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n this chapter. we introduce some ideas useful in the study of probability. Our first

topic, the theory of sets, will provide a convenient language and notation in which to
discuss probability. Using set theory, we develop a number of counting principles that
can also be applied to computing probabilities.

In many applied problems, one must consider collections of various soris of objects.
For example, a survey of unemplovment {rends might consider the collection ol all U.S.
cities with current unemployment greater than 9 percent. A study of birthrates might
consider the collection of couniries with a current birthraie less than 20 per 1000 popu-
lation. Such collections are examples of sets. A set 1s any collection of objects. The
objecis. which may be countries, cities, years, numbers, letiers, or anything else, are
called the elements of the set. A set is often specified by listing its elements inside a pair
ol braces. For example. the set whose elements are the first six letlers of the alphabet is
WIITTED

{a.b.e.d.e.f}.
Similarly, the set whose elements are the even numbers betwesn 1 and 11 is written

{2,4,6,8,10}.



We can also specify a set by giving a description of its elements (without actually listing
the elements). For example, the set {a, b. ¢, d. e. f} can also be written

{the first six letters of the alphabet}.
and the set {2, 4, 6, 8. 10} can be writien
{all even numbers between 1 and 11}.

For convenience, we usually denote seis by capital letters, A, B, C, and so on.
Two sels 4 and B are said io be equal il every element ol 4 is also in B, and every
element of B 1s also in 4, For example,

{a.b,e.defr={fedb.ca}l
and
{2,4,6,8} ={2.2,4,4,4,6,0,8}.
The great diversity of sets is illustrated by the following examples:

1. Lei € = {possible sequences of ouicomes of tossing a coin three times }. If we let IT
denote “heads” and T denoie “tails.” the various sequences can be easily described:

¢ = {HHH. THH. HTH, HHT. TTH. THT. HTT. TTT},

where, [or mstance. THH means “first toss Lails, second loss heads, third toss heads.™

2. Let B = {license plate numbers consisting of three letiers followed by three digits}.
Some elements of B are

SBG 602, GXZ 179, YHI 006,

The number of elements in A is sulficiently large so that listing all of them is imprac-
tical. However, in this chapter, we develop a technique that allows us to calculate the
number of elements of B.

3. The graph of the equation y = x? is the set of all points (a, b) in the plane for which
b = a*. This set has infinitely many elements.

Sets arise in many praciical contexts, as the next example shows.

EXAMPLE 1 Listing the Elements of a Set Table 1 gives the rate ol inflation, as measured by the

percentage change in the consumer price index, for the vears from 1996 to 2015. Let

A = {years from 1996 to 2015 in which inflation was above 3%}
B = {years from 1996 to 2015 in which inflation was below 2%}.

Determine the elemenis of A and B.

Table 1 U.S. Inflation Rates

Year Inflation (%) Year Inflation (%)
19596 3.0 2006 32
1997 2.3 2007 28
1998 1.6 2008 3.8
1959 2.2 2009 —0.4
2000 34 2010 1.6
2001 2.8 2011 2
2002 1.6 amz 2.1
2003 23 2013 1.5
2004 27 2014 1.6
2005 34 2015 0.1

{ Source: www, bly. gov)



SOLUTION By reading Table 1, we see that

A = {2000, 2005, 2006, 2008, 2011}
B = {1998, 2002, 2009, 2010, 2013, 2014, 2015}.
» Now Try Exercises 9(a) and (b)

Suppose that we are given iwo sets. 4 and B. Then it is possible to form new seis
from 4 and B,

DEFINITIONS Union and Intersection of Two Sets The union of 4 and B. written
AU B and pronounced “A union B.” is defined as follows:

A U B is the set of all elements that belong to either 4 or B (or both).

The intersection of 4 and B, written A M B and pronounced * A intersection #,” is
defined as follows:

A M Bis the set of all elements that belong to both A and B.

For example. let 4 = {1.2,3,4} and B = {1, 3.5, 7. 11}. Then,

AUB=1{1,2,3,4,57,11}
ANB={1.3},

EXAMPLE 2 The Intersection and Union of Sets Table 2 gives the rates of unemployment and infla-
tion for the vears from 2001 to 2015, Let

A = {vears from 2001 to 2015 in which unemployment is ai least 5%}
B = {years from 2001 to 2015 in which the inflation rate is at least 3%},

(a) Describe thesets AN Band AU B,
(b) Determine the elemenis of 4, B, 4 M B, and 4 L B.

