
Math 260 Section 4.2 
 
Most important ideas: 

• Nullspaces and column spaces. 
• Compare and contrast the two spaces:  page 204. 

 
Describe the nullspace of a matrix 𝐴𝐴:  The collection of all vectors  𝒙𝒙��⃗   such that  𝑨𝑨𝒙𝒙��⃗ = 𝟎𝟎��⃗ . 

That is:   𝑵𝑵𝑵𝑵𝑵𝑵 𝑨𝑨 = {𝒙𝒙��⃗ ∶ 𝑨𝑨𝒙𝒙��⃗ = 𝟎𝟎��⃗ } 

Consider  𝐴𝐴 = �
1 2 3 1
4 5 6 1
7 8 9 1

�. 

Is  𝑣⃗𝑣1 = �

1
2
3
4

�  in the nullspace of 𝐴𝐴?  Check:  �
𝟏𝟏 𝟐𝟐 𝟑𝟑 𝟏𝟏
𝟒𝟒 𝟓𝟓 𝟔𝟔 𝟏𝟏
𝟕𝟕 𝟖𝟖 𝟗𝟗 𝟏𝟏

� �

𝟏𝟏
𝟐𝟐
𝟑𝟑
𝟒𝟒

� = �
𝟏𝟏𝟏𝟏
𝟑𝟑𝟑𝟑
𝟓𝟓𝟓𝟓
� ≠ �

𝟎𝟎
𝟎𝟎
𝟎𝟎
�, so  𝒗𝒗��⃗ 𝟏𝟏  is not in  𝑵𝑵𝑵𝑵𝑵𝑵 𝑨𝑨. 

Is  𝑣⃗𝑣2 = �

−1
−1

 2
−3

� in the nullspace of 𝐴𝐴?   Check:  �
𝟏𝟏 𝟐𝟐 𝟑𝟑 𝟏𝟏
𝟒𝟒 𝟓𝟓 𝟔𝟔 𝟏𝟏
𝟕𝟕 𝟖𝟖 𝟗𝟗 𝟏𝟏

� �

−𝟏𝟏
−𝟏𝟏
𝟐𝟐

−𝟑𝟑

� = �
𝟎𝟎
𝟎𝟎
𝟎𝟎
�, so  𝒗𝒗��⃗ 𝟐𝟐  is in  𝑵𝑵𝑵𝑵𝑵𝑵 𝑨𝑨. 

Is it easy to check whether or not a vector  𝑣⃗𝑣  is in 𝑁𝑁𝑁𝑁𝑁𝑁 𝐴𝐴?  Yes.  Just see if  𝑨𝑨𝒗𝒗��⃗ = 𝟎𝟎��⃗ . 

Find another vector in the nullspace of  𝐴𝐴,  or find the entire nullspace of 𝐴𝐴.  This is more difficult. 
 

�
𝟏𝟏 𝟐𝟐 𝟑𝟑 𝟏𝟏
𝟒𝟒 𝟓𝟓 𝟔𝟔 𝟏𝟏
𝟕𝟕 𝟖𝟖 𝟗𝟗 𝟏𝟏

�
 𝟎𝟎 
𝟎𝟎
𝟎𝟎
�~ �

𝟏𝟏 𝟎𝟎 −𝟏𝟏 −𝟏𝟏
𝟎𝟎 𝟏𝟏 𝟐𝟐 𝟏𝟏
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

�
 𝟎𝟎 
𝟎𝟎
𝟎𝟎
�  so  �

𝒙𝒙𝟏𝟏
𝒙𝒙𝟐𝟐
𝒙𝒙𝟑𝟑
𝒙𝒙𝟒𝟒

� = �

    𝒙𝒙𝟑𝟑 + 𝒙𝒙𝟒𝟒
−𝟐𝟐𝟐𝟐𝟑𝟑 − 𝒙𝒙𝟒𝟒

𝒙𝒙𝟑𝟑     
                𝒙𝒙𝟒𝟒

� = 𝒙𝒙𝟑𝟑 �

𝟏𝟏
−𝟐𝟐
𝟏𝟏
𝟎𝟎

� + 𝒙𝒙𝟒𝟒 �

𝟏𝟏
−𝟏𝟏
𝟎𝟎
𝟏𝟏

�. 

