Xy = v +.0va +.3v
X =Av; +.0Av; .34y, = v +.105)v; +.30.2)v;, and

%=V~ 105 v+ 3.2 v,. As k increases, x, approaches v,.

16, [M]

o0 01 .09 10000
A=[.01 90 01)-ev=eig(d)=|0.8900 |. To four decimal places,
09 09 90 JE100
0.9192] 91/99
v, =nulbasis(A-eye(3))=|0.1919|. Exact: | 19/99
1.0000 | 1

v, =nulbasis{A-ev(2)*aye(3))=] I

v, =mulbasis({A-ev(3)*aye(3))=] 0

The general solution of the dynamical system is x, =c,v, +¢, (89 v, + o, (81 v .

Note: When working with stochastic matrices and starting with a probability vector (having nonnegative

entries

whose sum is 1), it helps to scale ¥, to make its entries sum to 1. If

v = (917209, 19/200,99/209), or (435,.09],.474) to three decimal places, then the weight ¢, above
turns out to be 1. See the text's discussion of Exercise 27 in Section 5.2.

17. a.

b.

A= 0 16
3 &

-4 L6 2
del|: ] =A" —8A-A48=0. The eigenvalues of A are given by

3 8-
8+ -8 -4 N
e s‘;z 4 43)=_8122.56=.34_-2L6=]_2md i,

The numbers of juveniles and adults are increasing because the largest eigenvalue is greater than
I. The eventual growth rate of each age class is 1.2, which is 20% per year.
To find the eventual relative population sizes, solve (A—1.21Nx=0:

-2 16 0] I 43 0] m-@d T4
3 -4 ol lo o of xisfree "0 T (3f

Eventually, there will be about 4 juveniles for every 3 adults.

18.

57

1.

¢. [M] Suppose that the initial populations are given by x; = (13, 10). The Study Guide describes
how to generate the trajectory for as many years as desired and then to plot the values for each
population. Let x; =(j;.a; ). Then we need to plot the sequences {j; ). {a, J. {j; +a; ). and

{ji/a; ). Adjacent points in a sequence can be connected with a line segment. When a sequence is

plotted. the resulting graph can be captured on the screen and printed (if done on a computer) or
copied by hand onto paper (if working with a graphics calculator).

0o o 42
a. A=/ 6 0O 0
0 .75 95
0.0774 +0.4063;
b. ev=eigii)=|0.0774-0.4063
11048
The long-term growth rate is 1.103, about 10.5 % per year.
0.3801
v=nulbasis(A-ev(3)*eye(3))=|0.2064
1.0000

For each 100 adults, there will be approximately 38 calves and 21 yearlings.

Note: The MATLAB box in the Study Guide and the various technology appendices all give directions
for generating the sequence of points in a trajectory of a dynamical system. Details for producing a

graphical representation of a trajectory are also given. with several options available in MATLAB, Maple,
and Mathematica.

SOLUTIONS

From the “eigendata™ (eigenvalues and corresponding eigenvectors) given, the eigenfunctions for the

differential equation ¥’ = Ax are v,e™ and v,e™. The general solution of ¥’ = Ax has the form

-3 -1
o e +e; e
1 1
The initial condition x(0)= | determines ¢, and ¢,
P -3 ol +c, -1 g2 -6
1 1 |
-3 -1 -6 I o 52
1 1 1 0 1 -2

-3 =1},
Thus ¢, =5/2, ¢, =—3/2, and ‘Jz(l‘.l=E e 2 er.
2|1 2] 1



2. From the eigendata given, the eigenfunctions for the differential equation x'= Ax are v¢™ and

v,¢ . The general solution of x'= Ax has the form

-1 1
cL|: l:|e'3’+c'1|:|:|e_"

2
The initial condition -‘K(U'J'=|:3i| determines ¢, and ¢, :

-1 1 2
=D —HDYy _

o[ 1 sefife=[3]
11 211 0 12
11 370 1 52

-1 1
Thus ¢, =1/2, ¢, =5/2, and x(r)=%|: I:|e_3' +%|:l:|f"_

23
kA A=|: : 2:|,del(r’.—}..")=}.1—l=(}.—])(}.+|‘)=ﬂ. Eigenvalues: 1 and —1.