Table 2 U.5, Unemployment and Inflation Rates

Year Unemployment (%) Inflation (%)
2001 4.7 2.8
2002 5.8 1.6
2003 6.0 2.3
2004 5.5 27
2005 5l 3.4
2006 4.6 3.2
2007 4.6 2.8
2008 5.8 38
2009 9.3 0.4
2010 9.6 1.6
2011 8.9 3.2
2012 g1 2.1
2013 T4 1.5
an4 6.2 1.6
2015 5.3 0.1

(Source: www, b, gov)



SOLUTION

(a) From the descriptions of 4 and B, we have

A M B = {years from 2001 1o 2015 in which unemployment is
at least 5% and inflation is at least 3%}

AU B = {years from 2001 to 2015 in which either unemployment is
at least 5% or inflation is at least 3% (or both) }.

(b) From the table, we see that

A = {2002, 2003, 2004, 2005, 2008, 2009, 2010, 2011,2012, 2013, 2014, 2015}
B = {2003, 2006, 2008, 2011}
AM B = {2005, 2008, 2011}
AU B = {2002, 2003, 2004, 2005, 2006, 2008, 2009, 2010, 2011, 2012, 2013, 2014, 2015}.
»» Now Try Exercises 9(c) and (d)

We have defined the union and the intersection of two seis. In a similar manner, we
can define the union and intersection of any number ol sets. For example. il 4, B, and ¢
are three sets, then their union, denoted 4 U B U C, is the set whose elements are pre-
cisely those that belong to at least one of the seis 4, B, and . Similarly, the interseciion
of 4, B, and C, denoted 4 M BN C, is the sei consisting of those elemenis that belong to
all of the sets A, B, and . In a similar way, we may define the union and intersection of
more than three seis.

Suppose that we are given a sel 4. We may [orm new sets by seleciing elements
from 4. Sets formed in this way are called subsers of A.

DEFINITION Subset of a Set The sef B is a subset of the set 4. written B C 4 and
pronounced © 5 is a subset of A,” provided that every element of A is an element of A.

Forexample, {1.3} C {1.2.3}.

Omne sei that is considered very ofien is the set that contains no elemenis at all. This
set is called the empty set (or null ser) and is written & or { }. The empty set is a subset
of every set. (Here is why: Let A be any set. Every element of & also belongs to 4. If you
do not agree, then you must produce an element of &2 that does not belong to 4. But
you cannot, since 1 has no elements. So & C 4.)

DEFINITION Disjoint Sets Two sets 4 and B are disjoint if they have no elements
in common, that is, if AN B =&,

EXAMPLE 3

SOLUTION

Listing the Subsets of a Set Let A = {4, b, ¢}. Find all subseis of A.

Since A contains three elements, every subset of 4 has at most three elements. We look
for subsets according to the number of elements:

Number of Elements
in Subset Possible Subsets

0 ]

: {at. {b}. {e}

2 {a, b}, {a. ¢} {b.c}

3 {a b, c}
Thus. we see that 4 has eight subsets. namely. those listed on the right. {Note thal we
count 4 as a subset of itself’) »» Mow Try Exercise 5

In general, if a set 4 contains # elements, then A will have 2" subsets. (In Section 7,
we will prove this [act.)



It is usually convenient to regard all sets involved in a particular discussion as sub-
sets of a single larger sei. Thus, for example. if a problem involves the seis
{a.b,eh {e.fL {gl, {b, x. »}. then we can regard all of these as subsets of the set

U7 = {all letters of the alphabet}.

Since U coniaing all elemenis being discussed, it is called a universal set (for the par-
ticular problem). In this text, we shall specify the particular universal set that we have in
mind or it will be clearly defined by the context,

The sei 4 contained in the universal set U/ has a counterpart, called its complement.

DEFINITION Complement of a Set The complement of A4, written A' and pro-
nounced “A complement.” is defined as follows:

A" is the set of all elements in the universal set L' that do not belong to A.

Forexample, let U= {1.2,3.4.5.6,7.8,9} and 4 = {2. 4, 6, 8}. Then,
A"=11,3,579}

EXAMPLE 4

SOLUTION

Finding the Complement of a Set Let U= {a.b,c.d. e, f.g}. 5= {a.b.c}. and
T'={a, c, d}. List the elements of the following sets:

(a) & (b)y T {c) (5mTY @ snm (e) STUT

(a) S consisis of those elements of U that are not in S, so §' = {d, e, f. g}.

