x +y =

¥

[M] Using .7 as an approximation for 202, ay = dy =.353535 and @, =.5. Using .707 as an
approximation for S22, ay = ay = 35355339, g, =.5.