I 3 0 1 3 0 -3
Ford=1: - . 50 3 =—3x, with x; free. Take x, =1 and v, = .
-1 =3 0] [0 0 0 - 1

3 30 I 1 0 -1
Forh=-1: - . 50 % =—x, with x, free. Take x, =1 and v, = .
-1 -1 0] [0 0 O - 1

For the initial condition x(ﬂ‘.l=[§i|_ find ¢, and c, such that o;v, +c,v, =xi0):
-3 -1 3 1 0 =512
' 2 0)|= -~
[vow ][l I 2] [u I wz}

-3 -1
Thus ¢, =-5/2,¢, =9/2, and x(:):—%|: l],u,%[ I],_,—r.

Since one eigenvalue is positive and the other is negative, the origin is a saddle point of the
dynamical system described by x"=Ax. The direction of greatest attraction is the line through v,
and the origin. The direction of greatest repulsion is the line through v, and the origin.

-2 -5
4. r’.=|: | 4:|,d.el[.-1—}..‘)=}.2—2}.—3=(}.+|}(}.—3‘.I=ﬂ. Eigenvalues: —1 and 3.

For & =3: |:_:; - ﬂi|—

I 1 0 -1
. 50 x =-x, with x, free. Take x, =1 and v, =
1 0 000 : :

A

-1 -5 0] [1 5 0 -5
Forh=-1: 3 - . 50 x =—3x, with x, free. Take x, =1 and v, = .
I 5 0] |0 0 0 - - 1

rm

3
For the initial condition x(ﬂ‘.l=|:2i|. find c; and ¢, such that cv; +c,v, =x(0):
-1 -5 3 I 0 134
|:\'| v, x(ﬂ)]= -
- 1 1 2 0 1 -5/4

P
1 4] 1

Since one eigenvalue is positive and the other is negative, the origin is a saddle point of the
dynamical system described by %"= Ax. The direction of greatest attraction is the line through v,
and the origin. The direction of greatest repulsion is the line through v, and the origin.

Thus ¢, =13/4,c, =-5/4, and x(r)=§|:

T -l N
. A=|:3 3:|, det (A—2l)=01" =100+ 24 = (L —4) 2 —6) = 0. Eigenvalues: 4 and 6.

3 -1 0 I -3 0 i l
Forh=4 - . 50 x5 =(1/3)x, with x, free. Take x; =3 and v, =| _|.
3 -1 0f |0 00 3
1 -1 0 I -1 0 . 1
For & = 6 - . 50 X =X, with x;, free. Take x, =1 and v, = [
3 3 0] ]0 00 1

3
2

11 3] 10 -2
[ X015 Sftlo 1

1! a1 I [
Th =—1r L =T/2. d x(f1l=—— +— .
us o 2, Ca and x( ) 2|:3i|£‘ 20 &

Since both eigenvalues are positive, the origin is a repellor of the dynamical system described by
x'= Ax. The direction of greatest repulsion is the line through v, and the origin.

For the initial condition x(ﬂ‘.l=|: ] find c; and ¢, such that qv, +c,v, =x(0):

1 -2
. A=|: _4:| det (A—3d)=3"+3L+2=(L+1)(;+2)=0. Eigenvalues: —1 and -2.

3 -2 0 1 =23 0 2
Ford=-2 - . 50 x =(2/3)x, with x, free. Take x, =3 and v, =| |
3 -2 0] |0 oo - : 3

Forh=—1: 2 2 D—l - D,sn:rl=.r,wjﬂ1.r1 free_Take.r2=land\'1=l_
i 30 o 00 - - -1

3
For the initial condition x(ﬂ‘.l=|:2:|. find ¢, and ¢, such that v, +c,v, =x(0):

21 3] 1 0 -
v v x(m]=[3 1 2]_[0 1 5}



2] 1,
Thus ¢, =—1,¢, =5, and x(f)=— NG T 45 e

Since both eigenvalues are negative, the ongin is an attractor of the dynamical system described by
x'= Ax. The direction of greatest attraction is the line through v, and the origin.

