Math 260 Section 1.3
Use of technology in row reduction: links on are class homepage.

Most important ideas:
e Linear combination, on page 27.
e Connection between vector equation and linear system, on page 29.
e Span, on page 30.

Problem 1: 4///:

Can the point (1,7) be reached by
using the directions of (1,2) and (3,1)?

Yes. Move in the direction (1,2) forwards four times f
then in the direction (3,1) backwards one time,
as shown in the diagram at right. f

Problem 2: Is [;] a linear combination of B] and [ﬂ?

1

7] = [;] +c, [i] See work below.

Yes. There are weights/constants c¢; and c, such that [

Problem 3a: Are there ¢; and ¢, so that ¢; [;] +c, [:ﬂ = [;]?

. . . Cq1 3c, 1
Yes. We can rewrite the problem as trying to find ¢; and c, such that [ch] + ol = [7],
2

C1+3C2:1

that s, 2¢i+ cp=7" which has solution of ¢; = 4,¢, = —1, as shown below.
. Cl + 3C2 = 1 2
Problem 3b: Are there ¢; and ¢, so that 2e, 4 cp=7"

Yes. The augmented matrix and row reduction (Gaussian Elimination):
1 3|1 1 3|11 1 3
2 1l ~lo —sls/~ |

2 117 0 -5I5 0 1—ﬂ~[(1) (1)_‘;]5001=4,c2=—1.

. x1+3x, =1 5
Problem 4: Are there x; and x, so that 2+ xy=7°

Yes. This is the same problem as Problem 3b, just with x4, x, rather than with ¢4, c;.

How are problems 1, 2, 3 and 4 related?

They are all the same problem, just written in different ways! This is really important for you to
see and understand. As we have seen, generally we will solve any variation of this problem with
the augmented matrix, as we did in Problem 3b or Problem 4.



So we can build [;] using [;] and [:ﬂ . What about building vectors other than [;] ? Rather

. . . b
than consider other vectors one at a time, let’s choose a generic vector [bl] (where b; and b,
2

are any number) that represents any vector in R?.

Problem 5: For any vector b= [bl] in R?, are there ¢; and ¢, so that ¢; [1_ +c, [3] = bl]?
b, 2172111 = |b,

13b1]~[1 3| b, ]~13
2 1(bl |0 -5|-2b;+b;] [0 1

b
Of course how to build [ 1] using [1] and [3] depends on what b; and b, are.
b, 2 1

1 3 ] 1 3
bl l 1 0 —Eb1+gb2 C1:—Eb1+gb2
2y 1 2 1 = 2 1, ¢
5b1 5b2 0 1 Ebl—gbz | Cy = Ebl—gbz

c1=-3z-1+3-7= 4
= :1-:7=-1

For example, if b; = 1,b, = 7, then as found in Problems 1 - 4.

Why would you predict that there is a unique solution to Problem 5 (and all of Problems 1 —5)?

# equations = # unknowns, which generally means there will be exactly one solution.

—_

So for any vector b in R?, there are ¢ and ¢, so that ¢4 [;] +c, [i] = b. Any other words,

span{[;], [i]} = R? . That is, every vector in R? can be written (built) as some linear

combination of [;] and [:ﬂ

So for any two vectors v; and v, in R? is it true that span{v,,v,} = R?? That s, given any two
vectors v; and v, from R?, can we build any other vector in R? using v; and v,?

No. Here is an example that this is not necessarily the case.
(How can we be sure there is no solution? Try to find the solution and see what happens.)

Suppose we want to reach/build points/vectors using [;] and [:2] Given any vector

- bq] . 2 . . bl] . 1 -3 , ,
b = [bz] in R*, can we reach/build the point/vector [bz using [2] and [—6]' Let’s try.

[1 -3 b1]~[1 3| by
00

2 —6|b, —2b, + bz] . We see that there will be a problem (in other words, no

solution) if —2b; + b, # 0 (Why?). So we can already see that there is a solution only if

b,

—2by + by = 0, thatis, if b, = 2b,, thatis, [bl] N [
2b,

_ 1
b, ] = by [2] In other words, only

vectors that are some multiple of [;] can be reached/built using B] and [:2] No other

vectors can be reached/built.



The span (a noun) of a set of vectors is the set of all vectors that can be built using (are linear
combinations of) those vectors. If everything in R® can be built using {7, ..., ¥,}, then we say
that {¥,,...,U,} spans (averb) R3. We need at least 3 vectors from R3 to be able to build all
vectors in R3. See Problem 7.

1 11 [4 1 4 1
Problem 7a: Is | 0Of in spani|2],|5|¢? Thatis, are there ¢4 and ¢, such that ¢4 |2|+ ¢, |5|=| 0|?
-2 31 L6 3 6 -2
x1 + 4x2 =
Problem 7b: Are there x; and x, sothat 2x; +5x, = 07?
3x1 + 6x2 = _2
1 4| 1 1 0|]-5/3
No. |2 5| 0|~ |0 1 2/3], and due to the bottom row, there is no solution.
3 6I1-2 0 0l -1
Why would you predict that there is no solution for Problem 7b (and Problem 7a)?
# equations > # unknowns, which generally means there will be no solution.
1 1] [4 1] [4
So at least one vector, | 0, from R3 is not in span{|2|,|5(}, so {|2],|5|} does not span R3.
-2 31 L6 31 L6

What part/subset of R3 is span{|2]|,|5/}? It looks something like Figure 11 on page 30.
31 16

Problem 8a: Are there ¢4, ¢, and c3 sothat ¢ [5] +cy [z] +c3 [2] = [_;]?

In other words, is [_;] in span{[;],[i], [2]}7 Yes. See work below.

Xy + 3%, + 5x3 = 1?

Problem 8b: Are there x4, x, and x3 so that 25, + 4%y + 635 = =2

1 3 5/ 1 [1 0 —1|-5 x X3 = X1 =5+ 23
-1|- 1 - X3 =— 9 _
ves. [z 4 6—2] [o 1 z| z] so Xp+2xz= 2 0 ¥2=Z-2%
x3 = free

A few examples: (xq,x3,x3) = (—5,2,0) or (—4,0,1) or (—3,-2,2) or....

What do these solutions mean? Consider the solution (x;, x5, x3) = (—3,—2,2), which we

see satisfies the two equations in Problem 8b. As for being a solution to Problem 8a (which is
e . 1 3 51_T1 1

the same problem as 8b, just in different form), notice that —3 [2] -2 [4] + 2 [6] = [_2].

Why would you guess that there are an infinite number of solutions for Problem 8b (and Problem 8a)?

# equations < # unknowns, which generally means there will be infinite solutions.

True/False. If we have three different vectors from R3, then they are guaranteed to span R3.

11 1471 [7
For example, the vectors { 2(,15],|8 } do not span R3; that is, there are vectors in R3 that
31 lel 19

7 4 1
cannot be built using these three vectors. We will show this later. (Notice [8 =2|5| — 2].)
9 6 3




