7.1

Chapter 7 Functions of Several Variables

Examples of Functions of Several
Variables

C fny)=xt =3y -y?

7£(5,0)=5%=3(5)(0)- 02 =25
7(5,-2)=5% =3(5)(-2) - (-2)* =51
f(a, b)=a*—3ab—b*

g(x, y)=4/x> 2y
g, )= [12+2(1%) =3

g0, ~1)= 0 +2(-1?) =42
g(a, b)=\a® +26*

g(x, y, 2)=

3

g(2,3,4) =

N
| AN |

3—
g(7, 46, 44)

46-44 2

y2+22

f(x, y,z)=x 2e

F-Ln = (12)l 0 oP

£2.3-4)= ()””“f=%5
fxy)=xw=
f(2+h,3)=(2+h)3=6+3h
f(2,3)=(2)3=6
f(2+n3)-7(2.3)=(6+3h)-6=3h
f(xy)=xy=
F(23+k)=2(3+k)=6+2k
f(2.3)=(2)3=6
f(2+h3)-£(2,3)=(6+2k)-6=2k

C(x, y, z) is the cost of materials for the

rectangular box with dimensions x, y, z in feet.

The area of the top and the bottom together is
2xy, so the cost is 3(2xy) = 6xy. The area of
the front and back together is 2xz, so the cost
is 5(2xz ) = 10xz. The area of the right and left
side together is 2yz, so the cost is

5(Q2yz) = 10yz.

Thus, C(x, y, z) = 6xy + 10xz + 10yz.

C(x, y, z) is the cost of material.
Using the same reasoning as in exercise 7, we
have C(x, y, z) = 3xy + 5xz + 10yz.

10.

11.

12.

13.

14.

Fx, y) = 20513273
/8.1)=20(8")(1**) = 40
£(1,27) = 20(1“3)(272/3)= 180
£(8,27) = 20(81/3)(272/3)=360
£ (8k, 27k)

=20(8k)" (27k)*"°

_ 20(81/3)(k1/3)(272/3)(k2/3)

= k(20)(8"2)(27**) = 4 (8, 27)

S(x, ) =102y

/(3a, 3b)= 10(3a)2/5 (3b)3/5
—10(32/9)(a2'5)(3¥5) (%)

=3(10)(a2/5)(b3/5)
=3/ (a.b)

P(4, 1) = Ae”

P(100, 13.8) = 100e 0313 = 10006
=50.16

$50 invested at 5% continuously compounded

interest will yield $100 in 13.8 years.

C(x, y) is the cost of utilizing x units of labor
and y units of capital. C(x, y) = 100x + 200y

T= f(r,v,x)=

a. v=200,000,x=5000,r=2.5
_r(0.4v—x)

100
~2.5(0.4(200,000) — 5000)

100

%(0.4% ~x)

T=$1875
b. Ifv=200,000, x =5000, » = 3:

_ r(0.4v—x) _ 3(0.4(200,000) — 5000)
100 100
= $2250

The tax due also increases by 20% since
1875+(0.2)(1875) = $2250.

a. v=100,000,x=5000,r=2.2
_r(0.4v—x)

100
_2.2(0.4(100,000) — 5000)

100

=$770
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228 Chapter 7 Functions of Several Variables

b. Ifv=120,000,x = 5000, »=2.2:

7= r(0.4v—x)
100
_ 22(0.4(120,000)~5000) _ o,
100
20% of $770 is $154, so tax due does not
increase by 20%.

15. C=2x—-y,soy=2x—-C
The level curves are y =2x, y=2x—1, and

y=2x-2.

x2

C
16. C=-x>+2y, soy=—+—.
P SOrELT

The level curves are

—x2+2y:0:>y=

17. C=x—-y,y=x-C
But0=0-C = C=0,soy=x.

18. C=xyz>y=£
X

But 4=£=>C=2, thus y=g.
x

1/2

19.

20.

21.

22.

23.
25.

7.2

y=3x-4= y-3x=-+4,50y-3x=C>
S, y) =y —3x.

Thus,yx2 =C= f(x, y)= xzy.

They correspond to the points having the same
altitude above sea level.

C(x, y) = 100x + 200y is the cost of using x

units of labor and y units of capital.

If C(x, y) = 600, then 100x + 200y = 600 =
1

=3-—x.
=275

If C(x, y) = 800, then y =4 —%x.

If C(x, y) = 1000, then y =5 —%x.

Points on the same level curve correspond to
production amounts that have the same total
cost.

Partial Derivatives

. flx,y)=5xy

s 51y =5y; ¥ 5(Dx = 5x
ox dy

C S ) =xt-y?

o,

=2x; -2
ox dy 7

f(x, y)= 2x%e”

A =2(2x)e” = 4xe”
ox

s =2x%e (1) = 2x%e”
dy
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Section 7.2 Partial Derivatives 229

- S(x, p)=xe? 11. f(x, y)=ﬂ
S xe () +De” =xeVy+eV *
ox o _1x+y) ==y __ 2y
f—xexy(x)+(0)exy—xzey ox (x+ ) (x+y)°
U _ (D) -G-n0)_ 2x
. flx, y)_f lzxy_1+x_1y dy (x+y)° (x+)°
yox 12
Iy Y x 1 12, f(x, y)=x 47 =(¥" +)7)
ox y x* oy y?ox ;
1
1 1 af 2(x2+y)2(2x)— 2, 2
c Sy == (xty)” * XT+y
xX+y
of 1 of 1 a 1 5 y
= S=- x“+y 2y)=—F7—=—
o (x+y)? W (x+y)? oy e NS
. S ) =Qx—y+5)° 13. f(L, K)=3VIK
o _ - o (1 _ 3 [K
a_2(2x—y+5)(2)_4(2x—y+5) 3%23(EJ(KL) 1/2(1{):5 X
I
gy = 2@xmy 3= 2026y 43) 14. f(p.q)=1-p(+q)=1-p~pq
of of
X —_— = ’ —=—1—
. fn )= a7
l+e”
a-_f: e .alz —ee’ _ —e™ 15. f(x,y,z )—M z 1+)c2yf1
0x 1+’ Iy (I+e”)? (1+e)? 5
) 2 U 0+2xyz a4
- S y)=xet ox z
Y2 (2] ELI R
ox \ox ox Y z ,
22 0 22 of = 1 x
=x(e Y $x2y2)+e Y i 24 (-z 2)czy)——z—z—z—2
=2xzyzexzy2 +e Y _1+x2y
2 2
=e*’ (2x2y2+1) z
of J .22 22( 9 45 5 16. f(x, y, z)=ze"” = ze”
—=x|—e"V |=xe’V | —x7y
ooy o Yz
= xe* (2x2y) = 2x3yex2y2 ox 7 y
of ! _ —xze®'Y
- ) =Ino) o (7)==
o 1 1 Y
a___ == al xly
x Xy x
0z
o 1 .1
CI
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17.

18.

19.

20.

21.

Chapter 7 Functions of Several Variables

f(x, y, 2)=xze”*
S (Dze”* = ze*
Y _ =
ay ¢
A

e (Dxe” + e’ (y)xz = xe”* (1+ yz)
z

(2)xz = xz2e”*

f(x, y,2)= ﬂ = xyz”!

Sf _y. o _x
ox z Ay z
of 2 Xy
gz—xyz =—Z—2

f(x, y)=x2+2xy+y2+3x+5y

gl=2x+2(y)+0+3+022x+2y+3
X

A

Y (2,-3)=2(2)+2(-3)+3=1

o, -3)=2(2)+2(-3)+
g—f:0+2x(l)+2y+0+5:2x+2y+5
Y

o
5(z,—3)= 2(2)+2(-3)+5=3

f(x, y)=()€+y2)3

af_ 2 _ 2
a_3(x+y2) () =3(x+»?)
a-—f(l, 2)=3(1+2%)%=75

ox

of

d—y=3(1+y2)2 (2y)=6y(1+y2)2

of _ 2
5(1, 2)= 6(2)(1 + 22) =300

f(x, y)=xy2 +5
af

—=2xy

dy

Lo, -1)=2(2)(-1)= 4
dy

This means that if x is kept constant at 2 and y
is allowed to vary near —1, then f (x, y)
changes at a rate of —4 times the change in y.

23.

24,

25.

f(xay)=ﬁ

al=_ X

W (r-6)

al 2 1)=— 2 :_i
ay(’ ) (1-6)° 25

This means that if x is kept constant at 2 and y
is allowed to vary near 1, then f (x, y)

changes at a rate of —2—25 times the change in
y.

fOx, ¥)=x7y+2xp
of 0% f

L =32y 42yt =52 =6
g XY= =6y
Ff L2

=3x"+4
dyox * 7

2

al=)c3+4xy:>a—]2{=4)c
dy dy
0°f 52
dxady oAy

[ y)=xe’ +xty+y?
g—£=ey+4x3y+0=ey+4x3y

2
—ix{ =0+12x%y =12x%y

2
9r =’ ()+4x> =e +4x°
dyox

g

a—zxey(l)+x4+3y2 =xe’ +x*+3y°?
Y

2
g—];:xey(l)+0+6y=xey+6y
Y

9% f
0xdy

F(x, ¥) =2004/6x> + y?

a. g—f is the marginal productivity of labor.
X

I 200(%)(&2 +y5) 72 (12x)

ox
1200x

=1200x(6x* + y*) 712 = —
\OX“ +y

(continued on next page)

=e +4x° +0=¢” +4x°
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(continued)

When x =10 and y = 5, the marginal
productivity of labor is

of (10, 5) = _120000)

dx \6(10)% + 52

of . . ..
a‘—f is the marginal productivity of

=480.

)y
capital.

I _ 200(1)(6x2 +y2)712(2y)
dy 2

200y

When x = 10 and y = 5, the marginal
productivity of capital is
200(5) 40

oy Jo0)2 52

b. f(10+hAS5) - f(10,5) = gl(lo, 5)-h
X
=480h

c¢. Using part b, if # =-.5 then
9.5, 5) = 480(-.5) = -240. So, if capital
is fixed at 5 units and labor decreased by
.5 unit from 10 to 9.5 units, the number of
goods produced will decrease by
approximately 240 units.

=200y(6x% + %)% =

26. f(x, y)=300x2"3y"3 is the productivity of a

country, where x and y are the amounts of
labor and capital.

a. gl is the marginal productivity of labor.
X

of 2\ s s 2003y
300 X y —T
X

ox 3

When x = 125 and y = 64, the marginal
productivity of labor is

3
a—f(125, 64) = 2(3)0—\/6—4 =160.
ox 125
of . . .
™ is the marginal productivity of
Y
capital.

I 300523 G)y—zu _ 1004+

dy 3/ 2
When x = 125 and y = 64, the marginal
productivity of capital is

3 2
I 125, 64y = LOVI2S" _ (5655
dy Y642

27.

28.

29.

30.

