Math 260 Homework 2.4

1. Apply the row-column rule as if the matrix entries were numbers, but for each product always write

the entry of the left block-matrix on the left.

(1 0][a B] [m+0c B+oD] [ A B
|E 1)lc Dl |EA+iC EB+ID| |EA+C EB+D

2. Apply the row-column rule as if the matrix entries were numbers, but for each product always write

the entry of the left block-matrix on the left.

[E o][p @] [EP+0R EQ+0s| [EP EQ
o FIlR S| |oP+FR 00+Fs| |FR FS

=

3. Apply the row-column rule as if the matrix entries were numbers, but for each product always write

the entry of the left block-matrix on the left.

[0 1[A B] [oA+ic 0B+ID] [C D
i ollc p| [a+0Cc iB+oOD| |A B

4. Apply the row-column rule as if the matrix entries were numbers, but for each product always write

the entry of the left block-matrix on the left.

[1 o][w x W + 0y IX +0Z W X
—E I]|:Y Z:|=|:—EW+J'Y —EX +;z}=[—.€w+r —EX+Z:|
5. Compute the left side of the equation:

(A B 1 0] [AI+BX A0+BY

c 0}[;{ Yj|=|:CJ' +0X C0+0Y]

Set this equal to the right side of the equation:

[A+BX BY (U A+BX =0 BY=J
= so that
c 0} [z 0} c=z 0-0

Since the (2, 1) blocks are equal. Z = C. Since the (1, 2) blocks are equal, BY = [. To proceed further,
assume that B and Y are square. Then the equation BY =I implies that B is invertible, by the IMT, and
¥ = B, (See the boxed remark that follows the IMT.) Finally, from the equality of the (1, 1) blocks,

BX=-A, B'BX=B"(-A), and X=-B"'A.
The order of the factors for X is crucial.

Note: For simplicity, statements (j) and (k) in the Invertible Matrix Theorem involve square matrices
Cand D. Actually, if A is nxn and if C is any matrix such that AC is the nxn identity matrix, then C must
be nxn, too. (For AC to be defined, € must have n rows, and the equation AC = I implies that C has n

columns.) Similarly, DA = [ implies that I} is nxn. Rather than discuss this in class, I expect that in
Exercises 5-8, when students see an equation such as BY = [, they will decide that both B and ¥ should be

square in order to use the IMT.

6. Compute the left side of the equation:
X 0J[a 07 [xa+0B Xx0+0C] [ XA 0
Y Z||B C| |YA+ZB Y0+ZC| |YA+ZB ZC

Set this equal to the right side of the equation:

XA 0 I o XA=1 0=0
= so that
[m+zg zc} [0 ;] YA+ZB=0 ZC=I
To use the equality of the (1, 1) blocks, assume that A and X are square. By the IMT, the equation

XA =Iimplies that A is invertible and X = A", (See the boxed remark that follows the IMT.)

Similarly, if C and Z are assumed to be square. then the equation ZC = ] implies that C is invertible,

by the IMT, and Z = €. Finally. use the (2, 1) blocks and right-multiplication by A™':
YA=-ZB=-C'B. YAA"'=(-C'B)A", and ¥=-C'BA"

The order of the factors for ¥ is crucial.

Compute the left side of the equation:

A Z
X 0 0 0 0 XA+0+08B XZ+0+01
Yy oI B 1 YA+0+IB  YZ+0+101

Set this equal to the right side of the equation:

XA XZ I o0 XA=1 XZ=0
= s0 that
[m+3 rzu} [0 J YA+B=0 YZ+I=1

To use the equality of the (1, 1) blocks, assume that A and X are square. By the IMT, the equation XA
=/ implies that A is invertible and X =A" (See the boxed remark that follows the IMT) Also, X is
invertible. Since XZ =0, X~'XZ = X-'0=10, so Z must be 0. Finally, from the equality of the (2, 1)
blocks, ¥4 = —B. Right-multiplication by A~ shows that ¥AA™ = —BA™ and ¥ =—BA™". The order of
the factors for ¥ is crucial.