(b) Similarly, 7" = {b.e.f. g}

(c) Asisthe case in arithmetic, we perform the operation m parentheses first. To deter-
mine (§M T)', we must first determine SN T

SNT={a.c}
Then, we determine the complement of this set:
(SATY ={b,d.ef g}

(d) We determined 5" and T" in parts (a) and (b). The set §" M T’ consists of the elements
that belong 1o both 8" and 7. Therelore. referring to parts (a) and (b), we have

SOT ={efg}
(e) Since 5" U T consists of the elements that belong to 8" or 7" (or both),

SUT ={bdef g}
» Now Try Exercises %(e) and (f)

The results of paris (¢) and (d) show that in general (SN T) is ot the same as 8" M T,
In ihe nexi section, we show that (M 7"’ is the same as §" U T,

EXAMPLE 5

College Students Let V= {students at Gotham College}, £ = {students at Gotham

College who are at most 18 years old}. and § = {STEM majors at Gotham College}.

(a) Use set-theoretic notation (that is. union, intersection, and complement symbols)
to describe {students at Gotham College who are at most 18 years old or are not
STEM majors}.

(b) Use set-theoretic notation 1o describe {studenis at Gotham College who are older
than 18 and are STEM majors}.

(€) Describe in words the set ' M 8",

(d) Describe in words the set F' L S,



SOLUTION (a) EU S

) ENS

(c) {sudents al Gotham College who are older than 18 and are not STEM majors}
(d) 4students at Gotham College who are older than 18 or are STEM majors}

» Now Try Exercises 21 and 33

The symbol € 15 commonly used with sets as a shorthand for “is an element of.”
For instance, if § = {H, T}. then H € §. The symbol € should not be confused with
ihe symbol C. For instance, H € &, but {H} C S. The symbol & is sherthand for “is
not an element of.” The symbol © can be used when defining union, intersection, com-

plement. and subset.

DEFINITIONS
Union
Intersection
Complement
Subset

Al RBigstheset ofall xsuchthat x € A orx € B,
A M Bis the set of all x such thai x € 4 and x € B.
A'isthe set of all x € Usuch that x & A.

B C Aif x € A whenever x € B.

Check Your Understanding 1

Sulutions can be found following the section exescises,

L Let U= {a. b, c.d efgh. R={a b c.d}. §={r.d e},

and T'= {c, £, g}. List the elements of the following sets:

Mabel Prizes}, L = {Nobel winners in literature s, Describe
the following seis:

(a) R’ by RNS (a) W' b) ANL (€) WNANL
() (ROSHNT (d) ROGSNT) 3. Reler to Problem 2. Use set-theoretic notation to describe

2, Let /= {all Nobel winners}, W = {women who have {Nobel wanners who are American men or recipients of the
received Mobel Prizest, 4 = {Americans who have received Nobel Prize in literature}.

EXERCISES 1

Lo Let U=11,2,3,4,5,6,7},5={1,2,3,4},and compares the pereeniage change in the index during the first
T={1,3 5, 7}. List the elemenis of the following sets: 5 business days of certain years with the percentage change for
(a) & (by SUT () SN T M)y 'mT the entire year. Let UF = {all years from 1996 to 2015}. § = {all

_ _ _ . during which the mdex increased by 2% or more during

2. Let U={1,2,3,4,5},§={1,2.3}, and T = {5}. List the years , ,
Cemente if e Dllowing scli: {3} Lht; ﬁl‘lﬂ 5 ?us:tnsaslté:}rs}._ and T—.{all I:fears .for which ﬂlue
@) § M SUT © SNT @ SNT index mereased by 16% or more during the entire year}. Lis

the elements of the following sets:

3. Let &= {all letters of the alphabet}. K= {a, b, ¢} (a) & W T (€) SNT
S={a.e i,0,u}t, and T = {x, y, z}. List the elemenis of the @ SUT (@ SNT (f SNT
following sets: 10. S&P Index Refer to Table 3 on the next Let U= {all
a1 RU S RO g OSAT 4 5 R . ndex Refer to Table 3 on the next page Let U= {a
@) ®) s © 5N @ 5 years from 1996 (o 2015}, A = {all years during which the

4. Let U={a.h.c .d‘ e fgh. R={a}. 5= ‘1*3; b}. and index declined during the first 5 business days}, and B = {all
T'={b,d,e.f g} List the elements "ﬁ the following seLs: years during which the index declined for the entire year}.
(a) RUS by ROS ) T (M TUS List the elements of the following seis:

5. List all subseis of the set {1, 2}, {a) A by & (c) AME

[} !

