Math 260 Section 1.4

Most important ideas:
e Matrix-vector product, on page 35.
e Solution to AX = 3, etc., Theorem 3, on page 36.
e Equivalence of four statements in Theorem 4, page 37, in particular item (d) about A
having a pivot position in every row.

Problem 1 (compare to class Problems 3a, 5a and 5b from Section 1.3):

- b -
Given any vector b = [bl] in R?, are there x; and x, sothat x; B] +x, [ﬂ = b?
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That is, is there a solution x; and x, to ) 1] [xz] = [bz]' no matter what b is®
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1 3 bl 1 0 —Ebl‘l‘gbz x1=—gb1+gb2
Yes.21b]~01 5 1 , SO > 1 .
2 Ebl—gbz Xgo = Ebl_gbz

Of course we see that the particular values of x; and x, depend on the values of b; and b,.

Is there a pivot in every row of the coefficient matrix?

Yes. So there is guaranteed to be a solution.
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Problem 2 (compare to class Problem 6 from Section 1.3): Given any right hand side b = [bl]'
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is there a solution [xz] to [2 —6] [xz] bz]'

1 —-3|by
2 —6|b,

solution if —2b4 + b, = 0, thatis, if b, = 2b,).

1 -3 by ] . . . .
No. [ ] [0 0 |—2b1 + b, so in general there is no solution (there is only a

Is there a pivot in every row of the coefficient matrix?

No. So there may not be a solution, depending on what the values of b; and b, are.

What restriction on b; and b, is there?

. . . . byl [b1]_ 1 .
That —2b, + b, = 0, thatis, that b, = 2b,, that is, [bz] = 2b1] = b, [2] , so there is a
. 1 —-37[*1] _ [b1 . [P1] . . 1
solution to [2 _6 [xz] = [bz] only if [bz] is some multiple of [2]

Note also that if there is a solution, there will be an infinite number of solutions, as the second
variable will be a free variable. We can tell this since the second column in the coefficient
matrix is not a pivot column.



Problem 3 (compare to class Problems 7 and 8 from Section 1.3): Given any right hand side

1 4] 4, [P 11 [4
b= [ ] , is there a solution to [2 5] [xl] = [bzl ? Thatis, do {[2] ) [5]} span R3?
3 61 7 b, 3l le

1 4- b1 4- b1
2 5|by| ~ 0 —3|—-2b;+ b, , so there is no solution if b; — 2b, + b3 # 0.
3 6Ilb; 0 0 b, — 2b, + b3

Is there a pivot in every row of the coefficient matrix?

No. So there may not be a solution, depending on the values of b4, b, and bs.

For there to be a solution, what restrictions on by, b, and b; are there?

That b; — 2b, + b3z = 0. Note that this is the equation for a plane.

Problem 4 (compare to Problems 9 and 10 from Section 1.3): Given any right hand side

b= [b;]’ is there a solution to ; i 2 [ ] [ 7 That is, do {[2] LSL]'[Z]} span R??
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Is there a pivot in every row of the coefficient matrix?

Yes. So there will be a solution regardless of the values of b; and b,.

Are there any restrictions on b; and b,?

Nope. They can be any value and there will still be a solution.

How many solutions are there? (Notice Column 3 has no pivot. It’s sort of an “extra” column.)

Infinitely many. The third column with no pivot means there will be a free variable x3 so that
there will be an infinite number of solutions.

—2b1+§b2 = 7

For example, if b; = 1 and b, = 6, then 1 so our row reduced augmented
bl - Ebz - —2
X1 = 7+ X3
matrix is [(1) 1 -1 |_7] so x; = —2 — 2x3 . This s called the general solution.
X3 = X3
X1 = 7 X1 = 8
A couple of particular solutions are x, = —2 and x; = —4 . (There are infinitely many.)
X3 = 0 X3 = 1
2
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Check: [2 " 6]i 7[2]—2[4]+0[6]_[6]./
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