Compute the left side of the equation:

[4 3}[;{ Y z} |:AX+BD AY + BO AZ+BJ‘:|

o 1l]lo o 1] |ox+I0 OY+i0 O0Z+0

Set this equal to the right side of the equation:
AX AY AZ+B i 0 0
0o 0 r o oo
To use the equality of the (1, 1) blocks, assume that A and X are square. By the IMT. the equation XA
=1 implies that A is invertible and X = A", (See the boxed remark that follows the IMT. Since AY =
0, from the equality of the (1, 2) blocks, left-multiplication by A" gives A"A¥ =A"0=0.50 ¥ = 0.

Finally, from the (1. 3) blocks, AZ = —B. Left-multiplication by A gives ATAZ = AT (-B), and Z=—
A™'B. The order of the factors for Z is crucial.

Note: The Study Guide tells students, “Problems such as 5-10 make good exam questions. Remember to
mention the IMT when appropriate, and remember that matrix multiplication is generally not

commutative.” When a problem statement includes a condition that a matrix is square, I expect my
students to mention this fact when they apply the IMT.



9. Compute the left side of the equation: 12. a. False. The both AB and BA are defined.

1 o o|B, B,| [IB,+0B,+0B, 1B, + 0B, +0B,, b. False. The R" and Q" also need to be switched.
Ay, I 0By By, |=A,B, +IB, +08B, A, B, +IB,+08, 13. You are asked to establish an if and only if statement. First, supose that A is invertible,
LAy O T By By Aq By + 0By +1Bs; Agp By + 08y + 185 and let A4~ =|:D E:| Then
Set this equal to the right side of the equation: o
[ B, B, C, Cp B ol[p E] [BD BE] I 0
A’_"IB11+'BZ'I A?IBIZ +B]2 = 0 CEZ |:0 Ci||:F G:|=|:CF CG:|=|:D fi|
| AnByy + By AyB;p + By 0 Cy Since B is square, the equation BD = [ implies that B is invertible, by the IMT. Similarly, CG = I
B, =G, B,=0Cpn implies that C is invertible. Also, the equation BE = 0 imples that E = B'0=0. Similarly F=0.
so that Ay, By, +B,, =0 AnB+ B, =Cy Thus
Ay B, + B, =0 Ay B+ B, =Gy At :|:B 0]_] :[D E:| :liB_] 0 :|
Since the (2,1) blocks are equal, Ay B, + By, =0and A, B, = —B,,. Since By, is invertible, right 0 c E G 0o c'
multiplication by B]'I] gives Ay :—B!]B;I], Likewise since the (3,1) blocks are equal, This proves that A is invertible only if B and C are invertible. For the “if ™ part of the statement,
AyB, + B, =0 and A; B =—B,,. Since By, is invertible, right multiplication by suppose that B and C are invertible. Then (*) provides a likely candidate for A" which can be used

By gives A, =—R, B;'. Finally, from the (2,2) entries, (o show that A is mvemb]c_a_ C_cmpme: ~
r 1 -1

AyBi + By =Coy. Since Ay =By, Bi).Co =By BBy + By i | ™ Rl L
[0 Cllo C o cc'| o1

Since A is square, this calculation and the IMT imply that A is invertible. (Don’t forget this final

sentence. Without it, the argument is incomplete.) Instead of that sentence, you could add the

equation:

10.

Since the two matrices are inverses.
(1 o offr o o] |
A I Oo||Pp I 0

1B D 1]le R 1] B! 0}[3 o] [g'8 o ] [.‘ 0}

[
(==
=T I =]
L= =]

0o ¢/ o ceflor

Compute the left side of the equation: 0o c!
(1 o o|[1 0o o] [H+0P+0Q 10+0I+0R  [0+00+0]

A T 0f|P I 0= AI+IP+0Q0 AO+IT+0R  AD+10+0] 14. You are asked to establish an if and only if statement. First suppose that A is invertible. Example 5

shows that Ay, and Az are invertible. This proves that A is invertible only if A\, Az are invertible. For