6. List all subseis of the set {1, 2, 3, 4}. @ 4£NE @ ANE o

7. College Students Let U7= {all college students}, F= {all 1L if:‘ ;‘fj;:sﬂt:f‘;rei:;ef;mm 9. Degaribe in words the fact that
freshman eollege students), and B = {all college students who
like basketball}. Describe the elements of the [ollowing seis: 12. S&P Index Refer to Exercizse 10. Describe in words the fact
(a) FOVH b B 0 FNE (y FUA that 4° M A has two elements.

8. Corporations Let U/ = {all corporations}. § = {all corpora- 13 Let U={a b.c.d e.f}. R={a.b,c}, §={a b.d}. and

tions with headgquarters in New York City}. and T'= {all
privately owned corporaiions }. Describe the elements of the
lollowing sets:
(a) & by T

© SNT (@ sNT

. S&P Index The Standard and Poor's Index measures the price

of a certain collection of 500 stocks, Table 3 on the nexi page

T'={e,f}. Listthe elements of the following sets:

(a) (RUSY (h) RUSUT
(© ROSNT (@ RONSNT

€ RNSNT n SUT

(2) (RUS)N{RUT) (W) (RNSIJ(RNT)
i ROT



Table 3 Percentage Change in the Standard and Poor’s Index

Percent Change Percent Change

Percent Change Percent Change

Year for First 5 Days for Year Year for First & Days for Year
2015 0.0 —0.7 2003 —2.1 3.0
2014 —0.5 11.4 2004 1.8 9.0
2013 2.2 296 2003 34 26.4
2012 1.7 13.4 2002 1.1 =234
2011 1.1 0.0 2001 ~1.9 =13.0
2010 2.7 12.8 2000 -1.9 =101
2009 0.7 23.5 1999 37 19.5
2008 -53 —38.5 1998 1.5 26.7
2007 ~0.4 4.8 1997 L0 310
2006 3.0 13.6 1996 0.4 203

[ Source: www forecast-charr.com, wwiinvesting com)

4, Lt = {1.2. 3, 4. 51, R={1.3. 5}.8§= {5 4, 5}.and
T = {2,4}. List the elements of the following sets:

(a) RNSNT (b ENSNT" (e) RNSNT
M RNT ey RUS iy RUR
@ (sNTY (h)y sTUT
In Exercises 15-20, simplify each given expression.
15 (8" 16. S5 17. SU S
18. §M@ 19 I'msnT 0. SUE

Corporation A large corporation classifies its many divisions by
their performance in the preceding year. Let P = {divisions that
made a profit}, L = {divisions that had an increase in labor costs},
and T = {divisions whose total revenue increased}. Describe the
sefs in Exercises 21-26 by using set-theoretic notation.

21. {divisions that had increases in labor costs or total revenue
22, {divisions that did not make a profit}
23, {divisions that made a profit despite an inciease in labor costs}

24, {divisions that had an increase in labor costs and either were

unprofitable or did not increase their lotal revenue }

25, {profitable divisions with increases in labor costs and total
TEVENUE

26, {divisions that were unprofitable or did not have increases in
gither labor costs or total revenue}

Automobile Insurance An automobile insurance company classi-
fies applicants by their driving records for the previous three
years. Let § = {applicants who have received speeding tickets},
A = {applicants who have caused accidants }, and D = {applicants
wiho have been arrested for driving vihile intoxicated }. Describe
the cets in Exercises 27-32 by using set-theoretic notation.

27. {applicants who have not received speeding tickeis}

28. {applicants who have caused acoidents and been arrested for
drunk driving}

29, {applicants who have received speeding tickets, caused acci-
dents, or been arrested for drunk driving}

30. {applicants who have not been arrested for drunk driving, but
have received speeding tickets or have caused accidenis}

31. {applicants who have not both caused accidents and received
speeding tickets bui who have been arrested for drunk driving b

32. {applicants who have not cavsed accidents or have not been
arrested for drunk driving}

College Teachers and Students Let L"= {people at Mount Collegs },
A = {students at Mount College }, B = {teachers at Mount College },
' = {people at Mount College who are older than 35}, and
D = {people at Mount College who are younger than 35}. Describe
verbally the sets in Exercises 33-40.

3. AND 4. BNC 35. AN B
37. A0 38. (AN Dy 9. 0

36. BUC
40. DNy

lce Cream Preferences Let [V = {all people}, § = {people who like
strawberry ice cream}, V= {people who like vanilla ice cream},
and O = {people who like chocolate ice cream}. Describe the sets
in Exercises 41-46 by using set-theoretic notation.