Section 7.2 Partial Derivatives 231

b.  f(125,66) = (125,64 + 66)
~ al(lzs, 64)-2
dy

=156.25-2=312.5
So if labor is fixed at 125 units and capital
1s increased from 64 to 66 units, then
productivity increases by 312.5 units.

c. [f(124,64)= f(125-1,64)
= a1(125, 64)(-1)
ox
=160(-1) = -160
Thus, if capital is fixed at 64 units and

labor is decreased by one unit, then
productivity will decrease by 160 units.

As the price of a bus ride increases, fewer
people will ride the bus if the train fare
remains constant. An increase in train ticket
prices, coupled with constant bus fare, should
cause more people to ride the bus.

g(p1, p,) is the number of people who will
take the train when p; is the price of the bus

ride and p, is the price of the train ride.

dg . . . .
a—g is positive (an increase in bus fare would
P1

mean more people would take the train).

dg . . . . .
a—g is negative (an increase in the train fare
P>

would mean fewer people taking the train).

If the average price of MP3 players remains
constant and the average price of audio files
increases, people will purchase fewer MP3
players. An increase in the average price of the
MP3 players, coupled with constant audio file
prices, should cause a decline in the number of
audio files purchased.

When the gasoline price is constant, an
increase in the price of the car will decrease
the demand for the car. If the price of the car
is constant and the price of the gasoline
increases, the demand for the car will
decrease.
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31.

32.

33.

34.

Chapter 7 Functions of Several Variables

v =.08 (Z) o _ 08T
P op  p?

When P =20, T=300,

aV _ —.08(300)
oP 400
At this level, increasing the pressure by one
unit will decrease the volume by
approximately .06 unit.

-.06.

v _.08

JorT P

When P =20, T=300, a—V=%=.OO4.
oT 20

At this level, increasing the temperature by
one unit will increase the volume by
approximately .004 unit.

Assuming m, p, r, s > 0, all first partial
derivatives are positive except

op
Thus increases in aggregate income, retail
prices of the other goods or the strength of the
beer (holding the other quantities constant)
should cause an increase in the amount of beer
consumed; while an increase in the price of
beer itself should cause the amount consumed
to decrease.

9 -
f 769m1.136r0.914S0.816p 1.727 <0.

Assuming m, p, r > 0, I > ()’al >0 and
om or

al = —1.187m'595r'922p_1'543 <0.

9p

Thus increases in aggregate income or retail
prices of other goods (holding the other
quantities constant) should cause an increase
in the amount of food consumed; while an
increase in the price of the food itself should
cause the amount consumed to decrease.

af /4 _—1/4
x, ) = 60x> 4yl 4 = L = 4514
S(x, ) y o y

dy

:a|:45b1/4a—1/4:|+b|:15a3/4b—3/4:|

_Jd Y o
—a[ax (a, b)}—b{ay (a, b)}

of 1533434

3s.

36.

37.

38.

f(x, y) — 60x3/4y1/4

a._f:45y1/4x—1/4 :az_f: _£y1/4x—5/4 <0
ox ax2 4

o> f
for all x, y > 0. The fact that 8_2 <0 confirms

X

the law of diminishing returns, which says that
as additional units of a given productive input
are added (holding other factors constant)
production increases at a decreasing rate. In
other words, the marginal productivity of labor
is decreasing.

f(x, y) — 60x3/4y1/4

of 15334304

== = for all x, y > 0.
oy
2
0 J;:_£x3/4y—7/4<0
oy 4

a2
The fact that a—j; <0 confirms the law of
Y
diminishing returns, which says that as
additional units of a given productive input are
added (holding other factors constant)
production increases at a decreasing rate.

f(x, y)=3x> +2xy+5y
F+h, 4)- £, 4)
= [30+ ) +2(+ h)4) +5(4)
-[307 +20)4)+5(4)|
=3h* +14h

A = (0070425 (0725

04 _ (002975 0575 (0725
ow

When W= 54, H= 165,

;—; =.002975(54) 3 (165)%7% = 01216

If a person weighing 54 kg who is 165 cm tall
increases his weight by 1 kg, the surface area

of his body will increase by about .012 cm?.

o4 (.005075)w 0425 g =0-275
oH
04

When J¥'=54, =165, - = 0067904 If a

person as above increases his height by 1 cm,
his body surface will increase by

approximately .0068 m?.
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Maxima and Minima of Functions of 7. f(x, y)=x>+y*>=3x+6y
Several Variables of _ NP o _ 2 it
f(x, ) =x*=3y> +4x+6y+8 ox dy
3x2-3=0| x=2l
a—f=2)c+4;a—f=—6y+6
0x oy 2y+6=0]|y=-3
2x+4=0|x=-2 The possible extreme points are (1, —3) and
—6y+6=0]y=1 (-1,-3).
The only possible extreme point is (-2, 1). 8. f(x,y)=x>—1y +5x+12y+1
Ly S nevss Lo 3241
f(x,y)—zx +y =3x+2y-5 F oy y
alzx—3;al:2y+2 2x+5=0 xz—é
dx ay 5 2
x—=3=0]x=3 By H12=0]y =42
2y+2=0|y=-1 The possible extreme points are (—%, 2) and
The only possible extreme point is (3, —1). (_ 5 2)
2° :
f(x, ¥)=x*=5xp+6y2 +3x -2y +4
of of 9. f(x, y)=—8y3+4xy+9y2—2y
—=2x-5y+3;=—=-5x+12y-2 of of ’
ox oy a—:4y; a—:—24y +4x+18y -2
2x—5y+3=0] x=26 * Y 1
—Sx+12y-2=0[ y=11 4y=0}x=3
The only possible extreme point is (26, 11). _24)’2 +18y+4x-2=0]y=0

. . . L
f(x, ) = 352 4 Txp - 4y2 Fxty The only possible extreme point is (2 , 0).

of

a-_:—6x+7y+1;g—f:7x_sy+1 10, /(x, )= -8y" +4xy+ 427 +9y°
: i ai=8x+4y~ ai=—24y2+18y+4x
—6x+7y+1=0}x=—15 ox " 9y
Tx—-8y+1=0|y=-13 8x+4y=0 x=_%y
The only possible extreme point is (—15, —13). 5 )
) ) —24y° +18y+4x=0] 24y~ +18y = —4x
g(x, y)=3x +8xya—3y —-2x+4y-1 —24y2+18y=2y:y=0,%
al= 6x+8y—2; al= 8x—6y+4 The possible extreme points are (0, 0) and
X Y
12
6x+8y—2=o}x=—§ ( 3 3)-
8x—6y+4=0 y=% 11. f(x,y)=2x3+2x2y—y2+y
The only possible extreme point is (—%, %) s 6x% +4xy; s 2x2 -2y +1
ox dy
f(x, y)=4x" +4xy-3y* +4y-1 6x% +4xy = 0] 3x% +2xy =0
2 _ — 1
a—f=8x+4y; al=4x—6y+4 2x"=2y+1=0 y=x2+—
ox ay 2
= =_1
8x+4y—0}x— 4 (continued on next page)
4x-6y+4=0 y:%
The only possible extreme point is (—%, %)
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(continued)

12.

13.

14.

3x2+2x(x2+%j=0:>2x3+3x2+x=0:>

x(2x2+3x+1)=0:>x(2x+1)(x+1)=0:>
x=0,—l,—1=>y=l,i,i
2 24 2

The possible extreme points are (0, %),
() ma (1)

f(x, y)=1?5x2+6xy—3y2+3x+6y

of 15 of
YD r6y+3 L —bx-6y+6
Ox 2 Y dy Ty

1?5x+6y+3=0 gx+6y+3=0

6x—-6y+6=0 y=x+1
%x+6(x+1)+3=0:>

27 2 2 1
—x=-9=x=--=y=——+1=—
2 3 3 3
2
3

The only possible extreme point is (— , %)

f(x, y)=%x3—2y3—5x+6y—5
al_ 2_5-al

n "y
x2-5=0|x=+5
6y +6=0]y =%l

There are four possible extreme points:

(v5.1).(v5, =1).(~+/5. 1), and (5, -1).

=6y +6

f(x, y)=x4—8xy+2y2—3

a—f=4x3 —Sy;al=—8x+4y
ox dy

4)c3—8y=0}y=lx3
2 =

—-8x+4y=0 y=2x

3

2x=%x =x—4x=0=

x(x—2)(x+2)=0=>x=0, t2=>
y=0,4,-4

The possible extreme points are (0, 0), (2, 4),
and (-2, 4).

15.

16.

17.

18.

[ y)=x>+x7y-y
a—f=3xz+2xy; a—f=x2—1
ox dy
3x24+2xy=0 __3x2 ——zx
7 YTy TS

2 _
x“—-1=0 2=

3
x=txl=oy=F—
y=% 2

The possible extreme points are (—l, i) and

b 2

f(x, y)=x4—2xy—7x2+y2+3

al=4x3—2y—14x; al:—zx+2y
ox dy
4x3-2y-14x=0| y=2x>-7x
=
2x+2y=0| y=x

x=2x"-Tx=2x"-8x=0=
2x(x2—4)=0:>x=0, +2= y=0,%2
The possible extreme points are (-2, —2),
(0, 0), and (2, 2).

f(x, y)=2x-}-3y+9—xz—xy—y2

o o
—=2-2x-y;>—=3-x-2
ox Y dy e
2—2x—y=0}y=2—2x x=%
3—-x-2y=0 x:l 4
3 y 3

(%, %) is the only point at which f(x, y)

can have a maximum, so the maximum value
must occur at this point.

f(x, y)=%x2+2xy+3y2—x+2y

alzx+2y—l;al=2x+6y+2
ox dy

x+2y—-1=0|x=1-2y|x=5
2x+6y+2=0

Thus (5, —2) is the only point at which
f(x, ¥) can have a minimum, so the

y=-2 Jy=-2

minimum value must occur at this point.
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19. f(x, y)= 3x? —6xy+y3 -9y
of of

L =6x—6y;=—=—6x+3y> -9
. X y,ay x+3y
2 2 2
J J;=6;a J;=6y; o/ =-6
ox dy dxdy
2
o2 f %f [d%f
D = . -
(x.) ox* 9y> | oxoy
=6-6y—(-6)> =36y -36
0% f
D(3,3)=363-36>0, and 8—2(3,3)>0
X

s0 (3, 3) is a relative minimum of f{x, ).

D(-1,-1)=36(-1) - 36 < 0, so f{x, ) has 22.
neither a relative maximum nor a relative
minimum at (—1, —1).

0. f(x,y)= 6xy2 — 253 —3y4
Y _6y2-6x2 L 2120 -12)3
ox dy

2 2 2
o J; - 1269 1oc 36y 0 1y
ox oy? 0xdy
2
o’ f o*f (0°
D(xy)=LL. L | T
ox~ dy 0xdy

= (-12x)(12x-36y%) - (12y)*

= —144x2 +432xp” — 144y
D(0, 0) = 0, so the test is inconclusive.
2 f

D(,1)>0and —=
(1, 1) 0

(L 1)<0, so f(x,y)
has a relative maximum at (1, 1).