LB D If[¢ R 1] |BI+DP+IQ BO+DI+IR BO+DO+1I the if part of this statlement, suppose that A;; and Az, are invertible. Then the formula in Example 5
Set this equal to the right side of the equation: provides a likely candidate for A™ which can be used to show that A is invertible . Compute:
! o oy tr o0 An A AT -AALAZ ] [Andi+ A0 ALADAL AL+ AL A
A+P I oj=0 I 0 [o AJ[D A }z 0471 +4,,0 o(—A;]')A],A:;m?_,AJ
|B+DP+Q D+R I| |0 0 I = Lo o .
=1 0=0 0=0 _|7 —(ﬂuA.‘.'M.zA%A.:A;i}
50 that A+P=0 I=1 0=0 :0 !
B+DP+0=0 D+R=0 I=I {1 —AsAn+ApAL L [T0
“lo i }_[o I}

Since the (2,1) blocks are equal, A+ P=0and P=-A . Likewise since the (3. 2) blocks are equal,
D+R=0 and R=-D. Finally, from the (3.1} entries, B+DP+Q=0and @=-8-DF. Since A is square, this calculation and the IMT imply that A is invertible.

Since P=-A, Q=-B—D(-A)=-B+DA. 15. The column-row expansions of G, and G, are:

11. a. True. See the subsection Addition and Scalar Multiplication. G, =X, x]
b. False. See the paragraph before Example 3. =coly( X )row, (X ) +-+col, (X row, (X])



16.

and
Giu= Xi+IX:—r]
=col, (X, yrow, (X[ ) +-teol (X, drow, (X )+l (X, drow, (X[ )
=col, (X, )row (X[ )+t col, (X drow, (X[ )+cal,, (X, Jrow, (X])
=G, +ool, (X, )row,, (X))
since the first & columns of X,., are identical to the first k columns of X;. Thus to update Gy to
produce Gi.q. the matrix cole. (Xeq) rowe, ( x{) should be added to G

Compute the right side of the equation:

oAy, olfr Y1 [ A, o] ¥] [ Ay Ay
x 1)lo sllo 117]x4, Sllo 1]7|X4, XA )Y+S

Set this equal to the left side of the equation:

An AnY o P A A An=4y ApY =4,
XA, XA, ¥+S| |An Am XAn=As XA ¥+5=An

Since the (1, 2) blocks are equal, A,¥ = A,,. Since A, is invertible, left multiplication by A[LI gives
¥= Al']' A, Likewise since the (2,1) blocks are equal, X A;, = A, Since A, is invertible, right

multiplication by Aﬁ' gives that X = Azl.’cﬁ]. One can check that the matrix S as given in the exercise
satisfies the equation X 4;,¥ + § = A,, with the calculated values of X and ¥ given above.

. Suppose that A and A, are invertible. First note that

o
R
st} ],

are square, they are both invertible by the IMT. Equation (7) may be left multipled by
-1

-1
I o Iy
|: !:| and right multipled by |:0 Jl:| to find

X E R

Thus by Theorem 6. the matrix [}:’]l 2:| is invertible as the product of invertible matrices. Finally,

and

Exercise 13 above may be used to show that § is invertible.

18. Since W =[X x;],
. [x’] _ {X’X erg:|
Wiw=l X xl=| r
X 0X N
By applying the formula for § from Exercise 15, § may be computed:
S=xx, —xp X(XTX)"'X"x,
=xh, - XXX X,
=x;Mx,
19. The matrix equation (8) in the text is equivalent to
(A—sl )x+Bu=0 and Cx+u=y
Rewrite the first equation as (A — s/ )x = —Bu. When A — I, is invertible,
x=(A—sl,)" (~Bu)=—(A—si,)" Bu
Substitute this formula for x into the second equation above:
Ci~(A—sI,)"'Bu)y+u=y,sothat [ u—C(A-sl,)" Bu=y
Thus y=(I_ —C(A—sl,)"' Byu.If W(s)=1I,—C(A—sl,)" B.then y =W(s)u. The matrix Wis) is

the Schur complement of the matrix A— s/_in the system matrix in equation (8)

20. The matrix in question is

A-BC-sI, B
-C I

By applying the formula for § from Exercise 16, § may be computed:
§=1,-(-CHA-BC—-sI,)'B
=1,+ClA-BC—sI,)'B

