EXAMPLE 4

Functions of Several Variables

Second-Derivative Test for Functions of Two Variables
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then f(x,y) has a relative minimum at (a,b).
2. If o2
D(a,b) >0 and %g(a’b) <0,
then f(x,y) has a relative maximum at (a,b).
3. If
D(a,b) <0,

then f(z,y) has neither a relative maximum nor a relative minimum at (a, b
4. If D(a,b) = 0, no conclusion can be drawn from this test.
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The saddle-shaped graph in Fig. 3 illustrates a function f

(z,y) for which

D(a,b) < 0. Both partial derivatives are zero at (z,y)

= (a,b), and yet the func-

tion has neither a relative maximum nor a relative minimum there. (Observe that the

function has a relative maximum with respect to @ when y is held constant and a
relative minimum with respect to Yy when z is held constant.)
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Figure 3

Applying the Second Derivative Test Let f(,y) = 2% —y? — 122 + 6y + 5. Find all
possible relative maximum and minimum points of f(z,y). Use the second-derivative
test to determine the nature of each such point.

Since

gfzs 2 - 12, %:~2y+6,
we find that f(z, y) has a potential relative extreme point when
3z —12 =0,
—2y+6 = 0.

From the first equation. 32?2 — 12, 22 = 4, and z = +2. From the second equation
- q = 3 bl ) bl

y = 3. Thus, (,)f
ox

0
and ay are both zero when (z,y) = (2, 3) and when (z,y) = (-2, 3).
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