9% f

23.
x>

D(1,-1)>0 and (1, -1)<0, so f(x, y)

has a relative maximum at (1, —1).

[l y)=2x*—x*—)?

Jf 3.9f

L—4x—4x =22

ox A dy Y

2 2 2
a_{=4_12x2;a_{=_2;a S o
ox dy 0xdy

235
_0%f i (%S ’
Dlwy)= x> 'ayz _[axay
= (4—12x2)(—2)— (0)7 = -8 + 24>
0% f

D(-1,0)>0and (-1, 0)<0, so f(x, »)

has a relative maximum at (—1, 0). D(0, 0) <0,
so f(x, y) has neither a relative minimum nor a
relative maximum at (0, 0). D(1, 0) > 0 and

o

0% f .
a—z(l, 0)<0, so f(x, y) hasarelative
x

maximum at (1, 0).

[0 p)=x" —dxy+ y*
al=4xs—4y;al=—4x+4y3
ox dy
2 2 2
a_lezxz;a_le 2;_8 f:_
ox? 2 0xdy
2

0’ f 9? 0’
D(ey)=2L 2L 2L

ox~ dy dxdy

=12x7 (12y°) - (-4)° = 144277 -16
D(0, 0) <0, so f{x, y) has neither a relative
maximum nor a relative minimum at (0, 0).

0% f
D(1,1)> 0 and 8—2(1, 1)>0, so f(x, y)
x

has a relative minimum at (1, 1).

o2 f

D(-1,-1)>0and —=-
ox?

(-1, -1)>0, so
f(x, y) has arelative minimum at (-1, —1).

f(x, y)=ye" =3x—y+5

o 9 &
= = —3- L —o¥_1
o ye" =3; 3 e
Ff _ L _ N
= ; =0; =e
ox? ay?  oxdy
2
orf o%f (9*f
D = . -
(x.7) ox? 9y | oxoy
= ye" (0)~(¢*) =&

D(0,3) <0, thus f(x, y) has neither a
maximum nor a minimum at (0, 3).
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2 fr )=ttty 2 a2 (520
- SO )=ty D(x.y)= fof [9°f
9 1 ay 1 ’ ox> 9y? | oxoy
_f=_—2+y;_f=_—2+x :_4(_34)_62:100
ax X ay y 2
7 _2 3 _2 & D(-1,0)=-4(-34)-6> =100>0 and

2f( 1, 0)<0 so f(x, y) hasarelative
X

2, 2 2.\?
D(x,y) Of S [0S maximum at (-1, 0).
ox? 9y? | oxay
:%‘%_12: 343_1 27. f(x,y)=3x2+8xy—3y2+2x+6y;
x X
d 4 al=6x+8y-1-2; al=—6y+8x+6
f ox dy
D(1,1)>0, —5(1,1)>0, so f(x, y) hasa 5 5
ox? d oS _ 02 a°f - ¢ o°f _3
relative minimum at (1, 1). 2 > 8y2 * 9xdy
25. f(x, J’)=—5x2+4xy—l7y2—6x+6y+2; 6x+8y+2=0 3 1
5 5 8x—6y+6=0/" 57 5
af —-10x+4y-6; s =-34y+4x+6
X
3’f S
2 2 D(x,y
a—{=—10;a—{=—34; IS 4 )= 5 oy’ [axayj
ox dy dxdy =6(-6)—8% =-100
—10x+4y—6=0 _ 5 _1 3 1
4x-34y+6=0" 9779 D(—g,§)=6(—6)—82 —-100<0, so
92 f 92 f 92 f 2 f(x, ¥) has neither a relative maximum nor a
D(x,y)= FYe 'a 2 9xdy 3]
y relative minimum at (——, —).
=-10(-34) -4 =324 5°5
D(—E,1):—10(—34)—42=324>0 and 28. f(x, y)=8xy+8y° ~2x+2y-1;
B f 1 8—28)/—2; a-=16y+8x+2
—2(—— —)<0 so f(x, y) has arelative x Y
51 7 =0 o5 =16 o =8
maximum at (_6’ 6) ox dy Xy
8y—2=0} 3 1
X=—>, y=—
26. f(x, y)=-2x>+6xy—17p? —4x+6y; 8x+16y+2=0 4 4
2
Y grvoy-a Lo saprense D(x y):azf.azf_ 0’ f
ax ay ’ ax2 ayZ axay
2 2 2
a_{=_;a_{=_34; 8f=6 =0(16)-8> =64 <0
ox dy Oxdy The potential relative extreme point is
—4x+6y—4=0 3.1 -
x=-1,y=0 —=, — |. However, because D(x,)<0, it
6x—-34y+6=0 4 4
is neither a relative maximum nor a relative
minimum.
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f(x, y)=x4—x2—2xy+y2+1;
a—f=4)c3—2x—2y; a—f=2y—2x
ox dy

2 2 2
o {:12x2—2; 9y O
ax ay2 axay
Solving the system

4% = 2x -2y =0}

-2x+2y=0

-2

yields the solutions (0, 0), (-1,

(1, 1).

~1), and

9% f 0%f [0°f ?
D(an’): FY -ayz _(axay]
= (124 -2)2-(-2)°

= 24x* -8
D(0,0)=-8<0, so f(x, y) has neither a

relative maximum nor a relative minimum at
(0, 0).

2
D(-1,-1)=16>0 and I/

a—2=10>0 SO
X

f(x, ¥) has arelative minimum at (—1, - 1).

2
D(1,1)=16>0 and 9/ 1050 so

n?

f(x, y) has arelative minimum at (1, 1).

f(x, y)= x2 +2xy+10y2 ;
of ai

$=2x+2y; 3 =20y +2x

82f =2; 82f = 20; 82f =2
x> ay2 oxdy

Solving the system
2x+2y=0

2x+20y = 0}

yields the solution (0, 0).
2
o%f o%f [0%f
D(x,y)= . _
(x.2) ox> 9y? | oxay
=2(20)-2% =36
2

D(0,0)=38>0 and a—{=2>0, S0
X

f(x, y) has arelative minimum at (0, O).

31.

32.

33.

f(x, y)=6xy—3y2—2x+4y—1;

a—f=6y—2; g—f=—6y+6x+4
v

dx
az—f=0; az—f=—6; 82f =6
ox? 9y 0xdy
Solving the system

6y-2=0
6x—6y+4= 0}

yields the solution (—l, l)
3°3

% f o%f (0%f ’
D = . -

(x,J’) Ox2 ay2 (axay]
=0(-6)- 6% =36

1 1 .
D(—g, gj =-36<0, so f(x, y) hasneither
a relative maximum nor a relative minimum at

11
3°3)
f(x, y)=2xy+y2 +2x-1
Jf of

$=2y+2; $=2x+2y

S Ly I,
ox? 9y? 0xdy

Solving the system
2y+2=0

2x+2y= 0}

yields the solution (1, —1).

90X f 9%f [ 0°f ?
Dlx.y)= a2 9y’ _(axay]
=0(2)-2%=-4

D(l,—1)=-4<0, so f(x, y) hasneither a

relative maximum nor a relative minimum at

(1, -1).

S(x, y)=—2x2+2xy—25y2—2x+8y—1

al:—4x+2y—2; al:2x—50y+8
ox dy

2 2 2
—af:—4;—af:—50; af=2
ox? 8y2 dxdy

(continued on next page)
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(continued)

34.

3s.

Solving the system
—4x+2y-2=0
2x—-50y4+8=0

yields the solution (—i, l)
77

X f o%f (0°f ?
D = . -
(x,J’) o2 ayz (axay]

= —4(-50)-2? =196

D(—é, l): 196 >0 and
77

2
9 f(_g)l):_4<()’ so f(x, y) hasa

. . ( 3 1)
relative maximum at —7, — |

7

f(x, ) =3x" +8xy-3y? —2x+4y+1
of of

$=6x+8y—2; $:8x—6y+4
Of _ o O _ o S g
ox? T oy?  oxdy
Solving the system

6x+8y—-2=0

8x—6y+4=0}

yields the solution (—l, g)
5°5

2 @5 (93
ox? 9y? | oxay
=6(-6)-8* =-100

D(x,y)=

D(—%, %) =-100<0, so f(x, y) has
neither a relative maximum nor a relative

. ( 1 2)
minimum at | ——, — |.
5°5

fx, y)=x*-12x* —4xy—y> +16

al=4x3-24x—4y; al=—4x—2y
ox dy

2 2 2
AP ARTSE SP YR S N S
ox” oy’ oxdy

36.

Solving the system
4x> —24x-4y=0
—4x-2y= O}
yields the solutions (0, 0), (2, 4), and
(2, -4).
’f o'y ()

Dlxy)= Bx{ ' ay]; _(axi;;]

= (124” - 24)(-2) - (-4)*

= 24x? +32

o> f
D(0,0)=32>0 and 8—2(0, 0)=-24<0,
X
so f(x, y) has a relative maximum at (0, 0).
D(-2, 4)=-24(-2)" +32=-64 <0, so
f(x, ¥) has neither a relative maximum nor a

relative minimum at (—2, 4).
D(2, -4)=-24(2)* +32=-64 <0, and

0% f .
8_2 =24>0 so f(x, y) hasneither a
X
relative maximum nor a relative minimum at
(2, - 4).

1
f(x, y)=77x2+2xy+5y2+5x—2y+2

g—iz%x+2y+5; g—£=2x+10y—2
2 2 2
O 2 ayZ 0xdy

Solving the system
1

—7x+2y+5 =0
2

2x+10y-2=0

yields the solution (—g, lj
3°3

7 f o%f (9°f 2
D = . _
(x.) 0x? 8y2 [axay)

17 5
=—(10)-2% =81
T 10)

(continued on next page)
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(continued)

37.

38.

D(—g, lj =81>0 and
3°3

2

. . ( 2 lj
relative minimum at | ——, — |.
3°3
S(x, y)=x% = 2xp +4y?
I af

—=2x-2y;—=-2x+8
ox 7 dy 7

2 2 2
8_}’22;8 fz&af:_2
a® oy oxdy
2x-2y=0|x=0
—2x+8y=0

% f 9rf [ 9*f ? )
D(x,y)Z o2 'ayz _(axay] :2'8_(_2)

=12

y=0

2 ’f
D(0,0)=2-8-(-2)" >0 and 8—2(0, 0)>0,
X
so f(x, y) has a relative minimum at (0, 0).

f(x, y)= 2x2 +3xy+5y2

al:4x+3y;al=3x+10y
ox dy
2 2 2
af:4;8f:10;8f:3
ox?2 8y2 dxdy
4x+3y=0|x=0
3x+10y=0]| y=0
2
0’ f 92 0’
D(x,y)= { ‘]2[— /
ox~ dy dxdy
=4.10-3% =31

2
D(0,0)=4-10-3?>0 and 3—{(0, 0) >0,
X

so f(x, y) has a relative minimum at (0, 0).