» (1 0Off1 o] 1+0 040 [t o
2. a A _[2 —1][2 —1}[2-2 0+(=D2| [0 1
b Mz_[,ei n}[a o}_ AT+0 040 _[f 0}
’ LT AT -AT A—A 0+(=A?] |0 T

b o o0
22. Let C be any nonzero 2x2 matrix. Define M = I, 0 }_Then
0

0
c -1,

L oo ol o ol[rn o o][hL 0 0

Mi={o 1, offo 1, oi={ 0 L 0|=0 I, 0



Math 260 Homework 2.5

1 0o 0 -7 -7 1 006 1 0 0 6 100 6 6
-0 1 0 =2} soy=|-2]. [L bl=]-2 1 O 0)|-|D I 0o 12|=j0 1 0 12}, soy=/12].
o o0 1 6 6 3 -1 16 o -1 1 -12 o0 1 0 0
MNext, solve Ux =y, using back-substitution (with matrix notation). Next solve Ux =y, using back-substitution (with matrix notation):
i -7 2 i -7 2 T i -7 0 -19 2 4 2 6 2 4 0 6 20 0 -10 I 0o 0 -5
I yJ=j0 -2 -1 -2j—j0 -2 -1 =2|-j0 -2 0 -8 [V y]={0 -3 6 12|-j0 -3 0 12/-j0 1 O —4|-10 1 0 4},
0 LU | 6 0 0 1 -6 0 0o 1 -6 0 o 1 o 0 o 1 0 0 o 1 0 0o o 1 0
370 19730 0 91 00 3 3 =5
~|0 I 0 4i-10 1 0 4(-10 1 0 4i.Sox=| 4 | sox= |4
0 0 1 — 100 1 -6 Do 1 -6 -6 0
To confirm this result, row reduce the matrix [A b]: 1 0 0 I -1 2
3 -7 =2 713 -7 2 -7 3 -7 2 T 4. L=11 1 0LU= -2 —1|,b=| -5 . First, solve Ly = h:
[A b]=|-3 5 1 5(-10 -2 -1 =2{|-10 -2 -1 =2 i 5 1 0 0 -6
6 —4 0 21 |0 10 4 16 0 0 -1 6 | 00 0 1 00 o 00 0 o
From this point the row reduction follows that of [/ y] above, yielding the same result. [L b]=|1 1 0 -5({-|0 1 0 -5|-|0 1 0 -5[,s0y=| -5].
3 -5 1 7 0o -5 1 7 o 0 1 -18 -18
1 0o 0 2 -6 4 2
L={-2 1 o|w={o —a 8| b=|—a|. Firstsolve Ly =b: Next solve Ux =y, using back-substitution (with matrix notation):
: ' 1 -1 2 0 1 -1 2 0 I -1 0 -6
0o 1 1 0 0o -2 6
v yl=j0 -2 -1 -5|-10 -2 -1 -5|-j0 2 0 -2
Lo o 2041000 2 2 0 0 6 -I8 0 3o o 1 3
[L bl=]-2 1 0 —4|-j0 1 0 0},s0y=|0}
o 1 1 6/ lo o0 1 6 6 1 -1 o -6 11 -
-0 1 0 lj-fjo 1 0 = 1
Next solve Ux = y, using back-substitution (with matrix notation): 0 o0 1 3 . P SOX= ;
2 -6 4 2 2 -6 0 14 3
I yl=j0 -4 g 0|-j0 4 0 24 1 o 0 0 1 =2 -2 -3 1
0 0 26110 01 3 B I B L 1 U
20 0 -22 I 0 0 -1 —11 P 00 10 Tlo o0 o2 a4l ™Tlol irst solve Ly = b:
-0 1 0 —6i-l0 1 0 -6 sox=|—6| -3 4 -2 1 0o 0 0 1 3
oo 1 sleo 1 3 - T10 00 1710 00 1
To confirm this result. row reduce the matrix [A b 31 00 6l 101 00 3
L b]= -
2 604 2112 6 402 P 0 1o offoo 101
[ADb=4 3 0 41-j0 4 3 0 34 21 3/ 10 4 21 6
0 4 6 6|0 0 2 6 ~
1o o0 o0 1 I 000 1 1
From this point the row reduction follows that of [I/ y] above. yielding the same result. o1 oo 3lo1o0o0 13 3
- - L ED V=
Lo o S oo 10 1oo 10 1"
. L={-2 1 0fU={0 -3 6|b=|0]. First solveLy=h: 00 -2 1 -6 [0 001 -4 -4

