Section 5.3 Binomial Trials
Math 141

Main ideas

n”

Binomial trial: an experiment with two outcomes: “success” or “failure”.

In n trials, the probability of:
k successes, each with probability p
n — k failures, each with probability 1 — p

n!

is C(n, k) : pk(l = p)n—k - (;:) pk(l s p)n—k - T pk(l . p)n—k
$ 4
Number of ways Probability of a specific
to have exactly outcome that has k
k successes successes and n — k failures
Problems

1. 70% free throw shooter. Shoot 2 shots.
Assume the two shots are independent. iy
g T

Pr(make 1, make 1) = (a':?x,.:?') =

Pr(miss 1, miss 1) = (,B)La"b) = 407 Au Uf)
Pr(make 1, miss 1) = (,?)&, '}) = o 2| ‘{‘0 1
Pr(miss 1, make 1) = (,3:)[ . }) 5 52

Pr(make first 6, miss next 4) = ( :7') ( 3)

Pr(miss first 4, make next 6) = ( 3 (. 7)
Pr(make 1, miss 1, make 3, miss 2, make2 miss 1) = ( 7’) 5X 7 ( 5 ( 71) ( 5)
Pr(make 6 of the 10, miss the other 4, in a specific order) = ( :?') ( 5)

2. 70% free thrown shooter. Shoot 10 shots. 4
(7

Thereare C ( 10/ b \ = 210 ways to make 6 and miss 4 shots if shooting 10 total.
b, —
Each has probability of (. :}') {. 5) a , 000953 of occurring.
So the probability of making 6 of 10 shots (in any order) is
,00095> + 00095 > + ...+ 005> 210 times.

Orwe couldsimply find 2.[D o ,880952 = . 202/ .
Thatis, C(10, L ) (. F (3 )*= ., 200).



3. 70% free throw shooter. Shoot 10 shots. X is number of shots made.

k Pr(X = k) 10
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1 C(PO; I ‘)( })‘(pasq » 00O |
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C(ID 0)(: A4.3)°= .o02%2 -« {07')"0

4. Generalizations in free throw shooting:

Shots Prob.at | Shats Probability of

making to
taken R - making k shots

10 70 6 | C(1o,6)[. %\ (5)'

10 .70 C(IO K)( 7'l ( 5’)IC:\~—:
70 k C(n, k)(.7) ( 5) ‘
n=
- | c(n, Vi p-(1-p)
5. 70% free throw shooter. Shoot 5 shots. Which is hi herof ‘Z . .
Pr(make 3 of 5 shots) = C(S’ '5) ( })L' & %08‘}
Pr(make 4 of 5 shots) = C (S/ L{) ) (‘5)1 = _a5bLOoO2

6. What if what we call “success” someone else calls “failure,” and conversely

b
If “success” is missing a shot, then:  Pr(miss4 of 10)= C ( 10 Lf ) [ 7‘)
Compare to result found earlier: Pr(make 6 of 10)= ( ( 10 b ( ?) { )



7. Slightly paradoxical observation. The more shots you take:
e The less likely it is you will make exactly the percentage that is your FT percentage.
e The more likely it is you will make a percentage that is in the range of your FT percentage.
Probability of making exactly 70% of your shots; let n be the number of shots taken.

n 70% of n Pr(make exactly 70% of the shots)
10 7 [Cc(1o,F). 7')%( 3= . 2068
20 14| C (20,14 %)(5\‘“ eI

30 21| ¢ (%0, L,)(})‘(,) = LIS#Y
40 28 | C (tw 23)( 7). (3]s . 13060
50 35| c(59,%5)(:#) 3= L1223
{ ¥
e o

Probability of making between 60 and 80% of your shots:

If shooting 10 shots, make 6 or 7 or 8 of the 10:

C(10, 6) (.70)6(.30)* + C(10, 7) (.70)7(.30)® + C(10, 8) (.70)8(.30)? = .7004
If shooting 20 shots, make either 12 or 13 ... or 16 of the 20:

C(20, 12) (.70)*?(.30)® + C(20, 13) (.70)*3(.30)” + ...+ C(20, 16) (.70)*%(.30)* = .7796
If shooting 30 shots, make either 18 or 19 or ... or 24 of the 30:

C(30, 18) (.70)*8(.30)** + C(30, 19) (.70)*°(.30)** + ...+ C(30, 24) (.70)%4(.30)® = .8389
If shooting 40 shots, make either 24 or 25 or ... or 32 of the 40:

C(40, 24) (.70)%*(.30)% + C(40, 25) (.70)%5(.30)5 + ... + C(40, 32) (.70)3%(.30)® = .8814

If shooting 50 shots, make either 30 or 31 or ... or 40 of the 50:
C(50, 30) (.70)*°(.30)%° + C(50, 31) (.70)3*}(.30)*° + ... + C(50, 40) (.70)4°(.30)*° = .9120

8. Suppose that 40% of all cars are white. Of the next 10 cars you see (of random

colors), find the probabilities that: 2 |
3arewhite: C (10,%) ° (Lt) s (,,) = . 2I%0
4 are white: C [10 "’H ( [,,) = _250%
5are white: ~ C (ID ) ( “f) ( ) S = L 200F

9. 12jurors. Each will vote guilty or not guilty. In order to convict, they need 10 or
more to vote guilty. Based on the evidence presented, it is estimated that the
probability of an individual juror voting guilty is .80. Let X be the number who vote
guilty.
Pr(X>10)

Pr(X =10) + Pr(X = 11) + Pr(X=12) ,

c(12,10)(. g) ( 2l i C(‘n.)u)[,g)u(.z);

+ C (12, 12)(.9)' ( )0
L 283S + ., 2062 +.0685F

LSS Y



10. Roll a single die 12 times. What is the probability of getting a 3:

e € (12,0)(2)"(Z)" = Luz2
vme C (12,1)(5)'(E)" = 20t
2 times: C(,l,z)(é)L(g)'” SALY
3 times: c(rz,s‘)(ﬂsfz:’:)q = L1974

12, o\0 -~ 000000000457
12 times: C(ll,'z)({:) (%) )
T

Compare to:

11. The probability that a 21 year old woman will live to be 100 years old (or more) is
2.17%. What is the probability that of 46 (which ~ 1/.0217) 21 year old women:

Noneofthewqmenwill IivetobelgO? 4, o
C(4e,0) (-021%)°(.9783) " = 3645
At least one will live to be 100? "
pr( 21 t0e) = L ~Pr(0 1e0)
= )~ 345 =L 6355

Exactly one will live to be 100 (and the other 45 will not)?

c (46, 1) (conrz) (. a¥s3)" = 3719

At least two will live to be 1007?

P,,(Z'L I&o‘):l“’ Dr(<2 'M:> »
= | = [L364S +,D7IT] =, 2436

-

Exactly two will live to be 100 (and the other 44 will not)?

c (462" C,ozt'?)l(,‘??'S/ﬁ)M: . 1856



12. Suppose that in a family both the father and mother have one dominant A | AA | Aa
A gene and one recessive a gene. What is the probability that at least
one of their three kids will have the double recessive gene pair aa?

(s XE H kaidd with ar geue pan
Pr(x21) = Pric=1) + Prx=2) * Px =3) o |
= C(® t)(ql( ) + C (3, 2)(4 ) (%) + C(”)(ff)(f#) S EL

I A o
- Z,Tl, 4 4 {"L‘L aa 1/4

OR:
Pr(x21) = l‘"P"(X:O)
- - czo)(H)(F)
g g 2 o B
- f"("?) I &Y LY

13. A family chosen at random has four children. Assume having boys and girls is equally likely.
What is the probablllty that there are two boys and two girls?

e+ (5)(3) = cl2) = &
24 16

What is the probability that there are three of one gender an Sine of the other?

38/16: C(4,2)(7) (1) = C‘”

Ca
3Gy - /'\rISo ,% l

What is the probability that all four kldS are of the same gender?

48 [0 C(94) () (L) = T'ZS 2

1
0B /L!'él © Al so }L@
Notice: )
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