39.

40.

41.

f(x, ) =-2x+2xy—y? +4x -6y +5

a—f=—4x+2y+4;al=2x—2y—6
dx dy

2 2 2
Of O,
ox? ay? 0xdy
—4x+2y+4=0|x=-1
2x-2y-6=0]y=-4
2
3 f (9
D = . —
(xa y) ax2 ay2 axay
D(~1, —4) = (—4)(-2) - 2% >0 and
0% f

a—z(—l, —4) <0, soflx, y) has a relative
X

maximum at (—1, —4).

fOx, ¥)=—x" —8xp—y?

g—i— 2x—8y;g—J;=—8x—2y
orf oS rf
ox? oy T oxdy
-2x-8y=0|x=0
—8x—2y=0}y=0

*r a'r (%)
Dlx.y)= ax{' ayf _(axé];j

= 2(-2)—(-8)* =60

D(0, 0) = (-2)(~2) - (-8)* <0, 50 f(x, y) has
neither a maximum nor a minimum at (0, 0).

f(x, y)=x* +2xy+5y% +2x +10y -3

al=2x+2y+2;al=2x+10y+10
ox dy

2 2 2
af:2;af:10;af:2

ox? 8y2 dxdy

2x+2y+2=0|x=0
2x+10y+10=0| y=-1

2
%f 9%f [0°f
D(x,y)= =55 —| —
(x.7) ox? 9y? | oxay
=2(10)-2% =16

2
D(0, —1) = (2)(10) — 22 >0,aa—f;>o, S0
X

fx, v) has a relative minimum at (0, —1).
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F(x, )= x> =2xp+3y2 +4x—16y+22
a—f=2x—2y+4;al=—29c+6y—16
ax ay

2 2 2

af:2;8f26;8f:_2
ox? oy? dxdy
2x—2y+4=0}x=1

—2x+6y—-16=0| y=3

0% f 0%f [0°f ?
D =2 L. 20
(x,)’) x> ay2 (axayj

=2(6)-(-2)" =3

2o 0
D(1,3)=2-6-(-2) >0,a—2>0, so fix, y)
X
has a relative minimum at (1, 3).

[l y)=x" =% =3x+4y
Y32 3 Y
ox dy
2 2 2
0 f=6x;a f:_z; o°f _
x> dy? oxdy
3x? -3=0| x==I
—2y+4=0]y=2
2
f % (2%
ox? 9y? | oxay
= 6x(-2)-0% =-12x
D(1, 2) <0, so f{x, y) has neither a maximum
nor a minimum at (1, 2).

=-2y+4

D(x,y)=

2
D(-1,2)> 0 and 2—{(—1, 2)=-6<0, so
X

fx, y) has a relative maximum at (-1, 2).

fOx, ¥)=x7 = 2xp+4y

g—£=3x2—2y;g—f;=—2x+4

Pf (O O _

ox? ’ay2 axay

3x2—2y=0 x=2

—2x+4=0}y=6

D(x,y):ng'azf—[azf)z
x* Oy 0xdy

= 6x(0)—(-2)° =—4

D(2, 6) <0, so fix, y) has neither a maximum

nor a minimum at (2, 6).

45.

46.

f(x,y)=2x2+y3—x—12y+7
S 4y ~1 af
ox

9’f af 9’f
=4; =6y; =0

ox> ayz " Oxdy
4x-1=0) x=1/4
3y?-12=0)y=%2
2 s (@)

ox* 9y* | oxoy
=4(6y)-0% =24y

=32 -12

D(x,y)=

2
D(l, 2) =48>0 and 8_f> 0, so flx, )
4 ox?
has a relative minimum at (%, 2) .

D(%, - 2) =-48 <0, so f(x, y) has neither a

. .. 1
maximum nor a minimum at (Z, -21.

f(x, y)=x2 +4xy+2y4

a—f=2)c+4y;a—f=4x+8y3

ox dy

2

I 2 =24y2; *f =4

x> oy a? " Oxdy

2x+4y=0 x==-2y
=

4x+8)°=0/8y°-8y=0

8y(y2—1)=0:>y20, +1
Solutions: (0, 0), (-2, 1), (2,-1)

2 0 _[azf T

D =
(x’ y) ax2 ay2 axay

= 2(24y2)—42 =482 ~16

D(0, 0) <0, so f{x, y) has neither a relative
minimum nor a relative maximum at (0, 0).

o2 f
D(-2,1)>0 and 8_2 >0, so flx, y) has a
X
relative minimum at (-2, 1).
o%f
D2, -1)>0 and 8_2 >0, so f{x, y) has a
X

relative minimum at (2, —1).
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f(-xa y, Z):2x2+3y2+22—2x—y—z
s =4x-2; s =6y-1; o

9 9 Y 9
ax Jy 2
4x-2=0 1 O

Y TV Te T
2z-1=0

11 . . . . ..
(E’ e E) is the only point at which f(x, y, z) can have a relative minimum.

. f(x,y,z)=5-}-8x—4y+x2+y2-i-z2
g—];=8+2x; %zZy—4; 3—2222
8+2x=0|x=-4
2y-4=0;y=2
2z=0]z=0
(-4, 2, 0) is the only point at which f{x, y, z) can have a relative minimum.

l
Let x, y, and / be as shown in the figure.
Since / = 84 — 2x — 2y, the volume of the box may be written as

V(x,y)= xy(84—2x—2y)=84xy—2x2y—2xy2.

a—V=84y—4xy—2yz;a—V=84x—2x2—4xy
ox dy

N4 R4 4

— =4y, —=—4x; =84-4x-4
ox? 4 oy? dxdy g

84y —4xy—2y2=0|x=0 or 84—4x—2y20}x:14

84x—2x7 —4xy=0)y=0 84-4y-2x=0jy=14

Obviously, (0, 0) does not give the maximum value of V(x, y). To verify that (14, 14) is the maximum, check
2

_o 3 _[ 82V)

D )
ox> 9y? | oxdy

= —4y (~4x) - (84— 4x—4y)’
2 %V
D(14,14) = —4(14)(—4)(14) - [84 — 4(14) — 4(14)]> > 0 and 7 =14 <0.
X

Thus, the dimensions that give the maximum volume are x = 14, y = 14, /=84 — 56 = 28; or 14 X 14 x 28 in.
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50. Letux, y, and z be the dimensions of the box. Since the volume of the box is 1000 in? ,x>0,y>0,and

221900 e surface area is S(x,y)=2xy+ 2x(1000]+2y(1000J = 2xy+w+ 2000

xy xy xy y X
EN 2000 0S 2000 0°S 4000 9°S 4000 0°S
IR i et i e S S N I =
ox x* 0y ¥ ox x> dy y>  oxdy
2y~ 2090

* x=y=10
2 20
y
To verify that (10, 10) is a minimum, check
2

9’5 92S [ 9°S | 4000 4000 .2 4000
D = —_— = = . — 2 = — 4

an? 9% | oxay FERRNE JEE

2 2
D(10, 10) = 40002 ~2250 and a—{(10, 10)> 0.
1000 ox
Thus, the dimensions giving the smallest surface area are 10 x 10 X 10 in.
51. The revenue is 10x + 9y, so the profit function is
P(x, y) = 10x+9y—[400+2x+3y+o.01(3x2 +xy+3y2)]
=8x+6y—0.03x> —0.01xy —0.03y> — 400
2 2 2

9 g 0.06x-0.01y: 2L =6-001x-006y: L = 006:2L = _0.06: 2L ~ 001
ox dy x> oy? 0xdy

8—-0.06x-0.01y=0| x=120 ) ) . . .
= (120, 80) is a maximum. Verify this by checking

6-0.01x—0.06y =0] y =80

_ %P %P

D .
ox> 9y?

2
o%p 2
- =-0.06(—-0.06)—-(-0.01)" = 0.0035 D120, 80)> 0.
2| = -0as-006)- 001 ~o00ss = pazn s0)>

2
‘;—f (120, 80) = —0.06 < 0.
X

Thus profit is maximized by producing 120 units of product I and 80 units of product II.
52. The cost is 30x + 20y, so the profit function is

P(x, ) =98x+112y —0.04xy — 0.1x> = 0.2> —30x — 20y = 68x + 92y — 0.04xy — 0.1x> - 0.23>
a—P=68—0.04y—0.2x;a—P=92—0.O4x—0.4y; az—Pz—O.z;az—P ;82_P
ox dy x> 8y2 dxdy
68—-0.04y—-0.2x=0| x =300

92-0.04x-04y = O}y =200

To verify that (300, 200) is a maximum, check

= 0.4 = —0.04

2
2 2 2
D= 3 P .2 P _(aa ; J = ~0.2(~0.4) - (~0.04)* = 0.0784 = D(300, 200) > 0.
X )y xXoy
2
8_1: <0.
ox

Thus the profit is maximized by producing 300 units of product I and 200 units of product II.
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Let P(x, y) denote the company’s profit from producing x units of product I and y units of product II. Then
P(x, y)=Bx+ P,y —C(x, y).If (a, b) is the profit maximizing output combination, then
P P
a—(a, b)=a—(a, b)=0, so Pl—a—Czo and Pz—a—czo or a—C:P1 and a—C:PZ.
ox ady ox dy dx dy

Let P(x, y) denote the company’s profit from producing x units of product I and y units of product II. Then
P(x, y)=R(x, y)— pix— pyy - If (a, b) is the profit maximizing output combination, then

oP oP oR oR oR oR
g(a, b)=$(a, b)=0, so g—pl =0 and a‘l’n =0 or g:PI and E:pﬂ.

LaGrange Multipliers and Constrained Optimization

F(x, y, A)=x>+3y2 +10+ A8 —x— )
aa—F=2x—/1=O A=2x |2x=6y=x=3y| x=6
x
oF
$=6y—ﬂ:0 A=6y 8-3y—-y=0 | y=2
A=12
g—izfﬁ—x—y:o 8—x-y=0

The minimum value is 6 +3-2% +10 = 58.

F(x, y, /7.)=x2—y2+ﬂ(2x+y—3)

a—F=2x+2/7,=0 A=—x x=-2y x=2
ox

oF

g:—2y+/1=0 ﬂ':zy _4y+y—3:0 yZ—l
) x+y y

The maximum value is 2% — (—1)2 =3.