7 -1 1 1
. From Exercise 5. A=|:3 3], with eigenvectors v, =|:3] and v, =|:li| corresponding to

1
:|a.m:llet

1
eigenvalues 4 and 6 respectively. To decouple the equation ¥ = Ax, set P=[v; v,;] =|:3 :

4 0
D=[D 6:|' sothat A=PDP " and D=p'AP. Substituting x(¢) = Py(f) into ¥ = Ax we have

%(Py)= A(Py)=PDP ' (Py)=FDy

Since P has constant entries, S(Py) = P(4(y)). so that lef-multiplying the equality
P(Liy)=PDy by P~ yields y'=Dy, or

¥l 4 o xo

0] 10 6]y
From Exercise 6, A= b2 with eigenvectors v, = 2 and v, = : corresponding to
- S PR E L B 7l ponding

- 21
eigenvalues -2 and -1 respectively. To decouple the equation ¥"= Ax, set P=|v, v3]=|:3 ]:|

-2 0
and let D=|: 0 I:|' sothat A=PDP " and p=pP'AP. Substituting x{f) = Py() into x"= Ax
we have
d
—(Py)=A(Py) = PDP (Py) = PDy

Since P has constant entries, S-(Py) = P(%Q\-‘)}. so that left-multiplying the equality
P(2(v))=PDy by P' yields y'= Dy, or

¥ol_[2 o no
w] [0 -1 @)
-3 2 i . - . 1—i
. A= s An eigenvalue of A is =2+ with corresponding eigenvector ¥ = s The

-1

complex eigenfunctions ve™ and ¥e™ form a basis for the set of all complex solutions to ¥’ = Ax.
The general complex solution is

1=i7 e 147 s
cl|: i|£,[.|3t+c,2|: ]Ef.lh‘
1 1

0. 4]

~I+iN

where ¢ and ¢, are arbitrary complex numbers. To build the general real solution, rewrite ve'
as:

. 1-i . 1=
vl =[ 1‘:|£,—14gf=[ I’}e-?'(cosuisinn

_ cost—icost +isint —i" sint pr
cosi +isint

cost +sing . sinf —cost -
= el . x
cost sint

The general real solution has the form

cosi+sint | sinf—cost |
o e+, . €
cosi - sini
where ¢ and ¢, now are real numbers. The trajectories are spirals because the eigenvalues are

complex. The spirals tend toward the origin because the real parts of the eigenvalues are negative.
3

1 1+i
l:|- An eigenvalue of A is 2+ with comresponding eigenvector v =|: 21:|. The complex

eigenfunctions ve™' and ¥e'* form a basis for the set of all complex solutions to x"= Ax. The
general complex solution is

1+0] 0 1-i| .
CL[_Z }eﬂ'_ﬂ]l +|’."1[_2 }Ef_—ﬂr

where ¢ and ¢, are arbitrary complex numbers. To build the general real solution, rewrite ve

: 1+i g |1+i
velz"'"=|: zf]eme'r=|: zf]ezricusf+isinl}

_|:t:»ns!+r'i:‘:hsr+:'sim'+f1 sin::|€2,

(2+in

HEN

—2cost —2isint
cosf—sint | ,, [sinf+cost | ,
= e +i . e
—2cost —2sint
The general real solution has the form
cosi —sint | 5, sint+cost |
o "+, i £
—2cost —2sint
where ¢ and ¢, now are real numbers. The trajectories are spirals because the eigenvalues are
complex. The spirals tend away from the origin because the real parts of the eigenvalues are positive.