Notice that the vector  𝑣⃗𝑣2 = �

−1
−1

 2
−3

�  in  𝑁𝑁𝑁𝑁𝑁𝑁 𝐴𝐴  from above is of this form:   �

−𝟏𝟏
−𝟏𝟏
𝟐𝟐

−𝟑𝟑

� = 𝟐𝟐 �

𝟏𝟏
−𝟐𝟐
𝟏𝟏
𝟎𝟎

� + (−𝟑𝟑) �

𝟏𝟏
−𝟏𝟏
𝟎𝟎
𝟏𝟏

�. 

Notice that the nullspace of  3 × 4  matrix  𝐴𝐴  is a subspace of  𝑹𝑹𝟒𝟒 since this is the size of the 
vectors  𝑥⃗𝑥  by which we multiply  𝐴𝐴  to get  0�⃗ .  That is, in  𝐴𝐴𝑥⃗𝑥 = 0�⃗ ,  𝑥⃗𝑥  is from  𝑅𝑅4. 

In general for a matrix  𝐴𝐴  whose columns are  𝑎⃗𝑎1, 𝑎⃗𝑎2, … , 𝑎⃗𝑎𝑛𝑛, that is,  𝐴𝐴 = [ 𝑎⃗𝑎1 𝑎⃗𝑎2  ⋯  𝑎⃗𝑎𝑛𝑛 ]: 

Describe the column space of a matrix 𝐴𝐴:  The set of all vectors that can be built out of the columns of  𝑨𝑨. 

That is:   𝒃𝒃��⃗ ∈ 𝑪𝑪𝑪𝑪𝑪𝑪 𝑨𝑨  means  𝒃𝒃��⃗ = 𝒙𝒙𝟏𝟏𝒂𝒂��⃗ 𝟏𝟏 + 𝒙𝒙𝟐𝟐𝒂𝒂��⃗ 𝟐𝟐 + ⋯𝒙𝒙𝒏𝒏𝒂𝒂��⃗ 𝒏𝒏  for some  𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐, … ,𝒙𝒙𝒏𝒏. 

That is:   𝒃𝒃��⃗ ∈ 𝑪𝑪𝑪𝑪𝑪𝑪 𝑨𝑨  means  𝒃𝒃��⃗ = 𝑨𝑨𝒙𝒙��⃗   for some  𝒙𝒙��⃗ .  That is:  𝑪𝑪𝑪𝑪𝑪𝑪 𝑨𝑨 = {𝒃𝒃 ���⃗ : 𝒃𝒃��⃗ = 𝑨𝑨𝒙𝒙��⃗   𝐟𝐟𝐟𝐟𝐟𝐟 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙��⃗ }. 

Example:  Describe/find the column space of 𝐴𝐴 = �
1 2 3 1
4 5 6 1
7 8 9 1

�.   𝑪𝑪𝑪𝑪𝑪𝑪 𝑨𝑨  consists of all vectors 

of the form  𝒙𝒙𝟏𝟏 �
𝟏𝟏
𝟒𝟒
𝟕𝟕
� + 𝒙𝒙𝟐𝟐 �

𝟐𝟐
𝟓𝟓
𝟖𝟖
� + 𝒙𝒙𝟑𝟑 �

𝟑𝟑
𝟔𝟔
𝟗𝟗
� + 𝒙𝒙𝟒𝟒 �

𝟏𝟏
𝟏𝟏
𝟏𝟏
�,  for some  𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐, 𝒙𝒙𝟑𝟑,𝒙𝒙𝟒𝟒,  that is, 

