
Math 260 Section 1.4 
 
Most important ideas: 

• Matrix-vector product, on page 35.  
• Solution to 𝑨𝑨𝒙𝒙��⃗ = 𝒃𝒃��⃗ , etc., Theorem 3, on page 36. 
• Equivalence of four statements in Theorem 4, page 37, in particular item (d) about 𝑨𝑨 

having a pivot position in every row. 
 
 
Problem 1 (compare to class Problems 3a, 5a and 5b from Section 1.3):   

Given any vector  𝑏𝑏�⃗ = �𝑏𝑏1𝑏𝑏2
�  in  𝑅𝑅2, are there  𝑥𝑥1  and  𝑥𝑥2  so that  𝑥𝑥1 �

1
2�+𝑥𝑥2 �

3
1� = 𝑏𝑏�⃗ ?   

That is, is there a solution  𝑥𝑥1  and  𝑥𝑥2  to �1 3
2 1� �

𝑥𝑥1
𝑥𝑥2� = �𝑏𝑏1𝑏𝑏2

�, no matter what  𝑏𝑏�⃗   is?    

Yes.   �𝟏𝟏 𝟑𝟑
𝟐𝟐 𝟏𝟏 �

𝒃𝒃𝟏𝟏
𝒃𝒃𝟐𝟐
�  ~  �𝟏𝟏 𝟎𝟎

𝟎𝟎 𝟏𝟏 �
− 𝟏𝟏

𝟓𝟓
𝒃𝒃𝟏𝟏 + 𝟑𝟑

𝟓𝟓
𝒃𝒃𝟐𝟐

𝟐𝟐
𝟓𝟓
𝒃𝒃𝟏𝟏 −

𝟏𝟏
𝟓𝟓
𝒃𝒃𝟐𝟐
�,  so   

𝒙𝒙𝟏𝟏 = −𝟏𝟏
𝟓𝟓
𝒃𝒃𝟏𝟏 + 𝟑𝟑

𝟓𝟓
𝒃𝒃𝟐𝟐

𝒙𝒙𝟐𝟐 =     𝟐𝟐
𝟓𝟓
𝒃𝒃𝟏𝟏 −

𝟏𝟏
𝟓𝟓
𝒃𝒃𝟐𝟐

 .   

 
Of course we see that the particular values of  𝑥𝑥1  and  𝑥𝑥2  depend on the values of  𝑏𝑏1  and  𝑏𝑏2. 
 
Is there a pivot in every row of the coefficient matrix? 

Yes.  So there is guaranteed to be a solution. 
 

Problem 2 (compare to class Problem 6 from Section 1.3):  Given any right hand side  𝑏𝑏�⃗ = �𝑏𝑏1𝑏𝑏2
�, 

is there a solution  �
𝑥𝑥1
𝑥𝑥2�  to   �1 −3

2 −6� �
𝑥𝑥1
𝑥𝑥2� = �𝑏𝑏1𝑏𝑏2

�?   

No.   �𝟏𝟏 −𝟑𝟑
𝟐𝟐 −𝟔𝟔 �

𝒃𝒃𝟏𝟏
𝒃𝒃𝟐𝟐
�  ~  �𝟏𝟏 −𝟑𝟑

𝟎𝟎 𝟎𝟎 �
𝒃𝒃𝟏𝟏

−𝟐𝟐𝒃𝒃𝟏𝟏 + 𝒃𝒃𝟐𝟐
�,  so in general there is no solution (there is only a 

solution if  −𝟐𝟐𝒃𝒃𝟏𝟏 + 𝒃𝒃𝟐𝟐 = 𝟎𝟎,  that is, if  𝒃𝒃𝟐𝟐 = 𝟐𝟐𝒃𝒃𝟏𝟏). 

Is there a pivot in every row of the coefficient matrix? 

No.  So there may not be a solution, depending on what the values of  𝒃𝒃𝟏𝟏  and  𝒃𝒃𝟐𝟐  are. 
 
What restriction on 𝑏𝑏1 and 𝑏𝑏2 is there? 

