Math 260 Section 5.3

Most important ideas:
e Diagonalization of a matrix. This is very useful and helps us really understand what a
particular matrix “is” and what is happening when you multiply a vector by that matrix.

A_[2 0] h2_[2 O01[2 O0]_[4 O] . . k_[zk 0]
Example 1: D = [0 _ ], D* = [0 _3] [0 _3] =lo 9]. Similarly, D* = 0 (—3)"
d, [di |
k
In general, for diagonal matrix D = dz ) , Dk = | d; ' |
dy l di:J

We like diagonal matrices for a plethora of reasons, including this one.

Next, suppose that n X n matrix A has n distinct (i.e. linearly independent) eigenvectors
U1, Uy, ..., U, With corresponding eigenvalues (not necessarily all different) A4, 45, ..., A,. Then:

A4

— — — - - - - - - — — — }.
AlVy Uy - U, | = [AV) AV, - AV, ] = [ 1101 A0 - AU ] = [ V4 U, - Wy ] 2

Thatis, AP = PD, where the columns of P are the eigenvectors of A. Soif P has aninverse,
A =PDP71, and A> = (PDP V)(PDP~ ') = PD?P!
and in general:
Ak = ppkp-1,

But does P! always exist? Only if the columns of P are linearly independent, which is the
case if P has a complete set of eigenvectors.

Recall that AX = 1X¥ = A% = %J_C) , so A™! has the same eigenvectors (the columns of P) as
A with eigenvalues that are 1 / eigenvalues of 4, sosince A = PDP™1, then
1/4,
A1 =PD P! where D71 = 1/2, . :
| 1

This happens to be A¥ = PD*P~1 for the case of k = —1.

We could also have found A~1 by finding A~ = (PDP~ V)1 = (p~1)"1p-1p-1 = pp-1p-1,



-5 1 3 171 [17 [3
Examplel: A=(-7 3 3] has eigenvectors 1], 7],[0] with eigenvalues —1, 2, 2.
-7 1 5 11 Lot L7
1 1 3 [—1
Then for this A wehave P =1 7 0] and D = 2 ] . Checkthat PDP~! = A.
1 0 7 2
1 1 31[(-1)1° 1 1 3711 —-1363 341 1023
Then A =1 7 0][ 210 ][1 7 0] = {—2387 1365 1023|.
1 0 7 210111 0 7 —-2387 341 2047
Example 2: A = gg g;] has eigenvectors [g],[_ﬂ with eigenvalues 1, 0.92.
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If wanted, we can put eigenvectors in different forms/locations in diagonalizing a matrix.

-5 1 3
Two more (of infinitely many) possible factorizations PDP"*of A =|-7 3 3] are with:
-7 1 5

Find an example of (create/build) a matrix with e-values ) and e-vectors ,
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