41. {people who don't like vanilla ice cream}
42, {people who like vanilla but not chocolate ice cream}

43, |people who like vanilla but not chocolate or strawberry ice
cream}

44, |people who don't like any of the three flavors of ice cream}
45, {people who like neither chocolate nor vanilla ice cream}
44, {people who like only strawberry and chocolate ice cream}

47, Le{ U be the set of verfices in Fig, 1. Lel R = {verfices (x, ¥)
with x = 0}, § = {vertices (x, y) with y = 0}, and T = {ver-
tices (x, ) with x = y}. List the elements of the following sets:

(a) R (b} & (e} T
(dy R'US (e) R'OT )y ROSNOT
v
F4, 9
F(0,7) DT
feasible C,4)
set
A0, 0 B(7,0)
Figure 1



48. Let U/ be the set of vertices in Fig. 2. Let R = {wvertices (x, ¥)
with x = 150}, §= {wverfices (x,») with » =100}, and
T = {verlices (x, p) with x + » = 400}. List the elements of
the lollowing sets.

50.

Toppings Choices Amy ordered a baked polato al a restan-
rant. The server offered her butter, cheese, chives, and bacon
as toppings. How many different ways could she have her
potato? List them.

(a) R . {_b] Sr (©) 'Tr ) , 51. Lei §={1,3,5, 7} and T= {2, 5,7}. Give an example of a
@ RNOS ) RUT 6 R'OsSNT subset of T that is not a subset of S.
y 52. Suppose that § and T are subsels of the set . Under what
circumstance will S T'= T7
a= 53. Suppose that § and T are subsets of the set L. Under what
(0, 350y —= (10 350) circumstance will SU T'= 7T
54, Find three subsets of the set of iniegers from 1 through
feasible 10, R, 8§, and T, such that RU(SM T) is different from
set I (400, 1007 (RUSIAT.
A0 50 \ ) . ;
E (30, 0) C[-ifbﬂ: 0 Ifr;l::emses 55-62, determine whether the statement is true or
Figure 2 55. 5€{3,5,7 56. {1,3} C {1.2, 3}
49, Sandwich Teppings Ed’s Cheesesteaks offers any combination 57. {b} C {b.c} 58. 0 {1,2,3}
of three toppings on his sandwiches: peppers, omons, and 59. 0 60 c b
nushrooms, How many different ways can you order a sand- ) 2 -@C{abc}
wich frora Ed? List them. 61. {b.c} C{b,c} 62. 1 & {1}
Solutions to Check Your Understanding 1
1. (a) {e.f. g} (b} {c, d} 2, (a) W' = {men who have received Mobel Prizes}. This is so,

(c) {c}. This problem asks for the intersection of two sets.
The first set 13 RO 8 = {c, d}, and the second set is
T = {e.e, gh. The intersection of these sets is {c}.

{d) {c}. Here again, the problem asks for the intersection of
two sets, However, now the first set is R = {a, b, ¢, d} and
the second setis S M T'= {r, e}. The intersection of these
selsis {c}.

Note: It should be expected that the sel (ROVS)M T s the
same as the set RS T, for each et consists of those ele-
ments that are in all three sets. Therefore, each of these sets
equals theset ROSM T

3.

since W' consists of those elements of U that are not m W

that 15, those Nobel winners who are nol women.

(b) AML" = {Americans who have received Nobel Prizes in
fields other than literature }

{c) WN4ANL = {American women who have received
Mobel Prizes in fields other than literature}. This is so.
since Lo gualify for W4 ML, a Nobel winner must
sirmltaneously be in W, in 4, and in L' that is, a wornan,
an American, and not a Nobel winner in literature,

(AN WYUL

B A Fundamental Principle of Counting

A counting problem 1s one thal requires us to determine the number of elements in a
set 5. Counting problems arise in many applications of mathemartics and comprise the
mathematical field of combinatorics. We shall siudy a number of different sorts of
counting problems in the remainder of this chapter.

If § 15 any sei, we will denoie the number of elements in S by 1(5). For example,
il §={1,7.11}, then n(8) =3, and if § = {a. b, ¢, d.e. f, g, h. i}, then n(§) = 9. Of
course, il 8 = &, the empty set, then n{5) = 0.

Let us begin by siating one of the fundamential principles of counting, the inclusion—

exclusion principle.