 of the form  �
𝟏𝟏 𝟐𝟐 𝟑𝟑 𝟏𝟏
𝟒𝟒 𝟓𝟓 𝟔𝟔 𝟏𝟏
𝟕𝟕 𝟖𝟖 𝟗𝟗 𝟏𝟏

� �

𝒙𝒙𝟏𝟏
𝒙𝒙𝟐𝟐
𝒙𝒙𝟑𝟑
𝒙𝒙𝟒𝟒

�,  that is, of the form  𝑨𝑨𝒙𝒙��⃗   for some  𝒙𝒙��⃗ . 

 



 

Is  𝑏𝑏�⃗ 1 = �
1
0
2
�  in  𝐶𝐶𝐶𝐶𝐶𝐶 𝐴𝐴?  That is harder to check.  We want to know if there are  𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐,𝒙𝒙𝟑𝟑,𝒙𝒙𝟒𝟒    

such that  𝒙𝒙𝟏𝟏 �
𝟏𝟏
𝟒𝟒
𝟕𝟕
� + 𝒙𝒙𝟐𝟐 �

𝟐𝟐
𝟓𝟓
𝟖𝟖
� + 𝒙𝒙𝟑𝟑 �

𝟑𝟑
𝟔𝟔
𝟗𝟗
� + 𝒙𝒙𝟒𝟒 �

𝟏𝟏
𝟏𝟏
𝟏𝟏
� = �

𝟏𝟏
𝟎𝟎
𝟐𝟐
�,  that is, such that �

𝟏𝟏 𝟐𝟐 𝟑𝟑 𝟏𝟏
𝟒𝟒 𝟓𝟓 𝟔𝟔 𝟏𝟏
𝟕𝟕 𝟖𝟖 𝟗𝟗 𝟏𝟏

� �

𝒙𝒙𝟏𝟏
𝒙𝒙𝟐𝟐
𝒙𝒙𝟑𝟑
𝒙𝒙𝟒𝟒

� = �
𝟏𝟏
𝟎𝟎
𝟐𝟐
�. 

Let’s see:   �
𝟏𝟏 𝟐𝟐 𝟑𝟑 𝟏𝟏
𝟒𝟒 𝟓𝟓 𝟔𝟔 𝟏𝟏
𝟕𝟕 𝟖𝟖 𝟗𝟗 𝟏𝟏

�
𝟏𝟏
𝟎𝟎
𝟐𝟐
�~ �

𝟏𝟏 𝟎𝟎 −𝟏𝟏 −𝟏𝟏
𝟎𝟎 𝟏𝟏 𝟐𝟐 𝟏𝟏
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

�
𝟎𝟎
𝟎𝟎
𝟏𝟏
�,  which means there is no solution, so  �

𝟏𝟏
𝟎𝟎
𝟐𝟐
�  

cannot be built using the columns of  𝑨𝑨, that is, it is not in  𝑪𝑪𝑪𝑪𝑪𝑪 𝑨𝑨. 

Is  𝑏𝑏�⃗ 2 = �
−1 
  5 
 11

� in the column space of 𝐴𝐴? 

Let’s see:  �
𝟏𝟏 𝟐𝟐 𝟑𝟑 𝟏𝟏
𝟒𝟒 𝟓𝟓 𝟔𝟔 𝟏𝟏
𝟕𝟕 𝟖𝟖 𝟗𝟗 𝟏𝟏

�
−𝟏𝟏
   𝟓𝟓
  𝟏𝟏𝟏𝟏

�~ �
𝟏𝟏 𝟎𝟎 −𝟏𝟏 −𝟏𝟏
𝟎𝟎 𝟏𝟏 𝟐𝟐 𝟏𝟏
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