F(x, y, )=x*+xy-3y2 + A(2-x-2y)

pa— 3 j—
a—F:2x+y—/1=0 A=2x+y 5x+4y—0 =8
ox
F
a—:x—6y—2/1=0 ﬁ:lx—3y x+2y=2 =-3
dy 2 y
a7 A=13
—=2—-x-2y=0 2—)(—2)/:0
oA g

The maximum value is 82 + 8(-3)— 3(—3)2 =13.
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F(x, y, /7.)=%x2 —3xy+
oF

a—F:—3x+2y—}»=0 A
dy
oF

—=3x-y-1=0 3x-y-1=0

o4

The minimum value is %(

y? +%+ﬁ(3x—y—l)

—=x-3y+34=0 /tz—lx+y §x—y=0 x=3
ox 3

3
=-3x+2y(3x—-y=1|y=8
A=7

2\ 2 1
3) 3E)®) 87+ =3

F@u%i)=—b9—2w-202+x+2y+ﬂ(x+y‘%)

O =2y +144=0| A=dxsay—1| Y=L
ox 2
a—F:—Zx—3y+2+/1=O A=2x+3y-2 x+y=§

dy 2 )y=2
oF 5

— =X+ ——=O 5

oz T2 x+y=7

F(x, y, )=x>+xp+1y2-2x-5y+ A0 -x+y)
a—F:2x+y—2—/1:0 A=2x+y-2|3x+3y=7 x=§
ox 3
F 2
a—:x+2y—5+/1=0 A=—x-2y+5—x+y=-1]y==
dy 3
a—le—x+y=0

o4 I-x+y=0

Minimize xy + y* — x —1 subject to the constraint x—2y = 0.

F(x,y,ﬁ)zxy+y2—x—1+/1(x—2y)

oF 1

g—y—l+ﬂ.—0 ﬂ,——y;l X+4y_2 y—g
_Xx+ly

9 o ray—22=04 2y )22

dy 3

oF

—=x-2y=0 x=2y

i

Minimize x> —2xy+2y” subject to the constraint 2x — y +5=0.

F(x,y,4) =x>—2xy+2y
oF
ox

a—F:—Zx+4y—/1=0
dy

A

g—i=2x—y+5=0

—=2x-2y+24=0| A=-x+y x=3y }x=—3

2+/1(2x—y+5)

=-2x+4y|2x-y=-5]y=-1

2x—y=-5
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9. Minimize 2x” + xy + y* — y subject to the constraint x + y = 0.

10.

11.

12.

13.

F(x,y,/‘t)=2x2+xy+y2—y+ﬂ(x+y)

a—F=4x+y-i-/1=0 A=—-4x-y x=—l
ox —SBx=-y+1 4
9F A=-x-2y+1 P 1
—=x4+2y-14+44=0 - =—
ay 7 _ 77y
a—F—x+ =0 T

or Y

Minimize 2x2—2xy+ y2—2x+1 subject to the constraint x — y = 3.
F(x,p,A)=2x" = 2xp+ > = 2x+1+ A(x— y-3)

%—F=4x—2y—2+/120 A=—4x+2y+2| x=1
. A==2x+2y |y=-2

a—F=—2x+2y—ﬂ»=0
9y

=y+3
oF =Y

L ax-y-3=0
oA Y

Minimize 18x% +12xy +4y* + 6x -4y +5 subject to the constraint 3x +2y—1=0.

F(x,9,A)=18x" +12xy+4y* +6x -4y +5+ A(3x + 2y —1)

%—F=36x+12y+6+3120 A=-12x-4y-2 x——g x=—§
a; A= —6x—4y+2 3
 —12x+8y-4+424=0 Bx+1| y==
ay y=——

OF y_—3x+1 2

I o3x+2y-1=0 2

oa T

Minimize 3x* —2xy +x -3y +1 subject to the constraint x—3y =1.

F(x,y,/l)=3x2—2xy+x—3y+l+/1(x—3y—l)

%—F=6x—2y+1+/1=0 A=—6x+2y—-1 » 8x x=—%
X =

-2x-3 3
ok o —3-34=0 A= 3 x—1 y=—§
ay y==- 21
oF
— =x-3y-1=0 x—1
or y==

Minimize x —xy + 2 y2 subject to the constraint x — y+1=0.

F(x,y,/t)=x—xy+2y2+/1(x—y+1)

oF
g—l—y+/1—0 ﬂ/’i—y—j‘. x=3y+l x——21
=-x+4y y=-
F =
%—:—x+4y—/1=0 y=xtl
y
=x+1
a—F—x— +1=0 o
oA Y

Copyright © 2018 Pearson Education Inc.
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14.

15.

16.

17.

Chapter 7 Functions of Several Variables

Maximize xy subject to the constraint x* —y = 3.

F(x,y,/l):xy+/1(x2—y—3)

a—F:y+2/7,x=0
ox

oF
—=x-A=0
dy *

oF
X2y 3-0
a7

Now check both answers in the original function to see which pair maximizes xy. The pair that maximizes xy

isx=-1,y=-2.

__JY

2x |y

A=x y

2

y=x"-3

=-2x?

=x>-3

Minimize xy + xz — yz subject to the constraint x+ y+z=1.

F(x»y,Z,/i)Zxy+xz—yz+/1(x+y+z—1)

a—F=y+z+}»=0
ox
a—F=)c—z+/1=0

Y
a—sz—y+/1=0
0z

F
ﬁ=x+y+z—l=0

A=-y-z
A=—x+z
A=-x+y
x+y+z=1

x—-y=2z

y=z

x+y+z=1

x=y+2z=x=3y

y=z

3y+y+y=1

Minimize xy + xz —2yz subject to the constraint x+ y +z = 2.

F(x,y,z,A)=xy+xz-2yz+ A(x+y+2z-2)

a—F=y+z+}»=0
0x
a—F=x—2z+ﬂ.=0
dy
a—F:x—2y+/1=0
0z

g—i=x+y+z—2=0

We want to minimize the function x + y subject to the constraint xy = 25 or xy — 25 =0.

F(x,y,/l):x+y+/1(xy—25)

oF

—=1+Ay=01| A
ox Y

a—F=1+ﬁ.x=0
dy

JoF

T =xp-25=0
FY

Xy —

-1

25=0

x-y=0

Xy =

x? =25

25

so x =5, y =5 (the positive numbers).

A=-y-z |x-y=3z |x=y+3z=>x=4y
A=—x+2z |y=z y=z

A=—x+2y

xX+y+z=2 xX+y+z=24y+y+y=2

orx=15
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18. Let x = length of the north side. Let y = length of the west side.
Cost =2x(10) + 2y(15) = 20x + 30y = 480
We want to maximize xy subject to 20x + 30y — 480 = 0.
F(x,y,/l) =xy+ ﬂ(20x +30y— 480)

19.

20.

21.

a—F=y+20/1=
0x
a—F=x+30/1=
oy
3—1;:20x+30y

0

0

-480=0

-y
20
_—x
30

A

A

2x+3y =48

2x+3y =48

2x-3y=0|x=12

y=38

The dimensions of the garden should be 12 ft x 8 ft.

Let x = length of a side of the base. Let y = height of the box.

Area= x° + 4xy

=300

Maximize the volume = x> y subject to x4+ 4xy—-300=0.

F(x, y, )= xzy + /1()62 +4xy —300)

a—F=2xy+2x/1+4y/1=0 /1=i
ox 2(x+2y)
9F 2 iaxi=o q=*_x
dy 4x 4
F

—=x>+4xy-300=0

Y Y % +4xy =300

x=2y=0 |x=10

x% +4xy=300] y=5

The sides of the base should be 10 in. and the height should be 5 in.

Let x = the number of units of labor and let y = the number of units of capital cost. The problem is to
minimize 10004/6x> + y% subject to 5000 — 480x — 40y = 0.

F(x, y, 2) =10004/6x% + y2 + A(5000 — 480x — 40y)

oF

6000x 12.5x

= 480A=0| A= ——
ox J6x? +y? \j6x2+y2
oF 1000y __ 25y

o =0 (A=T———
W Jex? +2 \6x% + 2
oF

27 = 5000-480x =40y =0 | 43y 4 4y =500

100y =500) y,— 5

There should be 10 units of labor and 5 units of capital to minimize the amount of space required.

/’

Y

(z,9)

N

The length of the rectangle is 2x, and the width of the rectangle is 2y.
The problem is to maximize 4xy subject to 1— x? - y2 =0.

F(x, y, /1)=4xy+/1(1—x2—y2)

(continued on next page)
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(continued)

F 2 . .

E;—=4y—2/1x=0 A== Assuming x #0, y # 0] x> = y? | Assuming x>0, y > 0,
X

aF X 2—’);=2—)C 2x2 :1 _ \/5 d _ \/5

—=4x-21y=0  A="—" x oy Y= andy=—r
dy y

oF 2_ 2 2, 2 2.2

—=]-x" - =0 + =Dx"+ =1

A y X"ty y

The dimensions of the rectangle are V2 x+/2.

22. y

(z, v)

y=a*

(16, 3)

| €

2
Following the hint, the problem is to minimize (x — 16)° + ( V- %) subjectto y — x2=0.

2
F(x, y, /1):(x—16)2+(y—%j + Ay -x%)

a—F=2x—32—2/7.x=0 /7.=1—E x=0,y=00r|x=0, y=0
ox * e

OF _ ~ A=1-2y|==2y or
5—2)}—14'2—0 x x=2’y=4
oF 2 2

E oy x2=0 -

or " y=x 777

2 2
To decide which of (0, 0) or (2, 4) is the closer point, check that (0— 16)2 + (O —%) >(2- 16)2 + (4 - %) .
Thus (2, 4) is the desired point.

23. The problem is to maximize 3x + 4y subject to 18,000 — 9x2 —4y?=0,x>0, y=0.
F(x, y, A)=3x+4y+ A(18,000 — 9x> — 4y?)

a—F=3—18/”tx=0 /”tzL If x # 0 and y # 0 then

0x 6x

a_F_4_8/1 0 ﬂ_i y=3x. x=20
P = "2y 9x% +36x2 =18,000 |» =160
= =18,000-9x% —4y% =0

ol 7 9x2 +4y% =18,000

Technically, we should also check the solutions x =0, y = ‘/% =44 T7and y=0,x = ‘f% =224.

These both give smaller values in the objective function 3x + 4y than does (20, 60).
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24, We want to minimize the function P = 2x + 10y subject to the constraint 4x2 +25 y2 =50,000.
F(x, y, A)=2x+10y + A(4x% +25y% —50,000)

a—F=2+8/1x=0
ox

a—F=1o+50/1y=0
dy

oF

—— =4x%+25)% -50,000 = 0

o4

-
4x

-t

A=
5y

4x? +25y? =50,000

5

xX=—
27

4x? +25y? =50,000

Solving gives %yz =50,000 ory =40, hence x = 50.

They should produce 50 units of product 4 and 40 units of product B.

25. . F(x, y, A)=96x+162y+ A (3456 - 64x>4)!'4)

Note that 3456 = 64x>'*y!"4 implies x # 0, y # 0.