Inclusion-Exclusion Principle Let & and 7 be seis. Then,

r(SUT)=n(SY+n(T)— (SN T). (1)

Notice that formula (1) connects the four quantities n(SU 1), n(S), n(T), and
n{§ M T). Given any three. the remaining guantity can be deiermined by using this

formula.



Tao test the plausibility of the inclusion—exclusion principle, consider this example.
Let §={a.b,c,d e}and T= {a, c g h}. Then,

SUT={a.b.c,deghl n(SUT)=7T
SNT={a,c} R(SNT)=2.

In this case, the inclusion-exclusion principle reads

nSUT)=np(S)+n(T)—n(SNT)
T =53+ 4 2,

which is correct.

Here is the reason for the validity of the inclosion-—exclusion principle: The left side
of formula (1) is n (5 U 7). the number of elements in either § or T (or both). As a first
approximation to this number, add the number of elements in § o the number of ele-
ments in 7', oblaining m(S) + n(1'). However, il an element lies in both 8 and T, it is
counted twice—once in #(5) and again in #(T). To make up for this double counting,
we must subtract the number of elements counted twice, namely, n(S1M T'). So doing
givesus nl(S) + n(T) — n(S M T) as the number of elements in 51U T,

When § and 7" are disjoint, the inclusion—exclusion principle reduces to a simple
sum.

Special Case of the Inclusion—-Exclusion Principle If SN T = &, then

aSUT)=n(S)+n(T)

The next example illustrates a typical use of the inclusion-exclusion principle in an
applied problem.

EXAMPLE 1

SOLUTION

Using the Inclusion—Exclusion Principle In the year 2016, Executive magaZine sur-
veyved the presidents of the 500 largest corporations in the United States. Of these
300 people, 310 had degrees (of any sort) in business, 238 had undergraduate degrees
in business, and 184 had graduate degrees in business. How many presidents had both
undergraduate and graduate degrees in business?

Let

S5 = | presidents with an undergraduate degree in business }

T = {presidents with a graduate degree in business}.
Then,

S'U T = {presidents with at least one degree in business}
SN T = {presidents with both undergraduate and graduate degrees in business }.

From the data given, we have
n(S)=238 n(T)=184 w(SUT)=310.
The problem asks for #(S M T). By the inclusion—exclusion principle, we have
HSUT)=n(&)+niT)—n(SNT)
310 =238 + 184 —n(STT)
n(SNT)=112.

That is, exacily 112 of the presidents had both undergraduate and graduate degrees in
business. > Now Try Exercise ¢



Figure 2

Venn Diagrams

It is possible 1o visualize seis geometrically by means of drawings known as Venn dia-
grams. Such graphical representations of sels are very useful tools in solving counting
problems. In order to describe Venn diagrams, let us begin with a single set § contained
in a universal set 7. Draw a rectangle, and view its points as the elements of L7 [Iig.
1{a)]. To show that & is a subset of U, we draw a circle inside the rectangle and view &
as the set of points in the circle [Fig. 1(b)]. The resulting diagram is called a Venn dia-
gram of 5. It illustrates the proper relationship between S and U, Since S’ consisis of
those elements of L/ that are not in S, we may view the portion of the rectangle that s
ouiside of the circle as representing 8’ [Fig. 1(c)].

L o u

(a) (h} {c)
Figure 1

Venn diagrams are pariicularly vselul for visualizing the relationship beiween two
or three sets, Suppose that we are given two sets S and 7" in a universal set U. As before,
we represent each of the seis by means of a circle inside the rectangle (Fig. 2).

‘We can now illusirate a number of sets by shading in appropriaie regions of the
rectangle. For instance. in Fig. 3(a). (b). and (c), we have shaded the regions corre-

sponding to T, SU T, and S M T, respectively.

| 5 T

Figure 3

anT
) ()

EXAMPLE 2

SOLUTION

Shading Portions of a Venn Diagram Shade the portions of the rectangle correspond-
ing 1o the seis
(@) sN71" (by (8N T
{a) SMT" consists of the points in § and in T"—that is, the points in § and notin T
[Figs. 4(a), 4(b) on the next page]. So we shade the points that are in the circle S but are
not in ithe circle 7' [Fig. 4ic)].
{(b) (ST is the complement of the set § 1 T Therefore, it consists of exactly those
poinis not shaded in Fig. 4(c). [See Fig. 4(d).]
»» Now Try Exercises 15 and 19
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In a similar manner, Venn diagrams can illusiraie intersections and unions of three
sels. Some representative regions are shaded in Fig. 5.
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There are many formulas expressing relationships between intersections and unions
of sets. Possibly the most fundamental are the two formulas known as De Morgan's laws.

