(]

. The vector in Span{w, | is

6. [M] o
a. One computes that UL =1, while veu 14 4
&2 0 20 8 6 20 4 0] ul,“'|“1=7"|=3"1= 5
0o 42 24 0 -20 6 20 -32 2
-2 24 58 20 [ ) 0 6 vou, N
Since x= u, + 3, + 0305 +cyuy, the vector
] ] _ 1 T Cally +C3lly +Cylly,
e TR A
2 2 411271 2
0 6 32 20 {11 0 24 veu sl |4 1
4 20 0 6 -8 0 18 -20 "-_ﬁ“l 137217 s
- = =
| 0 32 6 0 20 24 -I10 42] 3l 12 1
The matrices U7 and UUT are of different sizes and look nothing like each other. isin Spanfu,.u;.u,).
b. Answers will vary. The vector ])=UUT\' is in Col I/ because ])=U(UT‘F) . Since the columns of ) . -
) k 3 o _ . ) i
U are simply scaled versions of the columns of A, Col U = ColA. Thus each p is in Col A. Ssmce{ u u;; . 1+1+0=0, {u,,u;} is an orthogonal set. The orthogonal projection of ¥ onto
panfu,.u,} is
¢. One computes that U7z=10.
d. From (c), z is orthogonal to each column of A. By Exercise 29 in Section 6.1, z must be vou veu 3 5 3 ! 5 -l -1
arthogonal to every vector in Col A; that is, z is in (Col Ay". ¥ =;l “l u +ﬁ“1 =E“L +E'“: =3 1 +E lj=| 4
17U 27Uy
0 0 0
6.3 SOLUTIONS 4. Since v, -uy =-12+12+0=0, {u;,u,] is an orthogonal set. The orthogonal projection of y onto
Span{u,.u, |} is
Notes: Example | seems to help students understand Theorem 8. Theorem 8 is needed for the Gram- 3 -4 |6
Schmidt process (but only for a subspace that iself has an orthogonal basis). Theorems & and 9 are LYW o yw —Eu _E“ _6 4 3 3l_l1
needed for the discussions of least squares in Sections 6.5 and 6.6. Theorem 10 is used with the QR ¥= wew | owew, - 250 25 0§ 5 B
factorization to provide a good numerical method for solving least squares problems, in Section 6.5. |0 ol Lo

Exercises 19 and 20 lead naturally into consideration of the Gram-Schmidt process.
5. Since u,-uy; =3+1-4=0, {o,.u,} isan orthogonal set. The orthogonal projection of v onto

1. The vector in Span{u, ) is Spanfu,.u,} is
10 . 15 ! "3 5 1 -1
Xy =Eu =2u, = - S'=ﬂ“|+}-u2 u =y ——up =) -l - -l=) 2
T T 47 5 u; -, uy-uy 14 6 2l ) 6
2
6. Since u;-u; =0-1+1=0, {u;,u,} is an orthogonal set. The orthogonal projection of ¥ onto
Since x =cuy + o0, + 0305 + Xl u,. the vector Spanfu,.u,) is
u,-u
10 ||; ! 0 275 3[4 §[9] [¢
V= Yoy 4 u,=——wm+=u,=—=| -1 [+=[1|=[4
x-u, -B| |6 |2 uy -y u;-uy 18 2 2 2
X——u, = - = 1 1 1
u -y 2| |2 4
2] |2 7. Since u;-u; =5+3-8=0, (uw.u,} is an orthogonal set. By the Orthogonal Decomposition
Theorem,

isin Span{u;,u,.uy).



10.

, o 713
YU g, =0u +=uy = 2/3z=y—§=| T3
b R 3 8/3 743

and y = ¥+ % where ¥ isin Wand z isin W,

. Since wy-u, =—1+3-2=0, [u.u,] is an orthogonal set. By the Orthogonal Decomposition

Theorem,
: 32 -5/2
§'=!'“' u, L u, =2 +—u, =T/ 2 z=y-y=| 1/2
u -y u; -y 2 | .

and y = ¥+ % where ¥ isin Wand z isin W,

. Since w -uy =u;-u; =u; -uy =0, {u;.u,,0;] is an orthogonal set. By the Orthogonal

Decomposition Theorem,

2 2

- Cou. . 4 .11
§,=! “lu|+! Uy I.l1+} u; u.3=2l-ll+gll:_g"3= A=y -y =

u; -y u; Uy Uy -l 3 3 0 3

0 -1

and ¥ = ¥+ z where y isin Wand z is in W,

Since u;-u, =u; -u; =u, -uy =0, {u;.0,.05] is an orthogonal set. By the Orthogonal
Decomposition Theorem,

=T S T B R ]

y-u Y-u, y-u, 1 14 3
u + u, + Uy =—u +—ly —— Uy =
u; -y u, U, u; -, 3 3 3

~
I
et
|
-
Il

§=

[= TN B ]

and ¥y = ¥+ z where ¥ isin Wand zisin W+

Note that v, and v, are orthogonal. The Best Approximation Theorem says that ¥, which is the
orthogonal projection of y onto W =Span(v,.v,}. is the closest point to y in W. This vector is

3

LYY y-¥, 1 3 =
y== Vi+— v, =— v+,

¥ ¥ ¥V 2 2 1

-1

. Note that v, and v, are orthogonal. The Best Approximation Theorem says that § . which is the

orthogonal projection of y onto W =Span{v,,v,}. is the closest point to y in W. This vector is

13

17.

