
Math 260 Section 1.8 
 

Most important ideas: 

• First two pages of this handout:  review of ideas from this class and ideas regarding functions. 

• Definition of a linear transformation and more info, all on pages 65 – 66. 

• Equations 4 and 5 on page 66 are simply Properties (i) and (ii) from page 65 combined. 
 

Let  𝑚 × 𝑛 matrix  𝐴 = [𝑎⃗1  ⋯  𝑎⃗𝑛]  and  𝑥⃗ = [

𝑥1

⋮
𝑥𝑛

].   Recall that 𝐴𝑥⃗ = 𝑏⃗⃗  means  𝑏⃗⃗ = 𝑥1𝑎⃗1 + ⋯ + 𝑥𝑛𝑎⃗𝑛 , 

so  𝒃⃗⃗⃗  is the vector we want to build, and  𝒙𝟏, …  , 𝒙𝒏  are the amounts of vectors  𝒂⃗⃗⃗𝟏, … , 𝒂⃗⃗⃗𝒏  to build  𝒃⃗⃗⃗. 

Recall:  Suppose 𝑎⃗1, … , 𝑎⃗𝑛 are vectors from 𝑅𝑚.  First, what do  𝑚  and  𝑛  mean? 

𝑛 =  number of vectors 

𝑚 =  size of each vector 

For example, a 3 × 4 matrix has   4   vectors each of size  3   (i.e. from 𝑹𝟑 ).   

So we are trying to build vectors  𝑏⃗⃗  of size   3   using the   4   vectors that are the columns of matrix 𝐴. 

{𝑎⃗1, … , 𝑎⃗𝑛}  spans 𝑅𝑚 means  all vectors in 𝑹𝒎  can be built using  {𝒂⃗⃗⃗𝟏, … , 𝒂⃗⃗⃗𝒏}.    Good!                                                                                                                               

That is:  for each  𝒃⃗⃗⃗  in  𝑹𝒎, there are weights  (𝒙𝟏, … , 𝒙𝒏)   such that  𝒃⃗⃗⃗ = 𝒙𝟏𝒂⃗⃗⃗𝟏 + ⋯ + 𝒙𝒏𝒂⃗⃗⃗𝒏. 

In other words:  for each  𝒃⃗⃗⃗  in  𝑹𝒎, there is  𝒙⃗⃗⃗  such that  𝑨𝒙⃗⃗⃗ = 𝒃⃗⃗⃗. 
 
{𝑎⃗1, … , 𝑎⃗𝑛}  does not span  𝑅𝑚  means there are vectors in  𝑹𝒎  that can’t be built using  {𝒂⃗⃗⃗𝟏, … , 𝒂⃗⃗⃗𝒏} .  Bad! 

That is:  there are vectors  𝒃⃗⃗⃗  in  𝑹𝒎  for which there are no weights  (𝒙𝟏, … , 𝒙𝒏)  such that  𝒃⃗⃗⃗ = 𝒙𝟏𝒂⃗⃗⃗𝟏 + ⋯ 𝒙𝒏𝒂⃗⃗⃗𝒏.  

In other words:  there are vectors  𝒃⃗⃗⃗  in  𝑹𝒎  for which there is no  𝒙⃗⃗⃗  so that  𝑨𝒙⃗⃗⃗ = 𝒃⃗⃗⃗.   
 
 
Consider function 𝑓: 𝑅𝑛 → 𝑅𝑚.   
Sometimes we write  𝑦⃗ = 𝑓(𝑥⃗).   

Domain:  𝑹𝒏  

Co-domain:  𝑹𝒎 

Image (or range) of  𝑓:  The part of  𝑹𝒎  which  𝒇  actually “maps” to. 

Example:  Suppose that  𝑓(𝑥) = √𝑥 − 5 + 2, so for this function we have  𝑓 ∶ 𝑅 → 𝑅.   

This function 𝑓  has domain of  real numbers ≥ 𝟓 (since we can’t have negative numbers in the √ ), 
 a co-domain of  all real numbers  and an image/range of  real numbers ≥ 𝟐. 

What is the definition of 1-to-1?   

If  𝒙𝟏 ≠ 𝒙𝟐  then  𝒇(𝒙𝟏) ≠ 𝒇(𝒙𝟐), or equivalently,  if  𝒇(𝒙𝟏) = 𝒇(𝒙𝟐)  then  𝒙𝟏 = 𝒙𝟐. 