Let 8 and T be sets. Then,
(SUT)Y=8NT" and (SNTYy=5UT".

De Morgan's Laws




In other words, De Morgan’s laws state that, to form the complement of a union
{or intersection), form the complements of the individual seis and change unions to
interseciions {or inierseciions to unions).

Verification of De Morgan’s Laws

Let us use Venn diagrams 1o deseribe (5 U 7). In Fig. 6(a), we have shaded the region
corresponding to U 7. In Fig. 6{b), we have shaded the region corresponding to
(S T). In Figs. 6(c) and 4(d), we have shaded the regions corresponding to 8" and 7.
By considering the common shaded regions of Figs. 6ic) and (d), we arrive at the shaded
region corresponding to 8" M T [Fig. 6{e)]. Note that this is the same region as shaded
in Fig. 6(b). Therefore,

(SUTy=5nNnTt",

This verifies the first of De Morgan's laws, The proof of the second law is similar,

L L
SUT ' (SuTy
(a) )
1 o I
57 T sS'nT
(el (d) (el
Figure &
INCORPORATING % WollramAlphs  Venn diagrams can be displayed with instructions containing the

TECHMOLOGY words intersect, union, and complement. For instance, the instruction
S intersect (complement R) intersect (complement 1)

produces the fourth Venn diagram of Fig. 3.

Check Your Understa ndir'lg 2 Selutions can be found fellowing the secticn exercises,
1. Draw a two-circle Venn diagram, and shade the portion cor- 2, What does the inclusion—exclusion principle conclude when
responding to the set (SO T U (SN T, T i3 a subset of 57
EXERCISES 2
1. Find n{SU T), given that n(S) = 4, n(T) = 4, and 3. Find n(SM1T), given that n(5) = 6, n(T) = 9, and
SN T) =2 A(5UT)=15.
2. Find n(5U T), given that n{8) = 17, »(T) = 13, and 4. Find n(S5 M T). given that n(8) =4, »({T) = 12, and

n(SMT =0, r(SUT)=135



5. Find n(5). given that n(T) =T, 087 T) = 5. and
n(&UT)y=10.
6. Find #(T), given that #(8) = 14, #n (SN T) = 6, and

n(§UT) =14,

7. If r(S) = a(SM T, what can you conclude about § and 77
g If n(T) = n(SU T). what can you conclude about § and T

-

1.

11

9. Languages Suppose that each of the 314 million adults in

South America is fluent in Poriugoese or Spanish. IF 170
million are fluent in Portuguese and 155 million are fluent in
Spanish, how many are fluent in both languages?

Course Enrollments Suppose that all of the 1000 first-vear stu-
dents at a certain college are enrolled in a math or an English
course, Suppose that 400 are taking both math and English and
00 are taling English. How many are taking a math couwrse?

Symmetry of Letters Of the 26 capital letters of the alphabet,
11 have vertieal symmelry (for mstance, A, M, and T), 9 have
horizontal symmetsy (such as B, C, and D), and 4 have both
(. 1. O, X). How many letters have neither horizontal nor

3. RO(S'UT)

33. RNT

5. RUSUT

37. (RNT)U(SN T

32, RMUENTY

M. 5NT

3. (ROVSNTY

W (RUS)YNRUTY

In Exercises 39-44, use De Morgan's laws to simplify each given
expression.

I/ EUEOTY
41, (8'J Ty

43, TSN T

40, SN(SUTY
42, (5'NOTY
44, (S'NTYUs

In Exercises 45-50, give a set-theoretic expression that describes
the shaded portion of each Venn diagram.

45. 46,

vertical symmetry?

12. Streaming Subscriptions A survey of employees in a ceriain
company revealed that 250 people subscribe to a streaming
video service, 73 subscribe io a sireaming music service, and
25 subseribe Lo both. How many people subscnibe Lo at least
one of these services?

13. Automobile Options Motors Inc. manofactured 325 cars with
navigation systems, 216 with push-button start, and 89 with
both of these opiions. How many cars wers manufactured
with ai least one of the two options?

14. Investments A survey of 120 invesiors in stocks and bonds
revealed that 90 investors owned stocks and 70 owned bonds,
How many mvestors owned both stocks and bonds?

In Exercises 15-26, draw a two-circle Venn diagram and shade the
portion corresponding to the set.