That  −𝟐𝟐𝒃𝒃𝟏𝟏 + 𝒃𝒃𝟐𝟐 = 𝟎𝟎,  that is, that  𝒃𝒃𝟐𝟐 = 𝟐𝟐𝒃𝒃𝟏𝟏, that is,  �𝒃𝒃𝟏𝟏 
𝒃𝒃𝟐𝟐
� = � 𝒃𝒃𝟏𝟏 

𝟐𝟐𝒃𝒃𝟏𝟏
� = 𝒃𝒃𝟏𝟏 �

𝟏𝟏
𝟐𝟐� , so there is a 

solution to  �𝟏𝟏 −𝟑𝟑
𝟐𝟐 −𝟔𝟔� �

𝒙𝒙𝟏𝟏
𝒙𝒙𝟐𝟐� = �𝒃𝒃𝟏𝟏𝒃𝒃𝟐𝟐

�   only if   �𝒃𝒃𝟏𝟏 
𝒃𝒃𝟐𝟐
�  is some multiple of  �𝟏𝟏𝟐𝟐�. 

 
Note also that if there is a solution, there will be an infinite number of solutions, as the second 
variable will be a free variable.  We can tell this since the second column in the coefficient 
matrix is not a pivot column. 
 
 
 
 
  



 

Problem 3 (compare to class Problems 7 and 8 from Section 1.3):  Given any right hand side                  

𝑏𝑏�⃗ = �
𝑏𝑏1
𝑏𝑏2
𝑏𝑏3
� ,  is there a solution to   �

1 4
2 5
3 6

� �
𝑥𝑥1
𝑥𝑥2� = �

𝑏𝑏1
𝑏𝑏2
𝑏𝑏3
� ?   That is, do {�

1
2
3
� , �

4
5
6
�} span 𝑅𝑅3? 

�
𝟏𝟏 𝟒𝟒
𝟐𝟐 𝟓𝟓
𝟑𝟑 𝟔𝟔

�
𝒃𝒃𝟏𝟏
𝒃𝒃𝟐𝟐
𝒃𝒃𝟑𝟑
�  ~ �

𝟏𝟏 𝟒𝟒
𝟎𝟎 −𝟑𝟑
𝟎𝟎 𝟎𝟎

�
      𝒃𝒃𝟏𝟏
−𝟐𝟐𝒃𝒃𝟏𝟏 +   𝒃𝒃𝟐𝟐
      𝒃𝒃𝟏𝟏 − 𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃𝟑𝟑

� ,  so there is no solution if  𝒃𝒃𝟏𝟏 − 𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃𝟑𝟑 ≠ 𝟎𝟎. 

 
Is there a pivot in every row of the coefficient matrix? 

No.  So there may not be a solution, depending on the values of  𝒃𝒃𝟏𝟏,𝒃𝒃𝟐𝟐 and  𝒃𝒃𝟑𝟑. 
 
For there to be a solution, what restrictions on  𝑏𝑏1, 𝑏𝑏2 and 𝑏𝑏3  are there?   

That  𝒃𝒃𝟏𝟏 − 𝟐𝟐𝒃𝒃𝟐𝟐 + 𝒃𝒃𝟑𝟑 = 𝟎𝟎.  Note that this is the equation for a plane. 
 
Problem 4 (compare to Problems 9 and 10 from Section 1.3):  Given any right hand side                     

𝑏𝑏�⃗ = �𝑏𝑏1𝑏𝑏2
� ,  is there a solution to   �1 3 5

2 4 6� �
𝑥𝑥1
𝑥𝑥2
𝑥𝑥3
� = �𝑏𝑏1𝑏𝑏2

� ?  That is, do {�12� , �34� , �56�} span 𝑅𝑅2?     