3 -1 1 o 0 1 6 Next solve Ux = y. using back-substitution (with matrix notation):



(=]
N
D = o 2

Lad P

[L b]=

= = =]

(== ]

=22 -2 oo oww

[S]
I

=
|

=R = =]
B =T =]

=R == =]

=]

= =]

M7 =2 =2 0 -7 2 0 -l
L0 -3 6 0 0 =3 3
17l o 20 oo 1 0 172
~4ffo o o1 —4llo 0o 01 -4
1 =2 0 0 6] T1 0 0 0 3% 38
0o 1 00 el 101 0 0 16 16
“lo o 1 0 172/ o o 1 0 12 |l
o o0 1 -4floo0o o0 1 -4 4
13 2 0 1
03 0 12 2|
00 2 o b= af First, solve Ly = h:
00 0 | 2
o 17t o oo 17710 00 1
0 =2/10 1 00 00O 1 00 0
o -1/ o 3 10 4/ joo 10 -
1 2/ |o 4 =11 7100 211 7
1 1
0 0 . o _
al soy= al Next solve Ux =y, using back-substitution (with
3 3
o 171 3 2 0 Tt 200 -3
2 0/ ({03 0 0 -3 (0 30 0 -36
0 4| oo =20 ~«/ oo 10 2
1 3/ loo0 o1 3t oo o0 1 3
33 33
-12 12
2,501—2.
3 3

2 5
7. Place the first pivot column of [ ; _4] into L, after dividing the column by 2 (the pivot), then add

3/2 times row | to row 2, yielding U/,

BHF
CP

+2 772

b

[—3];2 1}’ L:[—'s]rz ﬂ

8. Row reduce A to echelon form using only row replacement operations. Then follow the algorithm in
Example 2 to find L.

{Iz :]_[2 é]=u

| lé

HIE

6 +-3

!

o afeela
G 1 2] [3 1 2] [3 1 2

‘)A=—90—4‘|—0®2~032=U

9 9 14| o 6 8| [0 o
l ﬁ

0

o] |6] [

+3 +3 =4
Lobo



1 1 0 0
-3 1 .L=|-3 1 0
3 2 1 3 2 1
3 o0 4] [ o 5 0 4
1. 4a=f10 2 -5{~| 0 (2 3|~/ 0 2 3|=U
(10 10 16 0 10 24 o o9
[
10
(101 110] [@)
+==5+2 20
¥ v v
[ 1 10 0
-2 1 LL=|=2 1 0
2 5 1 -2 5 1
(@ 7 2] [3 7 2][3 7 2
1. A={ 6 19 4/-j0 (3 0(-|0 5 0f=U
-3 -2 3] |0 5 5] [0 03
o
6 [@ !
-3 51131
+3 +5 +5
T ¥
1 10 0
2 LL=f2 10

12. Row reduce A to echelon form using only row replacement operations. Then follow the algorithm in
Example 2 to find L. Use the last column of /5 to make L unit lower triangular.

(@ 3 212 3 212 3 2
A=| 4 13 9|-|0 (p 5|0 T 5|=U
-6 5 4| |0 14 1) o 0o o0
4110
6] 114
+2 7
_r v
1 10
21 L= 2 1 0
-3 2 1 3 2 1
M 3 -5 371 3 -5 3][1 3 -5 -3
1‘—1—584 0 3 3 11102 3 U N -
T4 2 -5 7|70 -0 15 5|70 0 0 0| 0 more pivots!
2 4 7 5] 0 23 -0 0 0 0
-1 @
4(-10
|2 2| Use the last two columns of [, to make L unit lower triangular.
=1 +-2
1
1 1 000
-1 1 -1 100
L=
4 51 | 4 510
-2 -1 0 1 -2 -1 0 1
M@ 3 1 51 31 5771315
520 & 31 {0 1 6l 105 16
14. A= _ ® ~ _U
-2 -1 -1 -4/ |0 51 6|/ (0000
-1 7 1 7/1010 2 12] |00 0O
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