-1

. ¥V y-v -5
y=——Llw +=—L oy, =3y +lv, =

i ¥ ¥2-Va =

]

Note that v, and v, are orthogonal. By the Best Approximation Theorem, the closest point in
Span{¥,.v;] tozis

. IV Zv, 2 7 -3
i= v+ Sy, =V —— v, =

LIRS ViV, 3 3 -2

3

. Note that v; and v, are orthogonal. By the Best Approximation Theorem, the closest point in

Span{v,.v,] tozis
1

. TV, v, 1 0 0

P=——v, + =y, =—v, +0v, =
— NtV =9 17| _q4m
Yiov, VooV, 2 172
-3/2

. The distance from the point y in Rioa subspace Wis defined as the distance from y to the closest

point in W. Since the closest point in Wio y is § = projyy. the desired distance is || y — ¥||. One

3 2
computes that y=| -9 |,y —¥=| 0], and ||y—§'||=1f4_-0=2m.
-1 6

. The distance from the point ¥ in R a subspace W is defined as the distance from y to the closest

point in W. Since the closest point in Wio ¥ is ¥ = projyy, the desired distance is ||y - ¥]|. One

-1 4
. |- L N
computes that ¥ = 3 Y —§= al and || v— ¥||=8.
9 4

o 8/9 -2/9 2/9
aiﬂU=& l}mﬂ=-4m 5/9 449
2/9 449 5/9

b. Since UL/ =1,, the columns of U form an orthonormal basis for W, and by Theorem 10
8/9 -2/9 2/90[4] |2
proj, ¥ =UUTy=|-2/9  5/9 4/9|8|=|4/|
29 49 5791 5



18. a. UrU=[1]=LUUT=|: o _3”0:| p = p + 0 both then decompose p as the sum of a vector in RowA and a vector in (RDWA)J‘_B}'

—3/10 9110 the uniqueness of the orthogonal decomposition (Theorem 8), p=p,. and p is unique.

b. Since U/l =1, [u,} forms an orthonormal basis for W, and by Theorem 10

10 —310T7 ) 24. a. By hypothesis, the vectors w, . .... w, are pairwise orthogonal, and the vectors v, . ..., v, are
Pm}wl\r:UUT-"':[_g,rm 9”0:||:9:|=|: 6:|' pairwise orthogonal. Since w; isin Wforany i and v; isin W* for any j. w;-v; =0 foranyi
and j. Thus {W;.....W,. v.... ¥, } forms an orthogonal set.
19. By the Orthogonal Decomposition Theorem, u, is the sum of a vector in W = Span{u,.u,} and a
vector v orthogonal to W, This exercise asks for the vector v: b. Forany v in R, write ¥ = ¥+ z as in the Orthogonal Decomposition Theorem, with ¥ in
| | 0 0 0 Wand zin W* . Then there exist scalars ooy and dy....d, suchthat y=y+z=
¥ =l —Projyl; =uy —[—Eu] + 15u2)= 0|—|-2/5|=|2/5 W)+ oW, +div o+ d v, Thus the set {w.owp v v | spans R".
! 413 13 e. The set {wy.....w,.¥j.....v,; | is linearly independent by (a) and spans R" by (b), and is thus a

) : - oWl

Any multiple of the vector v will alse be in W+, basis for R". Hence dimW +dimW* = p + g=dimR".

2. By the Orthogonal Decomposition Theorem, u, is the sum of a vector in W =Span[u,.u, | and a

- . Ter_ . : -
vector v orthogonal to W. This exercise asks for the vector v: 25, [M] Since U U =1, U/ has orthonormal columns by Theorem 6 in Section 6.2. The closest point to

y in Col U is the orthogonal projection ¥ of ¥ onto Col U. From Theorem 10,

. | 0 0 0 F

v=u4—pr0jwu¢=u,—{gu| —£u1]= Li—] U5j=|4/5 1.2

0| |-25] |25 4

12

Any multiple of the vector v will also be in Wt 12

y=UUTy=|"

21. a. True. See the calculations for z, in Example | or the box after Example 6 in Section 6.1. ! ! 4

b. True. See the Orthogonal Decomposition Theorem. 12

¢. False. See the last paragraph in the proof of Theorem 8, or see the second paragraph after the 4
statement of Theorem 9. | 4]

d. True. See the box before the Best Approximation Theorem. . .
26. [M] The distance from b to Col I/ is | b — b||. where b=0UU"h. One computes that

e. True. Theorem 10 applies to the column space W of U because the columns of I are linearly
independent and hence form a basis for W. [ 2] 8
22, a. True. See the proof of the Orthogonal Decompasition Theorem. 92 08
b. True. See the subsection “A Geometric Interpretation of the Orthogonal Projection.” A4 36
¢. True. The orthgonal decomposition in Theorem & is unigue. b=/ Th= ! h—h= 0 |h—ﬁ"=\l“2
d. False. The Best Approximation Theorem says that the best approximation to ¥ is projyy. -2 i 3
e. False. This statement is only true if x is in the column space of UL If n = p, then the column space -4 -3
of U will not be all of R", so the statement cannot be true for all x in R". 6 -6
-92 —.08

23. By the Orthogonal Decomposition Theorem, each x in R" can be written uniquely as x = p + u, with
pinRow A and u in (Row A)". By Theorem 3 in Section 6.1, (Row Ay" =Nul A, so u is in NulA.
MNext, suppose Ax = b is consistent. Let x be a solution and write x = p + u as above. Then
Ap=A(x —u) =Ax - Au =bh — 0 = b, so the equation Ax = b has at least one solution p in Row A.
Finally. suppose that p and p, are both in RowA and both satisfy Ax=h. Then p—p, isin

which is 2.1166 to four decimal places.

Nul A =(Row A)*. since Alp—p)=Ap—-Ap, =b—b=0. The equations p=p, +(p—p,;) and