-3 9 . o . —3+3
11. A= s 3l An eigenvalue of A is 3i with comresponding eigenvector v= s | The

complex eigenfunctions ve*' and ¥e ! form a basis for the set of all complex solutions to x"= Ax.
The general complex solution is



13

343 . -3-3 )
Cl|: , ‘]ef3.1r+c1[ R i|£,t-mr

where ¢, and ¢, are arbitrary complex numbers. To build the general real solution, rewrite ve™*"

as:

. —3+3i
“,[.‘»c]r=|: 5 r:|{n::033i!'+Isi!‘L:"AJ"J

=3cos3t—3sin3e | | —3sin3r+3cos3t
[ 2cos3t :| [ 2sin 3t :|
The general real solution has the form
—3cos3t —3sin3t —3sin3f +3cos 3
c‘[ 2eos3t } 2[ 2sin3r ]
where ¢ and ¢, now are real numbers. The trajectories are ellipses about the origin because the real

parts of the eigenvalues are zero.

-4

complex eigenfunctions ve™* and Ve form a basis for the set of all complex solutions to X" = Ax.
The general complex solution is

o |:3; '-:|et—1+:e1: te, |:3;' i:|ec—1-:e1:

where ¢, and ¢, are arbitrary complex numbers. To build the general real solution, rewrite ve

-7 10 3-i
2 A =|: 5]. An eigenvalue of A is —1+ 2i with corresponding eigenvector v =|: ) :i|. The

[—1+Zi0r

as:
; 3—i
=2
e =
[ 2

]e"{cos 2t +isin2s)

Jcos 2t +sin 2t -, 3sin2r—cost|
2e0s2  |© 7| 2sinze [
The general real solution has the form
3cos+sindi | 3sin2t—cosi | _,
o e iy . &
2eos2t 2sin 2t
where ¢, and ¢, now are real numbers. The trajectories are spirals because the eigenvalues are
complex. The spirals tend toward the origin because the real parts of the eigenvalues are negative.

6 -2

complex eigenfunctions ve*' and ¥e'* form a basis for the set of all complex solutions to X' = Ax.
The general complex solution is

o |:] ;’ji|f[l+3|'3r +c1|:| ; ’i|e:|—3a:

4 -3 1+i
A =|: i| An eigenvalue of A is 1+ 3 with corresponding eigenvector v =[ » :i|. The

where ¢ and ¢, are arbitrary complex numbers. To build the general real solution, rewrite yellHH

a8l

: 1+i
vell+in =[ ; '}'(ms:ﬂ +isin3)
cosdr—sin3r| , |sin3i+cosdr| |
= e +i i I
2eos3t 2sin3t
The general real solution has the form
cos3r—sindt | | sin3f +cosdr |
e
Jeos3i 2sin3t

where ¢ and ¢, now are real numbers. The trajectories are spirals because the eigenvalues are
complex. The spirals tend away from the origin because the real parts of the eigenvalues are positive.

-1 1 I—-i
. .-'l=|: 2i|_ An eigenvalue of A is 20 with corresponding eigenvector v =[ N ri|. The complex

eigenfunctions ve™' and ¥ form a basis for the set of all complex solutions to x"= Ax. The
general complex solution is

1-i] 1+i :
CL|: 4’i|£,[1.m +c3|: 4‘i|ec-2..}r

where ¢ and ¢, are arbitrary complex numbers. To build the general real selution, rewrite ve
as:

2t
i 20 1-i ror
vttt = 4 (cos 21 +isin2t)

| cosr+sin2s +i sin2f —cos2s
dcosy 4s5in 2t

The general real solution has the form
cos 2f +sin 2f sin 21 —cos 2t
o +03 i
deost 4sin 2t

where ¢ and ¢; now are real numbers. The trajectories are ellipses about the origin because the real
parts of the eigenvalues are zero.

