Definitions and/or examples of words we’ve used in Chapter 1

Linear equation 2x; + x, — 4x; = 10

Linear transformation T(c,;V; + c,U,) = ¢;T(¥,) + ;T (V).
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For example, T'(xy,x;) = (x1 + 3x5,%; — X,5%x,) = [1 —1] [ 1].
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Linear combination of vectors Uy, U, ..., Uy iS ¢1U; + CoU5 + = + CpUp.

Row reduction The process of putting a matrix into (reduced) echelon form.

Gaussian elimination One specific organized way of doing row reduction.

Pivot The leading “1” in each row when doing Gaussian Elimination.

Span (Noun) span{v,, U,, ..., U} is the set of all vectors that can be built (as a linear

combination of) the vectors v, Uy, ...

N
, Up.

Span (Verb) {¥;, U,, ..., U} spans R™ means everythingin R™ can be built (as a linear

combination of) the vectors v, Uy, ...

, Up.

General solution All solutions of AX = b, usually of a form like X, + cX, where X, isa
particular solution and where X}, is a homogenous solution.

Particular solution One solution (any solution!) of AX = b.

Homogenous problem The problem where the right hand side is 6, i.e. A% = 0.
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Homogenous solution The solution(s) xj, to the homogeneous problem Ax = 0.
If ¥y, ..., 7, are all homogenous solutions, then so is any linear combination of them:

Ay Dy + -+ cpBy) = A(Cy1By) + -+ + A(Cyy) = c1AD; + -+ cyADy = ¢,0 + -+ ¢,0 = 0

Trivial solution The solution ¥ = 0 to A% =

-

Given matrix A = [¥; -+ U] :
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Matrix version of
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Three different ways to write the same problem:

X1+ 2x; 4+ 3x3 = 4 1 2 31 _[4 12 3
B e LR I = R P A | A
All can be solved by row reducing the augmented matrix:

1 2 4 4 1 0 —-12 | 14
[5 0 —6 | 7]~[0 -10 -21 | —13] [0 1 21 13] 0 1 2.1 1.3]

Pivots in every row tell us there is a solution. The non-pivot columns tell us which variables are
free variables. For this problem, we expected there to be infinite solutions because there were
fewer equations than unknowns, that is, fewer rows than columns in the coefficient matrix.

x;, —12x3=14 x1 = 12x3+1.4

From X, + 2.1x; = 1.3 we get general solution of x, = —2.1x3 + 1.3, which can also be
X3 = free
X1 1.2x5 + 1.47 1.2] 1.4
written as [xz = [—2.1x3 + 13| = [—2.1 + |1.3|. Part of this general solution [ ] is
X3 X3 1 | 0

the homogenous solution, that is, the solution to the homogenous problem:
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Any multiple of a homogenous solution is also a homogenous solution:
If A%, = 0, then A(cXy,) = cA%, = c0 = 0.
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Another particular solution (where x5 is 1) is

In general, every solution X to the problem AX = b is comprised of a particular solution J_c’p,

- i . - - = - - -
where Ax,, = b, and a homogenous solution x; (where Ax, = 0): X = X, + cXj.

We learn a lot about solutions to A% = b by looking at just the coefficient matrix (i.e. the non-
augmented matrix) A = [é (2) _2 ] Note that [é g _2] ~ [(1) (1) _%? ] The two
pivot columns tell us that these first two columns are the linearly independent columns of the

é] +2.1 [(2)]) Since these

columns are linearly dependent, then any problem—in other words, the problem Ax = b for

three columns in A. (Bonus: we also see that [_2] = —1.2[

any b—which has a solution will actually have an infinite number of solutions. (So in function
talk, T(X¥) = Ax is not 1-to-1.) Next, [(1) (1) _%i ] has a pivot in every row—that is, there
are no rows of all 0’'s—which tells us that A% = b has a solution for every right hand side b.

(So in function talk, T(X¥) = Ax is onto.) So we can conclude that for 4 = [é é _2 ], the

problem AXx = b has an infinite number of solutions no matter what b is. Of course what the
solutions actually are will depend on what b is.