What is the definition of onto? 

All elements in the co-domain are in the image.      
 
Note:  a function has an inverse only if it is  1-to-1  and it is  onto.  It’s really good to have an inverse! 
  

Domain 𝑹𝒏 Co-domain 𝑹𝒎 

𝒇 Range/
Image 
of  𝒇 

Also see Book Figure 2, p. 63 
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Four possibilities for a function  𝑓(𝑥). 
 

 

Function Diagram Example 

Onto 
 

1-to-1 

 𝒇(𝒙) = 𝒙𝟑 

 

Onto 
 

NOT 1-to-1  

 𝒇(𝒙) = 𝒙𝟑 − 𝒙 

 

NOT Onto 
 

1-to-1 

 𝒇(𝒙) = 𝒆𝒙 

 

NOT Onto 
 

NOT 1-to-1 

 𝒇(𝒙) = 𝒙𝟐 

 

 

  

𝒇 

𝒇 
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Example 1:  Consider the function  𝑓(𝑥⃗) = 𝑓(𝑥1, 𝑥2) = ( 𝒙𝟏 + 𝒙𝟐 , 𝒙𝟏𝒙𝟐 ) .   
(This function represents any arbitrary function of two variables.) 

Suppose  𝑢⃗⃗ = [
𝟖
𝟑

]  and  𝑣⃗ = [
𝟐

𝟏𝟏
] .  (These represent two generic/random vectors in  𝑅2.) 

   𝑓(𝑢⃗⃗) = 𝒇(𝟖, 𝟑) = (𝟖 + 𝟑, 𝟖 ⋅ 𝟑) = (𝟏𝟏, 𝟐𝟒). 

   𝑓(𝑣⃗) =  𝒇(𝟐, 𝟏𝟏) = (𝟏𝟑, 𝟐𝟐). 

   𝑓(2𝑢⃗⃗ + 3𝑣⃗) =  𝒇(𝟐𝟐, 𝟑𝟗) = (𝟔𝟏, 𝟖𝟓𝟖). 
 

Is  𝑓(2𝑢⃗⃗ + 3𝑣⃗) = 2𝑓(𝑢⃗⃗) + 3𝑓(𝑣⃗)?   No:  (𝟔𝟏, 𝟖𝟓𝟖) ≠ 𝟐(𝟏𝟏, 𝟐𝟒) + 𝟑(𝟏𝟑, 𝟐𝟐). 
 
 
In fact, for most functions,  𝑓(2𝑢⃗⃗ + 3𝑣⃗) ≠ 2𝑓(𝑢⃗⃗) + 3𝑓(𝑣⃗), that is, they are not “linear”           
(see definition of linear in book on page 65). 
 
 

Example 2:  Where  𝐴 = [
1 2

−3 4
],  define  𝑓(𝑥⃗) = 𝐴𝑥⃗ = [

1 2
−3 4

] [
𝑥1

𝑥2
] = (𝑥1 + 2𝑥2, −3𝑥1 + 4𝑥2) . 

Suppose  𝑢⃗⃗ = [
𝟖
𝟑

]  and  𝑣⃗ = [
𝟐

𝟏𝟏
] , as in Example 1. 

   𝑓(𝑢⃗⃗) =  (𝟏𝟒, −𝟏𝟐). 

   𝑓(𝑣⃗) =  (𝟐𝟒, 𝟑𝟖). 

   𝑓(2𝑢⃗⃗ + 3𝑣⃗) =  𝒇(𝟐𝟐, 𝟑𝟗) = (𝟏𝟎𝟎, 𝟗𝟎). 
 
Is  𝑓(2𝑢⃗⃗ + 3𝑣⃗) = 2𝑓(𝑢⃗⃗) + 3𝑓(𝑣⃗)?   Yes:  (𝟏𝟎𝟎, 𝟗𝟎) = 𝟐(𝟏𝟒, −𝟏𝟐) + 𝟑(𝟐𝟒, 𝟑𝟖). 
 
A linear transformation/function is one for which  𝑓(𝑐1𝑢⃗⃗ + 𝑐2𝑣⃗) = 𝑐1𝑓(𝑢⃗⃗) + 𝑐2𝑓(𝑣⃗). 
See Book Example 1, p. 64. 
 
See Book Example 3 about a shear transformation, p. 65  (The author is making a bit of a joke 
with the image next to Figure 4.) 
 
See Book Examples 5 and 6, p. 67. 
 