-8 -12 -6
M) A=| 2 1 2 |. The eigenvalues of A are:
7T 12 5
ev=aig(A)=
1.0000
-1.0000
-2.0000

nulbasis(A-ev(l) *eye(3)) =



-1.0000
0.2500
1.0000

—4

so that vy =] 1

4

nulbasis(A-ev(2)*eye(3)) =

-1.2000
0.2000
1.0000

6
so that v, =] 1
5

nulbasis (A-ev(3)*eye(3))=
-1.0000
Q.0000
1.0000
-1
so that vy =| 0
1

-6 -1

)
Hence the general solution is x(¢) = c][ I‘|tJ +e;0 1le™+e;| 0]e™. The origin is a saddle point.
4

5 1

A solution with ¢ =0 is attracted to the origin while a solution with ¢; =¢; =0 is repelled.

-6 -11 16

16. [M] A=| 2 5 —4|. The eigenvalues of A are:

-4 -5 10
ev=ecig(h)=
4.0000
3.0000
2.0000
nulbasis(A-ev(l) *eye(3)) =
2.3333
-0.6667
1.0000

7
so that v, =] -2
3

nulbasis(A-ev(2)*eye(3)) =
3.0000
-1.0000
1.0000
3
so that v, =| -1
|
milbasis (A-av(3) *eye(3)) =
2.0000
0.0000
1.0000

2
so that vy ={0
1

7

3 2

Hence the general solution is x(f) =c;| =2 [e* + ¢, —1 je¥ +¢;| 0 |¢*. The origin is a repellor,
3 1 1

because all eigenvalues are positive. All trajectories tend away from the origin.



i 64 23
17. [M] A=|-11 -23 -9|. The eigenvalues of A are:
6 15 4
ev=elig(A)=
5.0000 + 2.000041
5.0000 - 2.00001
1.0000
nulbasis (A-evil)*eye(3))=
7.6667 - 11.33331
-3.0000 + 4.66671
1.0000
23-34
so that vy =| -9+14
3
nulbasis (R-ev(2)*aye(3))=
7.6667 + 11.33331
-3.0000 - 4.666T71

1.0000
23+344
so that v, =| 9—14i
3
nulbasis (R-ev(3)*aye(3))=
-3.0000
1.0000
1.0000
-3
so that vy =| 1

Hence the general complex solution is

23-34i 23+34§ -3
x(i)=c| -9+ 14i (e 1oy 0147 [ 4oy 1]
3 3 1
Rewriting the first eigenfunction yields
23-34i 23cos 2t +34sin 2t 23sin 2t —34.cos 2t
—0+14i {e* (cos 2t +isin2t) =] Dcos 2 —14sin 2t [e¥ +i] —9sin 2t + 14cos 2 fe™
3 3cos 2t 3sin 2t

Hence the general real solution is

18.

23cos2t 4+ 34sin 2t 23sin 2 —34cos2t =3
x(t)=c,| Dcos 2 —14sin 2 | +6,| —9sin 2t +14cos 2 (e +05] 16
3eos2t 3sin2¢ 1

where ¢, ¢;, and ¢; are real. The origin is a repellor, because the real parts of all eigenvalues are
positive. All trajectories spiral away from the origin.

53 -3 -2
[M] A=|90 -52 3| The eigenvalues of A are:
20 -0 2

ev=ecig(A)=
-7.0000
5.0000 + 1.000041i
5.0000 - 1.00001i
nulbasis(A-ev(l)*eye(3))=
0.5000
1.0000
0.0000
1
so that v, =|2
1]
nulbasis(A-av(2) *eye(3)) =
0.6000 + 0.2000i
0.9000 + 0.30001

1.0000
6+ 20
so that v, = 9+3i
10

nulbasis(A-av(3) *eye(3)) =
0.6000 - 0.2000i

0.9000 - 0.30001

1.0000
6-2i
so that vy =|9-3
10

Hence the general complex solution is
1 6+20 6-2i
X =c[2|e™ 4oy | 9430 [¢5 4y 937 |5
0 10 10



20.

21.