%—F=96—48/1x_”4y”4 A=2x"4y7V"% | Dividing 1st gxy_l =1 x=8l
X

81 _ equation by
oF 34 —3/4 1=""y 3/4_3/4 16
$=162—16/1x y 8 2nd gives y=§x y=16
OF 1/4
ﬁ=3456—64x3/“y”“ 3456 = 64x° 414 3456=64x3/4(;—?x)

b. A=2@D)"*16)7"*=3

¢. The production function is f(x, y) = 64x3'4 y1/4 . Thus

9
marginal productivity of labor é _ 48x71/4 y1/4 _ 48y

marginal productivity of capital gl 1634y 16x
)y

When x =81 and y = 16,

2

x y
26. F(x, y, A)=94x———+80y—=——20,000+ A
(x, y, A *~10 S

OF o4 X_A_,
ox 5 10
8F= Y /1_0
dy 10 20
OF 4 X,V _g
dA 10 20

2

A=940-2x
A=-1600-2x
XY 4
10 20

48y 48-16 96

=——, which is the ratio of the unit cost of labor and capital.

16x 16-81 162

(14—i+lj
10 20

2x+2y=2540| x =

2x—y =280

1550
3

2260
YT
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27.

28.

29.

30.

Chapter 7 Functions of Several Variables

F(x7ysza //i'):xy2+/’l(36_x_6y—32)

X

X
oF Yz 3z=6y |[y=2
g:xz‘ﬂ—o A=~ Z_2 3(6y)=36] z=4
OF 6 3

xy
—=xy-34=0 A==
oz v 3
oF _ _ X+6y+32=36
37 073220 v L6y 432=36
F(x,y,z, A)=xy+3xz + 3yz + A9 — x)2)
a_F:y+3z—ﬂyzzo ﬂ:l.ﬁré ézi x=y x=3
dx z yly «x
O o ve3z-axz=0 |2l 3L 3 _,
ay z x|z y ZZE Yy
oF 3.3
¥:3x+3y—ﬂxy20 ﬂ:;ﬁ'; xyZ=9 yy(%)=9ory3=27ory=3 z=1
a—F—9—xz—0
oA > xyz=9
F(x,y,z,/1)=3x+5y+z—x2—y2—22+,‘t(6_x_y_z)
%—F=3—2x—ﬂ=0 A=3-2x |-2x+2y=2 |x=-1+y x=2
X
oF
a—=5—2y—ﬂ=0 A=5-2y |2y+2z=—-4|z=-2+y y=3
v
8_F=1_22_/1=0 A=1-2z
0z
g_F=6_x_y_2=0 X+ yp+z=6|XFtyTz=6 | (14 +y+(2+y)=6]z=1
A
F(x,y,z, A)=x?+y> +22 =3x=5y—z+ A(20-2x— y - z)
oF 3 7 7
Co2x-3-24=0 |A=x-> Cop=—l y=2y L
n ) AN R
oF
@‘2%5"/1‘0 A=2y-5 2y-2z=4 [z=-2+y
oF 7 -
5, =22-1-4=0 A=2z-1 2x+y+2z=20 2(2y‘§)+y+y‘2—20
oF
720 2xmy=z=0000 402220
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31.

x
The problem is to minimize 3xy + 2xz + 2yz subject to the constraint xyz = 12 or xyz — 12 = 0.
F(x,y,z, A) =3xy + 2xz + 2yz + 12 —xyz)
(Note that xyz = 12 implies that x #0, y #0, z # 0.)

a—F::"y+2z—/1yz:0 ﬂ=§+£ x=y x=2
ox z y

or 3 2|z=2
—=3x+2z-Axz=0|1=24+2 PRd y=2
ay z X

F 2 2
a—:2x+2y—/1xy=0 A==+=

0z y X z=3
a

37:12—xyz=0 xyz =12 yz(%yjzlz

The box is 2 ft x 2 ft x 3 ft.

32. The problem is to maximize xyz subjecttox +y+z—-15=0,x>0,y>0,z> 0.
Fix,y,z, )=xyz+ Ax+y+z-15)
oF

a—=yz+/1=0 A=-yz x=y |x=5
x

(3—F=xz+/1=0 A=—xz z=y y=5

33. Let x, y, z be as shown in the figure. The problem is to minimize

Xy + 2xz + 2yz subject to xyz =32 or 32 — xyz = 0.

F(xay: z, /1) :x)’+2xz+2y2+ﬂ(32 —xyz)
(Note that xyz =32 impliesx #0, y #0,z#0.)

?)—F:y+2z—/1yzzo /1:1+— Equating xX=Yy x=4
8;7 Z V1 expressions 1 |y=4
—=x42z-Axz=0 l=l+g fOI‘ﬂgiVeS Z=Ey z=2
dy z x

OF 2 2 Lo
—=2x+2y-Axy=0{A=—+= Zy

0z y X

oF =32

—=xz-32=0 Wz

a7

The dimensions of the tank are 4 ft x4 ft x 2 ft.
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252 Chapter 7 Functions of Several Variables
34. Let x, y, z be as shown in the figure. The problem is to maximize xyz subject
toxy+xz+2yz=96,x>0,y>0,z>0.
/,,,/ / f
F(x,y,z, A) =xyz + Axy + xz + 2yz — 96)
%—F:yz+/1(y+z):0 A=-—2 Equating x=2y|x=8
8;7 ytz expressions z=y ly=4
o7 - . az .
PR xz+ A(x+22)=0 ey for A gives 22 4292 4+2y% =96 | 2= 4
oF xy
—=xp+Ax+2y)=0 A=-
oz 7 (r+2y) x+2y
g—Z:xy+xz+2yz—96=O Xy +xz+2yz =96
The dimensions of the shelter are 8 ft x 4 ft x 4 ft.
35. F(x,y, H)=flx,y) + Mc —ax - by)
The values of x and y that minimize production subject to the cost constraint satisfy
aa—F(x, y) = g—f(x, y)—Aa=0 gl(x, y) = Aa | Dividing the 1st
X X X
ion by the
oOF 9 9 equation by
g(x, )= %(x, »)—Ab=0 %(x, ¥)=4b| second gives
o
aF( ) A a*i(%)’)_a
5% y)=c-ax—-by= PN
04 Ty b
36. Given f(x, y)=hkx%yP, s akc®'yP and I Bhoc®yP1
ox dy
a-1_p0
Applying the result of Exercise 35, at the optimal values (x, y), akx—yl =2 ;S0 A &.
Bic®yPt b7 Bx b x ab
7.5 The Method of Least Squares

1. The given points are (1, 3), (2, 6), (3, 8), and
(4, 6) with straight line y = 1.1x + 3. When
x=1,2, 3, 4 the corresponding y-coordinates
are 1.1 +3,2(1.1)+3,3(1.1) +3,4(1.1) +3
or4.1,5.2,6.3, and 7.4, respectively. Then

Ef=4.1-3)%=(.1)* =121,

EF =(52-6)* =(-8)> =.64,

E}=(63-8)" =(-1.7)* =2.89,

EZ =(7.4-6)* = (1.4)* =1.96 so the least-

squares error £ is

E=El+E3+E; +Ej}
=121+.64+2.89+1.96=6.7.

2. The given points are (1, 8), (2, 5), (3, 3),
(4, 4), and (5, 2) with straight line
y=-13x+8.3. Whenx=1, 2,3, 4,5 the
corresponding y-coordinates are —1.3 + 8.3,
2(-1.3)+8.3,3(-1.3) + 8.3, 4(-1.3) + 8.3,
5(-13)+830r7,5.7,4.4,3.1, 1.8,

respectively. Then E12 =(7 —8)2 =1,
E3 =(5.7-5)%=(7)% = .49,
E}=(44-3)"=(1.4)% =19,
E;=(3.1-4)* =(-9)* = 81,
EZ=(18-2)"=(-2)* =.04.

Thus the least-squares error is

E=E} +E}+E; +E; +EZ
=1+.49+1.96+.81+.04=43
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3. E=(2A4+B-6)>+(54+B-10)*
+(94+ B—-15)?

4. E=(8A+B-4)*+(94+B-2)°
+(104 + B-3)?

5. Let the straight line be y = Ax + B.
Ef =(A+B-2)*, E3 =24+ B-5)%,

=(34+B-11)?
[(4, B)=E} + E5 +E§
=(A+B-2)>+(24+B-5)
+(34+B-11)°

S 4+ B-2)+2244B~5)-2

04
+2(34+B-11)-3

=284+12B-90

of

5:2(A+B—2)+2(2A+B—5)

+2(34+B-11)

=124+6B-36

Setting i and — o equal to zero, we obtain

04 0B

the system

284+12B=90

{ 124+ 6B=36"

Then A = 4.5 and B = -3, so the line with the
best least-squares fit to the data points is
y=4.5x-3.

6. Let the straight line be y = Ax + B.
Ef =(A+B-8)%, E3 =(24+B-4)?,
E} =(44+B-3)*
f(A, By=E} + E3 + E3
=(A+B-8)>+(24+B-4)*

+(44+ B-3)?
of
5:2(A+B—8)+2(2A+B—4)-2
+2(44+B-3)-4
=424+14B-56
of
a—B:Z(A+B—8)+2(2A+B—4)
+2(44+B-3)
=144+6B-30
Setting LA and — A equal to zero, we obtain
04 oB
the system
424 +14B =56
144+ 6B =30

Section 7.5 The Method of Least Squares 253

Then A =—1.5 and B = 8.5, so the line with the
best least-squares fit to the data points is
y=-1.5x+8.5.

. Let the straight line be y = Ax + B.

El =(A+B-9)%, E} =(24+B-8)%,

E?=(BA+B-6), E; =(44+B-3)*
f(A4, By=E} +E3 +E} + E;

=(A+B-9)>+(24+B-8)>

+(3A4+B-6)?

+(44+B-3)%

3_{4=2(A+B—9)+2(2A+B—8)-2

+2(34+B—-6)-3+2(44+B-3)-4
=604+20B-110

=2(A+B-9)+2(24+ B-8)

+2(3A4A+B-6)+2(44+B-3)
=204+8B-52

of af .
Setting —— and —— equal to zero, we obtain
& 04 0B au ? W
the system
{6014 +20B =110

204+ 8B=52 °

Then 4 =-2 and B = 11.5 so the line with the
best least-squares fit to the data points is
y=-2x+11.5.

9
0B

. Let the straight line be y = Ax + B.