�𝟏𝟏 𝟑𝟑 𝟓𝟓
𝟐𝟐 𝟒𝟒 𝟔𝟔 �

𝒃𝒃𝟏𝟏
𝒃𝒃𝟐𝟐
�  ~  �𝟏𝟏 𝟑𝟑 𝟓𝟓

𝟎𝟎 −𝟐𝟐 −𝟒𝟒 �
𝒃𝒃𝟏𝟏

−𝟐𝟐𝒃𝒃𝟏𝟏 + 𝒃𝒃𝟐𝟐
�  ~ ⋯  ~  �𝟏𝟏 𝟎𝟎 −𝟏𝟏

𝟎𝟎 𝟏𝟏 𝟐𝟐 �
−𝟐𝟐𝒃𝒃𝟏𝟏 + 𝟑𝟑

𝟐𝟐
𝒃𝒃𝟐𝟐

      𝒃𝒃𝟏𝟏 −
𝟏𝟏
𝟐𝟐
𝒃𝒃𝟐𝟐
�  

 
Is there a pivot in every row of the coefficient matrix?  

Yes.  So there will be a solution regardless of the values of  𝒃𝒃𝟏𝟏  and  𝒃𝒃𝟐𝟐. 
 
Are there any restrictions on  𝑏𝑏1  and  𝑏𝑏2?   

Nope.  They can be any value and there will still be a solution. 
 
How many solutions are there?  (Notice Column 3 has no pivot.  It’s sort of an “extra” column.)     

Infinitely many.  The third column with no pivot means there will be a free variable  𝒙𝒙𝟑𝟑  so that 
there will be an infinite number of solutions.  

For example, if  𝒃𝒃𝟏𝟏 = 𝟏𝟏  and  𝒃𝒃𝟐𝟐 = 𝟔𝟔,  then  
−𝟐𝟐𝒃𝒃𝟏𝟏 + 𝟑𝟑

𝟐𝟐
𝒃𝒃𝟐𝟐 =     𝟕𝟕

𝒃𝒃𝟏𝟏 −
𝟏𝟏
𝟐𝟐
𝒃𝒃𝟐𝟐 = −𝟐𝟐

  so our row reduced augmented 

matrix is  �𝟏𝟏 𝟎𝟎 −𝟏𝟏
𝟎𝟎 𝟏𝟏 𝟐𝟐 �

𝟕𝟕
−𝟐𝟐� ,  so   

𝒙𝒙𝟏𝟏 =    𝟕𝟕 +    𝒙𝒙𝟑𝟑
𝒙𝒙𝟐𝟐 = −𝟐𝟐− 𝟐𝟐𝒙𝒙𝟑𝟑
𝒙𝒙𝟑𝟑 =               𝒙𝒙𝟑𝟑

 .  This is called the general solution.   

A couple of particular solutions are   
𝒙𝒙𝟏𝟏 =    𝟕𝟕
𝒙𝒙𝟐𝟐 = −𝟐𝟐
𝒙𝒙𝟑𝟑 =    𝟎𝟎

   and  
𝒙𝒙𝟏𝟏 =    𝟖𝟖
𝒙𝒙𝟐𝟐 = −𝟒𝟒
𝒙𝒙𝟑𝟑 =    𝟏𝟏

 .  (There are infinitely many.) 

Check:   �𝟏𝟏 𝟑𝟑 𝟓𝟓
𝟐𝟐 𝟒𝟒 𝟔𝟔� �

𝟐𝟐
𝟐𝟐
𝟏𝟏
�    = 𝟕𝟕 �𝟏𝟏𝟐𝟐� − 𝟐𝟐 �𝟑𝟑𝟒𝟒� + 𝟎𝟎 �𝟓𝟓𝟔𝟔� = �𝟏𝟏𝟔𝟔� .   

    �𝟏𝟏 𝟑𝟑 𝟓𝟓
𝟐𝟐 𝟒𝟒 𝟔𝟔� �

𝟖𝟖
−𝟒𝟒
𝟏𝟏
� = 𝟖𝟖 �𝟏𝟏𝟐𝟐� − 𝟒𝟒 �𝟑𝟑𝟒𝟒� + 𝟏𝟏 �𝟓𝟓𝟔𝟔� = �𝟏𝟏𝟔𝟔� .   


