Math 260 Section 4.2

Most important ideas:
e Nullspaces and column spaces.
e Compare and contrast the two spaces: page 204.

Describe the nullspace of a matrix A: The collection of all vectors X such that AXx = 0.

Thatis: Nul A = {% : AX = 0}

1 2 3 1
Consider A=14 5 6 1|
_ 7 8 9 1
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Is U; = in the nullspace of A? Check: 14 5 6 1 =|36|# [0],so ¥, isnotin Nul A.
3 7 8 9 1 3 54 0
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Is U, = in the nullspace of A? Check: (4 5 6 1 = [0], so U, isin Nul A.
2 2
3 7 8 9 1| 3| lo

Is it easy to check whether or not a vector ¥ isin Nul A? Yes. Just see if AV = 0.

Find another vector in the nullspace of A, or find the entire nullspace of A. This is more difficult.
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Notice that the vector ¥, = _; in Nul A from above is of this form: _; =2 _i +(-3)|

-3 -3 0l

Notice that the nullspace of 3 X 4 matrix A is a subspace of R* since this is the size of the

vectors X by which we multiply 4 to get 0. Thatis,in A% = 0, ¥ is from R*.

-

In general for a matrix A whose columns are dy, dy, ..., d,, thatis, A =[d, d, - d, |:

Describe the column space of a matrix A: The set of all vectors that can be built out of the columns of A.

Thatis: b € Col A means b = x;d; + x,d, + -+ x,d, forsome xi, X5, ..., Xp.

Thatis: b € Col A means b = A% for some X. Thatis: Col A = {b: b = A% for some X}.
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Example: Describe/find the column spaceof A=|4 5 6 1|. Col A consists of all vectors
7 8 9 1
1 2] 3 1
of the form x, |[4| + x5 |5 + x3|6| + x4 |1|, for some xq,x;, X3, x4, thatis,
7 8 9 1
NES
1 2 3 1],
oftheform [4 5 6 1]||.%|, thatis, of the form AX for some %.
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Is by = [0] in Col A? That is harder to check. We want to know if there are x1, x3, X3, x4

2
X1
1 2 3 1 2 3 17, 1
such that xq [4|+ %, [5|+ %3 [6[+ x4 [1] = |0], thatis,suchthat |4 5 6 1[[.2|=]0|
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Let’s see: (4 10|, which means there is no solution, so |0
7 8 9 1 0l1

cannot be built using the columns of A, that s, itis notin Col A.

Is I;z = [ 5‘ in the column space of A?
11

1 2 3 1 —1 —-1| 5
Let'ssee: |4 5 6 1 1|-3|, from which we can see there are
7 8 9 1 11 oo
actually infinite solutions (|nf|n|te ways to bmld bz using the columns of A:
X1 [ 5+ X3+ X4 5 1] 1
X2| _[=3—2x3—x4| _|-3 -2 -1
X3 = X3 = 0 + x3 1 + x4 ol
X4 | Xy 0 0l 1

(Notice that this is the sum of a particular solution and the homogeneous solutions.)
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For example, = . Noticethat | 5|=5|4|—3|5[(+0|6(+0|1].
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X4 11 8. 9 1

It is easy to find vectors that are in the column space: just decide how much of each column of
A you want in building your vector. But it is more difficult to check whether 131 and I;z are in
the Col A. Notice that the column space of 3 X 4 matrix 4 is a subspace of R3, since the
column space is the collection of vectors that can be built (as linear combinations) of the
columns of A, which are from R3.
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Which is easier to find, a vector in the nullspace or the column space?
See items 2 and 3 on page 204.
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Some vectors b in column space of A =

Which is easier to check, that a vector is in the nullspace or that it is in the column space?
See items 5 and 6 on page 204.