Ef =(A+B-5)%, E3 =(24+B-1)*,
E3=(34+B-6)*, E; =(44+B-10)*
f(A4, By=E} + E3 + E} + E;
=(4+B-5)%+Q2A4+B-7)°
+(34+B-6)*
+(44+ B-10)>

%%=MA+B—$+2QA+B—7}2
+2(3A+B-6)-3+2(44+B—-10)-4
=604 +20B—154

g
= =2(A+B-5)+2Q2A4+B~-7
g = AA+B=5)+224+5-7)

+2(34+B-6)+2(44+ B-10)
=204+8B-56

of a9 .
Setting — and equal to zero, we obtain
&4 ™ 95 1
the system
604+20B =154

204+8B=56 '

(continued on next page)
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(continued)
Then 4 = 1.4 and B = 3.5 so the line with the
best least-squares fit to the data points is
y=1.4x+3.5.
9. X y xy x2
1 7 7 1
2 6 12 4
3 4 12 9
4 3 12 16
Yx=10 | Zy=20 | Zxy=43 | 32 =30
Let y = Ax + B. Then using
= N~nyz—21x-2)§/ and B = 2y—A4-2x
N-Zx* —(Zx) N
we have: 4= LIOEO =-1.4 and
4-30-10
20—-(-1.4)-10
p= 20110 o5
4
The least-squares line is y = —1.4x + 8.5.
10. X y Xy 2
1 2 1
2 3 4
3 7 21 9
4 9 36 16
5 12 60 25
x=15 | Ty=33 | Zxp=125| 3x2 =55
Let y = Ax + B. Then using
Y= N~ny—Zx-Z§/ and B = 2y—A-2x
N -Zx? - () N
we have: 4= w =2.6 and
5-55-15
B= w --12.

The least-squares line is y = 2.6x — 1.2.

11.

12.

2

X y Xy X
9 8175 73,575 81
10 8428 84,280 100
12 8996 107,952 144
13 9255 120,315 169
2
Tr =44 ZZ 34,854 2‘3}386,122 Zi 494

Let y = Ax + B, where x = years after 2000
and y = dollars in thousands.
N -Zxy—3x-Xy a

Then using 4 = nd
N-2x? - (2x)

B= 2y—A-2x
N

we have

4= 4-386,122—44-3;1,854 —27 8
4-494 - (44)

B 34,854-272.8-44 _ 5712.7

4
The least-squares line is
y=272.8x+5712.7.

For x =16,
y= 272.8(16) +5712.7=10,077.5

12,000 =272.8x+5712.7 = x =23

Per capita health care expenditures will
reach $12,000 sometime during 2023.

L1 Lz Lz i
0 YZEEZ | cmmeee
i yzzo@

: YZE0E
i yiyng?
Li5I=

[LinF3]
J=gx+th
a=381.7
b=42928, 2
reE=, IFEL4 2V I
r=.9321436634

L

Using a graphing utility, we obtain
y=381.7x +42,920.2. (Note that the year
2012 is represented by x = 0).

By hand, we have N=4, Xx =6,

2y =173,971, Zxy = 262,865, and

i’ =14,

The regression equation is the same.
46,000 =381.7x+42,9202 = x =8

The university should build more housing
8 years after 2012, or in 2020.
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13. Given the table, convert year to years after 15. a. [u Lz Lz z
2000. Then we have the data points (0, 5.15), P 2l R
(5, 5.15), (10, 7.25), (16, 7.25). I B.c
& g Lz Lz A
0 CETI
E E1E Lzisy =
I CinRed
o [ g=ax+h
a=-4.236842165
LiEr= b=22.81852532
r2=.354238147 74
Linkcd r=-.9245547455
g=axth
a=. 156666745
b=4.9235879218 ) : - .
rE=, PEIIEITI Using a graphing utility, we obtain
t=. 5530444731 y=-4.24x +22.01. By hand, we have
L N=4, 3x=12, Zy=372,
Using a graphing utility, we obtain Sxy =109.99, and Zx* = 36.38.

y=.157x+4.986

The regression equation is the same.
By hand, we have

N=4, Zx =31, Zy=24238, b. y=-424(3.2)+22.01 =8.442°C.
Sxy =214.25, and 3x? =381. The
regression equation is the same. 7.6 Double Integrals
= = 1/ 1 1 1
b. y=.157(8)+4.986 = $6.24 per hour L IO(JOex+ydy) dxz.[o(e“y 0) e
y:
c. 10=.157x+4.986= x=31.9 1o .
The minimum wage will reach $10 per = _[0 (7 —e’)dx
hour in about 31.9 years, or in the year 1
2032. =€ e
14. Given the table, convert year to years after =e" —e-e+l
2010. Then we have the data points(0, 3.901), =2 -2e+1
1,3.951), (2, 3.853), (3, 3.691),
(4,3.882), (5, 4.150). 1/l (1, !
a1y ] =1 2 J.—l (I_lxy dx) @ =“.‘1 [Ex y} x=—1 o
0 EXETE I
PR (L)
. 3772
o= - I—IO dy=0
ir:F.-H | 0
=ax+
- B7EEPEST14 3. I(I_zxexydyj dx = j_l(e‘y ) ) dx
b=X. 842895238 y=-2
ri=. 923957559 1 o
F=. 5146012155 = [ (1-e™) ax
-2x 1
Using a graphing utility, we obtain =x+
y=.025x +3.842. 20,
By hand, we have e e’
N=6, Zx=15, Sy =23.428, RS R
Sxy =59.008, and Xx” = 55. o2 o2
The regression equation is the same. =2+ P

b. y=.025(7)+3.842
=4.017 million visitors
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R

=J.0dx=0 = ngd s x? _38
03 o 3
4 v
5 I(j xydyjdx—j Exy dx 10 jo(.fz(xy+Y)dYde
y=x
3
41 5 1 3 2 |:1 2, 1 3:|
— - _ = d = —X + - dx
1(2)6 2xj g 0( 2 g 3y y=2
4
1 1oy 2(9 8
TR 1 —J.O(Ex+9—2x—§)dx
16 14 1 1 2519 5, 19 )
=—4" ——4" ——+— = (—x+—jdx:—x2+—x
12 3 8 12 8 J.o 2 3 4 30
=309=- 38 53
8 =5+—=—
3 3
6 FUzX d)d f”zzx d [P ey el
. X = — X T = —-e
o), Y 0 2)’ - 11. J'O(Le dy) dx -[0( e ‘yzz)dx
2 —x—
_ 03(2x2—%x2)dx :IO(ex2_ex3)dx
2
_ X2 -x-3
13 ) 33 27 =—e +e ‘0
=] SXxdx=-x7| =— -4, -5, 2 3
092 0 =—e +e+te " —e
1 (2 203 - 2( gy=xp
7 J_I(Ixx(x-}—y) dy) dx 12. IO (.‘-2 ey Xdy) dx:.‘-o (ey xyzzjdx
2x 2 3.4 2-x
1 = -
- 1[xy+ly2} dx [y =t dx
B 2 y=x 2—63_X+€2_X2
1 2 1 5 ;
=| 2x? +2x% —x —Ex dx —_e+l+ed =62
32
1 =e’ —e" —e+l
1
= éxzdxzéx3 =§+§=§
-12 4 6 6 3

13. f[ (2+y )dy}dx
-[;

| 15 1 [
L —_[( )dx—gx +3x1
0
zlez—e—l+l =9+1—(l+lj=§
2 2 3 3 3
LS
2 2
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Chapter 7 Fundamental Concept Check

Exercises

1. Answers will vary. Sample answer: For

f(x, )= x"y +x, the level curve at height
10 is the graph of f(x, y)=10, or

x*y +x=10. Solving for y, we have

= 10—x
P

. To find the first partial derivative with respect
toxof f(x, y), treaty as a constant and

differentiate the formula for f (x, y) with

respect to x. To find the first partial derivative
with respect to y of f (x, y), treat x as a

constant and differentiate the formula for
S (x, y) with respect to y.

. To find a second partial derivative of
f (x, y), for example, the second partial

2
EeR treat y as a

ZA

constant and differentiate the formula for 8_
X
with respect to x. Use a similar method to find
2 2
a—f. To find J
dy’ Oxdy
I

formula for ™ with respect to x. To find
v

derivative with respect to x,

, differentiate the

2
a—f, differentiate the formula for a—f with
dyox ox

respect to y.

Chapter 7 Fundamental Concept Check Exercises 257

4.

5.

Fla+h b)- 7 (a, b)=g—§(a, B)-h

If x is kept constant at 2 and y is allowed to
vary near 3, then f (x, y) changes at a rate

that is gl@, 3) times the change in y.
X
Answers will vary. Sample answer: An

example of a Cobb-Douglas production
function is f (x, y) = 600x3/5y2/5. The

marginal productivity of labor is g—f The
X

o

marginal productivity of capital is ——.
'y

To find possible relative extreme point for a
function of several variables, look for points
where all the first partial derivatives are zero.
Then apply the Second Derivative Test to
determine if the point is a relative maximum
or a relative minimum.

Suppose that f (x, y) is a function and (a, b)

is a point at which gl(a, b)=0 and
x

g—i(a, b) =0, and let

25 f (r )
D(x, y)=LL. 9T .
(xa J’) o2 ay2 [axay)

> f
If D(a, b)>0 and a—z(a, b)> 0, then
x

f(x, y) has a relative minimum at (a, b).

82f
If D(a, b)>0 and ——-(a, b) <0, then
x

f (x, y) has a relative maximum at (a, b).
If D(a, b) <0, then f(x, y) has neither a
relative maximum nor a relative minimum at
(a, b).

If D(a, b) =0, no conclusion can be drawn
from this test.
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10.

11.

12.

Chapter 7 Functions of Several Variables

To find a relative maximum or minimum of
the function f'(x, y) subject to the constraint

g (x, y) =0, use the Lagrange multiplier
method as follows: Form the function
F(x, y, A)=f(x, y)+4g(x, y). Compute

F F
the partial derivatives 8_ and 8_

I
Solve the system of equatlons
oF oF

= — =0, g_o 2(x, y)=0. If you find

more than one value for x, evaluate f for each
value. The largest of these values is the
maximum value for f; and the smallest is the
minimum value of f.

The least-squares line approximation to a set
of data points is the line that best fits the data
in the sense that it minimizes the least-squares
error, the sum of the squares of the distances
from the given data points to the line. If the
lien is y = Ax + b, then the coefficients are
computed as follows:

:N-nyZ—Zx-Zg/ andB:Ey—A-Zx
N-Zx” - (Zx) N

J' j 7 (x, y)dxdy is the volume of the solid
R

bounded above by f (x, y) >0 and lying over
the region R in the xy-plane.

Let R be the region in the xy-plane bounded by
the graphs of y = g(x), y = h(x), and the
vertical lines x = a and x = b. Then,

J.J.Rf(x, y)dxdy = J-: [J.:((:))f(x, y)ddex.

Chapter 7 Review Exercises

1.

oy

f(x,y)= oy
1@, 9>—i_§:z

_5Vi_s 0o
f(5’1)—ﬁ—6, f(0,0)_m_0

f(x, y, z)=x2ey/z
(1,0, 1) = (-1)%¢ 0/1 _1,0 =1
7, 3,3)=12"?

f65,-2,2)=

=e

52,22 2
e

N

10.

11.

12.

f(A, t) — AeOO6t

(10, 11.5) =10 90115 < 19 94

Ten dollars increases to approximately 20
dollars in 11.5 years.

