Math 260 Spring 2024 Exam 3 April 9, 2024

Name: S 0&@-7%‘%1 S

Problem T/F 1 2 3 4/5 Total
Possible 30 10 26 20 14 100
Received

You MAY USE A 3 X 5 CARD OF HANDWRITTEN NOTES,
BOTH SIDES, AND A CALCULATOR.

SHOW PERTINENT WORK IN SOLVING EACH PROBLEM.
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‘ Olay, let's do a quick check for = A:d“rh'“ 1szrhe P;]Ubﬂh:“: v
= Lnderstanding. What is the probability| = olgeting a = on the cue 3

Okay, let's go z
aver it again. -

BUT BASED ON NO, ACTUALLY,
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WE'RE ONLY DOWN
BY TWO, GUYS!
WE CAN DO THIS!

WELL..ITS
POSSIBLE...

THATS WHAT
{ I WAS
ABout TO
.. SAY.

1ts ZERO! Because
I'm not getting in & SAC
with 6 other cats’

"If there are 7 cats in a sack

and | draw one af random,..” .. what is the probability

that | will draw you?”




30 points T/F. Answer the following 15 True/False questions

Each question is worth 2 points.
Note: “True” means always true or necessarily true. “False” means that it may be

true sometimes or under some circumstances, but not always or not necessarily
No explanation is necessary whether true or false.

(1) T F)] W is orthogonal to W+ means each vector in W is orthogonal to at least one

. i_—————-——_.'
vector in W+, /
all |

(2) i @ If W = Span{ﬁlﬁz}, then PT'ijﬁ — (U ,71) - (1 ,Y3) -

(D1,71) 1 (V2,02) r
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(3)( T/ F Ifeverycolumn oftsquare matrix A is orthogonal to every other column of A and
each column is of length/size 1, then 4 AT = 1.

mﬁw =) /4 /4

6 AA Sjne€ /4 < Cffu_pu{?...

4 T @ For vector u and vector space W, Projyu is orthogonal to .
—

FreyW ™
(5) T @ It is possible for six non-zero vectors in R* to be mutually orthogonal.
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(6) T) F For vector space W, if Projyu

=1u, then % is avectorin W.

(7) @ F Every orthonormal set of vectors is linearly independent.
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(8) CT } F  The best (i.c. least squares) solution to AX = b is the vector & for which [IB — AX||
is minimized.

(9) @ F  If the columns off n X n ‘amatrix A are orthonormal (i.e. if ATA =), then the
exact solutionto Ax = b is ¥ = ATh.
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= ‘?}mgjm#wmwvwe 6/0{ ntnd =) ’4 s /4 /

(10)@ F If uisin Col AT andif v isin Nul A, then it must be that u - v = 0.

£ 17 [1 1
(1) T @ ” O],[O‘,[HZH is an orthogonal basis for R3.
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(12){ T) F For vector space W, if ¥x=3y+Z7Z where y€EW and Ze W, then
12112 = [Iy11* + 12|,
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(13) T F) If the columns of mxn U are orthonormal, then the rows of U are also
orthonormal.

Wyl be True + U fs Q%W"
L i I-F . = it

(14) T @ Suppose u, v € R form a basis for W, so dim W = 2. Then the set of all vectors

that are orthogonal to W is a subspace of RS.
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(15) T @ Suppose b= ProjWE. Then b = Prong.



We’ll find a 2 X 2 matrix by looking at what the matrix and its inverse do to vectors.

10 points 1.
Given initial vector %, = [ﬂ, where Xj,, = AX), we have (approximately)
k 0 | 1 10 11
P . | | e 1.5 x 10°] | [1.5 x 1010
C) = [1] [18 2.0 X 109] 2.0 X 1010]
and (now using X, = [:1 and A 1)where X, .; = A%, we have (approximately)
k 0 1 "o 51 52
™
@‘ 2 [—1] 0.1] Ll [444 % 10‘16] 2.22 % 10—16]
fll-1l] 103 8.88 x 107161 | l4.44 x 1076

Find A. Hint: first, estimate the eigenvalues and eigenvectors, and then use these to write
A as the produce of three matrices. Note: you are welcome to leave A written as the
product of three matrices and NOT actually do the computation to find A.
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26 points 2. Suppose A = |1 3| and b = |-3].
1 4 2

/8 (a) Find the least squares solution X to A% = b. Show appropriate work.

ATA=[1 f'}'l'z =3 9] AL =2
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/2 (b) Find b the projection of b onto Col A. Thati is, compute b = A% using the X that
you found in (a)
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Notice : b-b = [—L,L i« L 1o celumns [Pé A
Z

/5 (c) Next, use the Gram-Schmidt Process to find an orthogonal basis (call these vectors v;, 17,)
for Col A. Thatis, find v,, 7, from the two columns of A. Show appropriate work.
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Problem 2 is continued on this page

fig 4
/5 (d) Find the projection ProjSpan{ﬁl,fJ'z}b for the v,, v, that you found in (c).
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/6 (e) Finally, using the work that you did in (c), find the QR factorization of A, where
@ has orthonormal columns and R is upper triangular. 7

) I <) L5 L5
/\/@rwmﬁ%ﬁ ! *o [12:;" K=|lm &
F L
=

QO Gw

MV 39
5o AT
W
)

TTY——7— £ W N



1 i 1
20 points 3. Suppose X = l_g s By = [_2 ¢ Oy = I_j , and W = spanf{i,,i,}.
5 1 0
/7 (a) Find vectors y € W and Z € W' sothat X =y +Z. (Notice that 1, 1 U,.)
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/1 (b) Briefly explain why dim Wl =%
/6 (c) Find two vectors that form a basis for W+. (You might want to first double check that

your two vectors are orthogonal to #,, ti,.) X |
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in W+. Do this by finding how

/6 (d) Show that the vector Z that you found in (a 1s ind
é&lﬁ;z two vectors you found in (c).
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For the final two problems, A = PDP™1 = B _ﬂ [_g 2] B _ﬂ_l = [_2 _g]

8 points 4. The sizes of two competing populations x change according to X, = AXy.

Where x, = [ 111], %md fl? In general,lwhat is fkj’
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£ nints 5. The position x of a particle in a planar force field satisfies the equation d—: = Ax.

Where x(0) = [ 111], find the position of the particle at time t.
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