Rewriting the second eigenfunction yields

6+2i Geost —2sint Gsini + 2cost
9+3i le” (cost +isint) =| 9cost —3sint |¢™ + i| 9sint + Icost je
10 10cost 10sin¢

Hence the general real solution is
1 Geost — 2sint Gsint + 2cosi
%(t)=c;| 2 |e™ +cy| Yeost —3sint | +o5| 9sint +3cost e

0 10¢cost 10sint

where ¢, ;. and ¢; are real. When ¢; =c; =0 the trajectories tend toward the origin, and in other
cases the trajectories spiral away from the onigin.

. [M] Substitute & =1/5, R, =1/3,; =4, and C; =3 into the formula for A given in Example 1, and

use a matrix program to find the eigenvalues and eigenvectors:
-2 3/4] [ - - -3
A= , ==Siv=| |, hp=-25:v =
1 -1 2 2
P 1 -5t =3 -2 5¢ . 41 -
The general solution is thus x(t) =« 3 I e p e . The condition x(0) = 4 implies that

1 -3[q] [4
[2 2:|[§:-;=|:4:|. By a matrix program, ¢; =5/2 and ¢, =—1/2, so that

{v,(r)}:xm: ;He__,,_ 1 {—3},@
v lf) 212 2| 2

[M] Substitute R =1/15,R,=1/3,C, =9, and C; =2 into the formula for A given in Example I,

and use a matrix program to find the eigenvalues and eigenvectors:
B TE: 1 -2
A= o by=—livy=| |, k,=-25v,=
31 302 3 - 3
P 1 -t -2 ~25¢ - 3. .
The general solution is thus x{(f)=¢ 3 e+, 3 ¢~ The condition x(0)= 3 implies
1 -2]qg 3 .
that - =[5 ] By a matrix program, ¢, =5/3 and ¢, =-2/3, so that
10 51 =2
wyir) —xif) _2 o _g 25
vy (8) 313 il 3

5

—&
[M] .‘1=|: 5]. Using a matrix program we find that an eigenvalue of A is -3+ 6/ with

2+6i
corresponding eigenvector v =|: 5 :| The conjugates of these form the second

eigenvalue-eigenvector pair. The general complex solution is

. [M] A=[

2+6i ) 2-6i .
x(!}=q|: 5 ]e(-mnrﬂ,![ 5 ']Et—a—sm

where ¢, and ¢, are arbitrary complex numbers. Rewriting the first eigenfunction and taking its real
and imaginary parts, we have
; 2+6i
el =[ 5 J:|e-'3' (cos6f +isin)
2cos6f —6sinéf | 5 | 2sinfr +6cosbr [ 5,
= e +i . €
Scos6i Ssinti

The general real solution has the form
ZeosBt —Gsinbt | _, 2sin6f +6cosbr |
x(th =g

_ e+ :
Scosbi Ssin6f

0
where ¢ and ¢, now are real numbers. To satisfy the initial condition x{0) =[I 5]. we solve

2 6] |0
ol |+ |= to get o =3,0, =—1. We now have
3] “|o] |15

i (1) =3 2Qcosbi—6sin6r | . | 2siné +6coshr | —20sin 6 L
=x(t)= e el = e
velt) Scos 61 Ssin 6f 15cos 6 — Ssin G

0
4 Ei|. Using a matrix program we find that an eigenvalue of A is —4+ .8 with

-1-2i
corresponding eigenvector v =[ . ri|_ The conjugates of these form the second eigenvalue-

eigenvector pair. The general complex solution is

—-1-2i . —1+2i
x(r‘)=c|[ | ’:|£,t—.4-.3c1:+cz|: ] ’:|ef-.4-.sm

where ¢ and ¢, are arbitrary complex numbers. Rewriting the first eigenfunction and taking its real
and imaginary parts, we have

. -1-2i
vl =|: ]

|:—cos_3r+ 25in_3.r:| L _|:—sin_3r—2ms.3r:| u
e e

:|e_""" (cos 81 +isin . 8r)

cos. 8 sin .8t

The general real solution has the form

—cos. 80+ 2sin.80 | _ —sin.Br —2cos. 8 | _,,
x(th =g cos. 81 e 40, sin & e