Sy, =xy+ AUS—x—y)

f1,2,3)=(1)2)+3(5-1-2)=2+3(2)=8

f(x, y)=3’x2 +xy+5y2
af of

=6x+y;
ox xyay

=x+10y

15 ) =3x—%y“ +1

o 5 O _ 503

ox T dy 2y

f(x, y)=e”

al:l x/y. al__iex/y

ax y ’ ay y2

S(x, y)_——2y

I _(OHx=2y)-()1 __ 2y
ax (x_zy)z (x_2y)2
Y _O@=2)-(2)(x) _ 2
ay (x—2y)? (x—2y)>
f(x’y’ Z)=x3—y22

8_f_3x2; I al=—2yz

ox ay_Z’az

ey A)=xy+A(5-x-y)

=xy+5A-xA-yA
of of of
=y =x—-A==5-x—
n 2"y o > Y

flx, ) =xy+8

P 32y f Z1.2=30°2)=6
ox
¥ f(l 2)=(1y’ =1
dy
fx,y,z2)=(x+y)z=xz+yz
I _
dy
f(z 3,4)=4
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13.

14.

15.

16.

17.

18.

Chapter 7 Review Exercises 259

4 3,22 2
f(x,y)=xs—2x3y+y7 19. f(x, y)=x"+3x"+3y" —6y+7
af a2f gf 3x 2+6x gf 6y—06
= =5x" —6x’y = —2 =20x" 121y x Y
ox ox 307 +6x=0=3x(x+2)=0= x=0, -2
of 3 3 _0°f 2
—=-2x +2y :>—2:6y 6y_6:0:>y:1
Y ay (xay) = (O’ 1)7 (_27 1)
82](‘ 2. a f 2 1
oxdy ~6x " 9yox = —6x 20. f(x,y)=5x2+4xy+y3+8y2+3x+2
d
S y) =22 +xy -y J;=x+4y+3

ox
2
g—f=6x2+2xy=>(;—j2[=12x+2y al:4x+3y2+16y
X X

2 +4y+3=0=>x=-4y-3
_f= 2 2y=>812’=_2 x+4y x ¥
oy oy 4x+3y2 +16y=0=
4(-4y-3)+3y> +16y=0=
af(1 2= af(1 2= 2 (-4y=3)+3y" +16y

~16y-12+3y? +16y=0= y=+2

x=-4(-2)-3=5x=-4(2)-3=-11

af:2x.8f(12)2 (-2) (2)

axay a a (xs J’) = (71 19 2)9 (5’ 72)

S, t)=-p+61-0.02pt 21, f(x, y)=x2+3xy+4y2—13x—30y+12
of f 2
—=-1-0.02t; = (25, 10,000) = 201 of o°f

—=2x+3y-13=>—-=2

319 aap FiaEE )

f f 2
—=6—-0. 2p;— (25,1 =O.

o 6-0.0 p,at(S, 0,000)=5.5 af:3x+8y 30285 ggaf 3
At the level p = 25, t = 10,000, an increase in Y oy xoy
price of $1 will result in a loss in sales of 2x4+3y=13|x=2
gpproximaj[ely 201 cal‘culators,.and an increase 3x+8y=30[y=3
in advertising of $1 will result in the sale of
approximately 5.5 additional calculators. 3*r 2 (92 f 2

D(x,y)=—% L —

The crime rate increases with increased (x y) ox? ay2 0xdy

unemployment and decreases with increased )

social services and police force size. D(2,3)=2-8— 32 >0 and I°f >0,

ox?
2 2
S(x, y)==x"+2y" +6x-8y+5 so0 flx, y) has a relative minimum at (2, 3).

8 o

=2x+6, —=4y-8
ox dy T
2x+6=0=>x=3;4y-8=0=>y=2
The only possibility is (x, y) = (3, 2).

f(x, y)=x2+3xy—y2—x—8y+4

a—f=2x+3y—1;al=3’x—2y—8
X dy
2x+3y=1|x=2
3x-2y=8)y=-

The only possibility is (x, y) = (2, -1).

Copyright © 2018 Pearson Education Inc.
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22, f(x, y)=7x2—5xy+y2+x—y+6

2 2 2
a'—](:14x—5y+1;a—f:14;al:—Sx—i—Zy—l;a—f:2; of =5
ox x> dy oy’ dxdy
l4x-5y=-1|x=1
=Sx+2y=1 |y=3

2, 42 2 0\ 2
D(x,y): gxf?)y]; —(ng;] = D(l, 3):14~2—(—5)2 >0 and g—'§>0, so f(x, y) has a relative

X
minimum at (1, 3).

23, f(x, y):x3+y2—3x—8y+12

o2 a S of S ’f
L 23523 =L =6x; L=2y-8 —L =2 =0
ax X 5 axz X, ay Yy ] ay2 9 axay
3x2=3= x=+1
2y=8=y=4
2
2 f o*f [ d%f
D = . -
(X, y) ax2 ay2 axay =

2
D(, 4)=06(1)(2) - 02 >0 and 2—{(1, 4)> 0, so f{x, y) has a relative minimum at (1, 4).
X

D(-1, 4)=6(-1)(2) - 02 <0, so fx, ¥) has neither a maximum nor a minimum at (-1, 4).

24, f(x, y, z):x2+4y2+522—6x+8y+3
of

—=2x-6=0=>x=3
X

a'—f=8y+8=0:y:—1
dy

g—f=10220:>z=O

z

fx, v, z) must assume its minimum value at
(3,-1,0).

25. F(x, y, A)=3x>+2xp— > + A(5-2x—)

%_F=6x+2y—2/'t=0 A=3x+y |x+3y=0|x=3
X

%_Fzz,c_zy—,izo A=2x-2y:2x+y=5y=-1
'y

oF

Ok s 2y—y=0 |2x+y=5

Y Y

The maximum value of f{x, y) subject to the constraint is 3(3)2 +23)(-1) - (—l)2 =20 occurs at
(xa y) = (39 _1)
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26. F(x, y, /1)=—x2—3xy—%y2+y+10+/1(10—x—y)

27.

28.

29.

(Z—F=—2x—3y—/1=0 A==2x-3y |x-2y=1]|x=7

8; x+y=10| y=3
—=-3x-y+1-A=0{A=-3x—y+1

oy

oF

—=10-x—-y=0 x+y=10

A g

F(x, p, 2z, A)=3x>+2y2 + 22 +4x+ y+3z+ A4 —x—y—2)
oF 2 1 1
—=6x+4-1=0 |6x+4=4y+1|x==y—— =—
o ¥ i T ¥
F =2y-1 3
aa—=4y+1—;t=0 4y+1=2z+322 y3 y=3
Y VoSt yr2y=4 _
oF _ 3 2 z=2
—=2z+3-A=0 |x+ty+z=4

0z

3—§:4—x—y—z=0

The problem is to minimize x + y + z subject to xyz = 1000.
(x>0,y>0,z>0)

F(x, v, z, A)=x+y+z+ A(1000 - xyz)
(Assuming x #0, y #0, z £ 0)
oF 1

g=l—/1yz /1=—Z yz=xz x=y=z |x=10
b yl Xz =1000 y =10
$=1—/1xz ,1:; Xz =Xy 2=10
F gy |a=L |wz=1000

0z xy

oF =1000

— =1000 — xyz | Y~

oA .

The optimal dimensions are 10 in.x10 in.x 10 in.

The problem is to maximize xy subject to 2x + y = 40.
F(x,y,A)=xy+ A(40-2x-y)

oF 1 1

Z —y-21=0 A== =— =10 ft

ox 7 PR N 201
y:

a—Fz)c—/1=0

dy A=x 2y =40

oF

5240_2)5_)/:0 2x+y=40

The dimensions of the garden should be 10 ft x 20 ft.

Copyright © 2018 Pearson Education Inc.
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30.

31.

32.

33.

Chapter 7 Functions of Several Variables

Maximize xy subject to 2x + y = 41.
Fx,y,))=xy+ A(41-2x-y)

oF

L —y-24=0 1
o 7 /1=Ey X=2Yy
=10.25 ft
9 i 0 A=x loy=411"
dy y=20.5ft
2x+y =41
O —2x—y=0
A Y

The new area is xy = (10.25)(20.5) = 210.125 sq ft.

The increase in area (compared with the area in Exercise 29) is 210.125 — (10)(20) = 10.125, which is
approximately the value of A .

Let the straight line be y = Ax + B.

Ef =(A+B-1)%;, E3 =(24+B-3)*; E} =(34+B—6)*

Let f(4, By=E}f + E3 +E; =(A+B—-1)* +(24+B-3)* +(34+ B—-6)*.

g—Z:Z(A+B—l)+2(2A+B—3)(2)+ 234+ B-6)(3)=284+12B-50
g—J;=2(A+B—1)+2(2A+B—3)+2(3A+B—6)=12A+6B—20
of of

Setting —— and —— equal to zero we obtain the system {28A +125=50

A4 OB 12A+6B=20"
5

Then 4= % and B = —% so the line with the best least-squares fit to the data points is y = %x ~3

Let the straight line be y = Ax + B.
Ef =(A+B-1)% E3 =(3A+B-4)*; E} =(54+B-17)*
Let f(A, By=E}f +E3 +E; =(A+B-1)? +(34+B—-4)* +(54+B-7)>.

3—2:2(A+B—1)+2(3A+B—4)(3)+2(5A+B—7)(5) =704 + 188 — 96

g—J;=2(A+B—1)+2(3A+B—4)+ 2(54+B—-T)=184+ 6B 24
f of

Setting —— and —— equal to zero we obtain the system {

04 0B

704+18B =96
184+6B=24"

Then 4= % and B = —% so the line with the best least-squares fit to the data points is y = %x —% .

Let the straight line be y = Ax + B.
Ef =(04+B-1)% E3 =(A+B+1)?; E} =24+ B+3)*; E] =(34+ B+5)*
Let (A, B)y=E} +E} + E3 + EZ =(0A+B—1)* +(A+ B+1)> + 24+ B+3)> +(34+ B+5)%.

ai:2(A+B+1)+2(2A+B+3)(2)+2(3A+B+5)(3):28A+IZB+44

04

of

£=2(B—1)+2(A+B+1)+2(2A+B+3)+2(3A+B+5)=12A+SB+16
. of of . [284+12B=—-44

Setting Yl and B equal to zero we obtain the system: { 124488 = —16°

Then 4 =-2 and B = 1 so the line with the best least-squares fit to the data points is y = —2x + 1.
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34.

.k

35s.

n

36.

=)

37.

38.

Chapter 7 Review Exercises 263

NI P e

J. U (2xy +3) dy dx [%xy +3y

[ 130; (2x+3 y)dx) dy=|’ (x?

I_[S dx dy represents the volume of the box with dimensions (4 —-0)x(3—-1)x5
R

3 213
o)dr=[ 16+12) dy=16y+6|}=80

So [[5dxdy=4-2-5=40.

Copyright © 2018 Pearson Education Inc.

54 1 1
dxz.‘. Ex+8 x=§x2+8x
y=0 0\3 3 0

5
dx = J. (2046x+9) dx = 1023 x? +9x
- 5 5

3 3

0:5115+45=5160
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