�
𝟓𝟓

−𝟑𝟑
𝟎𝟎
�, from which we can see there are 

actually infinite solutions (infinite ways to build  𝒃𝒃��⃗ 𝟐𝟐  using the columns of  𝑨𝑨: 

�

𝒙𝒙𝟏𝟏
𝒙𝒙𝟐𝟐
𝒙𝒙𝟑𝟑
𝒙𝒙𝟒𝟒

� = �

   𝟓𝟓 +    𝒙𝒙𝟑𝟑 + 𝒙𝒙𝟒𝟒
−𝟑𝟑 − 𝟐𝟐𝒙𝒙𝟑𝟑 − 𝒙𝒙𝟒𝟒

    𝒙𝒙𝟑𝟑
                        𝒙𝒙𝟒𝟒

� = �

𝟓𝟓
−𝟑𝟑
𝟎𝟎
𝟎𝟎

� + 𝒙𝒙𝟑𝟑 �

𝟏𝟏
−𝟐𝟐
𝟏𝟏
𝟎𝟎

�+ 𝒙𝒙𝟒𝟒 �

𝟏𝟏
−𝟏𝟏
𝟎𝟎
𝟏𝟏

� . 

(Notice that this is the sum of a particular solution and the homogeneous solutions.) 

For example,  �

𝒙𝒙𝟏𝟏
𝒙𝒙𝟐𝟐
𝒙𝒙𝟑𝟑
𝒙𝒙𝟒𝟒

� = �

𝟓𝟓
−𝟑𝟑
𝟎𝟎
𝟎𝟎

�.  Notice that  �
−𝟏𝟏 
  𝟓𝟓 
 𝟏𝟏𝟏𝟏

� = 𝟓𝟓 �
𝟏𝟏
𝟒𝟒
𝟕𝟕
� − 𝟑𝟑 �

𝟐𝟐
𝟓𝟓
𝟖𝟖
� + 𝟎𝟎 �

𝟑𝟑
𝟔𝟔
𝟗𝟗
� + 𝟎𝟎 �

𝟏𝟏
𝟏𝟏
𝟏𝟏
� . 

It is easy to find vectors that are in the column space: just decide how much of each column of  
𝐴𝐴  you want in building your vector.  But it is more difficult to check whether 𝑏𝑏�⃗ 1 and 𝑏𝑏�⃗ 2 are in 
the 𝐶𝐶𝐶𝐶𝐶𝐶 𝐴𝐴.  Notice that the column space of  𝟑𝟑 × 𝟒𝟒  matrix 𝑨𝑨 is a subspace of  𝑹𝑹𝟑𝟑,  since the 
column space is the collection of vectors that can be built (as linear combinations) of the 
columns of  𝐴𝐴, which are from  𝑅𝑅3. 
                                                                                                                      𝑏𝑏�⃗ = 𝐴𝐴𝑥⃗𝑥                          for 𝑥⃗𝑥 = 
                                                                                                                                                                                                                                                                                                                  

Some vectors  𝑏𝑏�⃗   in column space of 𝐴𝐴 = �
1 2 3 1
4 5 6 1
7 8 9 1

�:       �
−𝟏𝟏 
  𝟓𝟓 
 𝟏𝟏𝟏𝟏

� , �
𝟕𝟕 
𝟏𝟏𝟏𝟏
𝟐𝟐𝟐𝟐
� , �

𝟎𝟎
𝟎𝟎
𝟎𝟎
� , …    �

𝟓𝟓
−𝟑𝟑
𝟎𝟎
𝟎𝟎

� , �

𝟏𝟏
𝟏𝟏
𝟏𝟏
𝟏𝟏

� , �

𝟎𝟎
𝟎𝟎
𝟎𝟎
𝟎𝟎

� , … 

 
Which is easier to find, a vector in the nullspace or the column space? 
See items 2 and 3 on page 204. 
 
Which is easier to check, that a vector is in the nullspace or that it is in the column space? 
See items 5 and 6 on page 204. 


