Section 3.5/3.6 Permutations and Combinations/Further Counting Problems

Math 141
Main ideas
Permutation: order matters P(n,r) = (—n% =n-n—1) - -(n—r+1).
Example: P(10,4) = (1(13!4)! = 10'9'68!'7'6! =10-9-8-7.

To permute means to order (put in a certain order).

|
Combination: order does not matter C(n,r) = = (:'_T)' :
10! 10! .9.8.7:6  10-9-8:
Example: (10,4) = EO R R
(10-4)!4! 64!  61-43-2:1 43-2:1

. n
Two other common notations for C(n,r) are (r) and CI.

Note that P(n,r) = C(n,7) - r! This means:
The number of ways to choose and order r items from n total =
The number of ways to choose r items fromn - The number of ways to order the r items.

For both permutations and combinations, we say “n choose r.” For example, “10 choose 4.”

Thereare r!=7r-(r—1)-(r—2) - -2 -1 ways to order (put in a particular order) r items.
Examples: 4!=4-3-2:-1=24, 1!'=1 and 0! =1.

For computations you can use various technology, e.g. Excel, calculators or Google.
Problems

1. Factorials:

51=5.4-3-2-1 2207882 2T -9.8 (€92 =—==287_238
7! 7:6:5-4-3-2-1 7! 217! 2:1-7! 2:1

2. Combinations:

CE=—== €(5,3) = = (which = C(5,2))
C(5,0)=——=1 C(51)=—-=5
C(n,O)zaln—:u=1 C(n,1)=1!(:!_1)!=n

€58 =-2=1 C(54)=_==5
C(n,n)zn—!=1 Clnn—1) = Y =n

n! 0! (n-1)! 1!



3. Three problems: 19415 131
P(20,3) = 20 5. 2o Usldicsr = 201918
(20-3) ! 17!

Number of ways to ¢hoose 3 persons from 20 if order matters: ( 20, 2 )

Number of ways to award gold, silver & bronze medals if 20 athletes compete.

20 - ’? @ iy

4. Three other problem:s: —_ = -
€(20,3) = L 2017081 2p.49-13
STT7] 3020 ( ¢ iF! 32T

Number of ways to choose 3 persons from 20 if order does not matter: C (25’, 2 )
Number of ways to award three medals (all gold) if 20 athletes compete: ( ( 20 3 )

5. Number of ways are there to create a 9-person battlng order from a 21-person baseball team:

212009 18 F<1b- 1S (413 = P(Zi“])

o S = — — C— e

6. Number of ways to choose the starting 5 players from a 13-person basketball team:

- 3ej24(]viO~ T
C(12 5 ) Y
/ Sode 3o 24
7. Number of ways to choose a president, vice-president and secretary from 10 persons if

We can choose anyone we want: C[;o 3) 4 3! = P(It’, ?>) = _’0‘ 9 - X

— T T— "~ —

James must be president: { » T ¢ = P (‘7 Z) C(‘?/ 2,) ’ 2,

— s Sr—

James must be one of the three chosen: / > 9 i o+ "? / X o+ i _X _/
Zow o g
TP ket pos:‘-f{m o James

8. Number of ways can we choose a committee of 3 from 10 persons if

m—— S— - ——

Or alternatively:

We can choose anyone we want: C ( 1o 3 )
/

James must be one of the committee members: | » (C (‘?} 2 )

9. A pizzeria offers 15 different toppings. Number of different pizzas possible:
C(I;IO) Ll (;9} | ) o c[rs/'/sr)
1S
oR : 2

10. Number of ways five Italian books and four novels be placed on a bookshelf if

The books can be placed in any order: q [

The Italian books must be kept together: 5——‘ c ! " L+’

ok; &1 . 571



11. Of a family of 4, number of different combinations could come to dinner of

size0: C(4H,0) = ¢
sizel: ('-(, 1) = 4
sice2:  C (4, 2) 7l
sizes:  C (4, >) =4
sizes:  C (4,0) = |
Notice: 2"1 = | +4 + L+ 4+ |

12. From 4 sets total, number of
subsets of size

X >0

5 [ b < |

%[>

oofd: [
1 of 4: LIL
20f4:  [p
3 of 4: 4
aofa: |

Notice: SM ad //

As seen in problems 11 and 12, in general: C(n,0) + C(n,1) + -+ C(n,n) = 2™,

13. Suppose that 7 of 100 CDS are jazz. Number of ways to select 5 of the 100 in which

0 of the 5 is jazz: C(-‘+,0) ‘ C(‘?Bj';))
Lofthesisjazzz  C (#,1) ¢ C(a34)
2ofthesarejazz: C (F,2) ° C (13} 3 )
3ofthesarejorz: C (#,3) « C (‘13,?—)
4ofthe Sarejazz: (?7 41+ C (‘73/ 1)
Al of the 5 are jazz: (;ﬁ + C(19,0)
Any number can be jazz or ot C (’!001 5')

oo&@lmmbwwv—\
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21,971,283
20,438,145
2,725,086
149,730
5,259

21

75,287,520




For two scoop case, with flavors A,B,C,D,E:
14. An ice cream shopoffers 5 flavors. Number of AA  BA CA DA EA
different cups of ice cream are possible of AB BB CB DB EB
1scoop: &~ AC BC CC DC EC
AD BD CD DD ED
2 scoops: (Why isn’tit simply 5 - 57?) AE BE CE DE EE

'> = C(s’z_
S vom Diferent ) o, (S B =B
3scoops ),___,———ﬁ'/_
c ~+ ‘C(g“l) 2 -+ C(r3)
2/ DHFMW/‘
15. Number of ways to choose 3 of 10 different toppings to put on

3 scoops of vanilla: C (IO, = )
1 scoop of chocolate, 1 of vanilla, 1 of strawberry: (,p 3) . 2 I o 10T Y
) [

1 scoop of vanilla, 2 of chocolate: P (ic)l 2 )
C(19,2)*> o 10-9°8

2/

16. A restaurant offers its customers a choice of 3 side dishes with each meal. The side
dishes can be chosen from a list of fifteen possibilities with duplications allowed.
For instance, a customer can order two sides of mashed potatoes and one side of
string beans. Show that there are 680 possible options for the three side dishes.

s +lige)e 2y (1572) e Pl )

o, z/, D«-ﬁ%ua,:i’ = jeed¥
An idea that comes up in Problem 17 below:
Recall that D (M r) = C(V\ l") e v}
The number of ways to’choose and order r /temsfrom ntotal =
The number of ways to choose r items fromn - The number of ways to order the r items.

. P (w,r)
So C C W ,r) = '—r:'!" '
The number of ways to choose r items fromn =
The number of ways to choose and order r items from n total / The number of ways to order the r items.

17.There are 2 senators from each of the 50 states. Number of ways to select a
committee of 5 members if 100 - 0 99, §F » 90

The 5 could come from any state: C(wos’ = - -
/ ) c— :-_}, 2. 2 |

The 5 must come from 5 different states: -
160 GF G e T4-T2 o C(S’@ly). 25/: @47:‘/—5&47,44’ A
L s