15. 5N T 16. N T

17. S UT 18. S'UT

19. (SN T 20. (SN TY

21 (SO THUS N T) 2. (SNTHUES'NT)
23, SU(SNT) 24, SU(T'US)

25, SUS’ 26. SN S

In Exercises 27-38, draw a three-circle Venn diagram and shade
the portion corresponding to the set.

27. ROSNT 28, RS NT
29, RUSNT) 3, ROSUT)

Solutions to Check Your Understanding 2

47.

— 48,
\TJ N,

50, -

=
5
A
=
[75)
M

b |
\d
Ve
o
|

X

/{ .

By drawing a Yenn diagram, simplify each of the expressions in
Exercises 51-54 to invelve at most one union and the camplement
symbaol zpplied only to K, 5, and T

SL(TM&)UNTNRURMASYUITAR NS
2. (RNUESNTUERMNS NTY

S (RO SISO TOLITARY

M. (RNTHUERNSUENTYURNS NI

Citizenship Assume that the universal set ' is the set of all people
living in the United States. Lat 4 be the set of all U.S. citizens, let A
be the set of all children under 5 years of age, let C be the set of
children from 5 to 18 years of age, let £2 be the set of everyone over
the age of 18, and let ¥ be the =et of all people who are employed.
Describe in words each setin Exercises 5560,

35. A"U(DNE) 56. ANCNE
57. DN E 58. AN(DUE)
59. AN B 6. BN E

L (SOTYUSMT) is given as a union of two sets, SO T’
and & M 7. The Venn diagrams for these (wo sets are given in
Fige 7(a) and (b). The desired set consists of the elements that
are in one or the other (or both) of the two sets. Therefore,
its Venn diagram is obiained by shading everything that is
shaded in either Fig. 7(a) or {(b). [See Fig, 7(c).] Note: Look-
ing at Fig. 7{c) reveals that (SO THUS M T and § are the
same set. Often, Venn diagrams can be used to simplify com-
plicated sei-theorsiic expressions.

2. When TC 5.5UT= 8§ and §M T'= T the inclusion
exclugion principle becomes

ST =riS)+rTY—n(SNT)
A8y =nis) +n(T) — a(T)
(&) = n(s),



Figure 7

BEM Venn Diagrams and Counting

(SNTIUENT
(c)

In this section. we discuss the use of Venn diagrams in solving counting problems. The
iechniques developed are especially useful in analyzing survey daia.

Each Venn diagram divides the universal set / into a certain number of regions.

Far example, the Venn diagram for a single set divides IV into two regions—the
inside and outside of the circle [Fig. 1(a)]. The Venn diagram for two sets divides 1/
into four regions [Fig. 1{b)]. The Venn diagram lor three sets divides U into eight
regions [Fig. 1(c)]. Each of the regions is called a basic region for the Venn diagram.
Knowing the number of elements in each basic region is of great use in many applied
problems. As an illustration, consider the next example.

L
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L
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A I / "'-\ /.-" v ~+ _ ___,.-;rﬂm_____%

\‘m - e — \ T /

(a) )] fc)
Figure 1

SOLUTION

Mobel Prize Winners Let

[/ = [Nobel winners during the period 1901-2015}

A = {American Nobel winners during the period 1901-2015}
("= | Chemisiry Nobel winners during the period 1901-2015}
P = {Nobel Peace Prize winners during the period 1901-2015}.

These sets are illusiraied in the Venn diagram of Fig. 2, in which each basic region has

been labeled with the number of elements in it.

{a) How many Americans received a Nobel Prize during this period 1901-20157

(b) How many Americans received Nobel Prizes in fields other than chemistry and
peace during this period?

{c) How many Americans received the Nobel Peace Prize during this period?

(d) How many Nobel Prize winners were there during this period?

(a) The number of Americans who received a Nobel Prize is the (oial contained in the
circle A [Fig. 3(a) on the next page]. which is

249 + 26 + 1 + 69 = 345,
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Figure 3

(b)

(c)

(d)

The question asks lor the number of Nobel winners in 4 but not in C' and not in P.
So start with the 4 circle. and eliminate those basic regions belonging to ¢ or P
[Fig. 3(b)]. There remains a single basic region with 249, Nobel winners. Note thai
this region corresponds to A MV C' M P

The question asks for the number of elements in both 4 and P —thatis, n{d M P).
But A M P comprises two basic regions [Fig. 3(c)]. Thus, o compute n{d M P), we
add the numbers in these basic regions Lo obtain 26 + 1 = 27 Americans who have
received the Nobel Peace Prize.

The number of recipients is jusi #( L), and we obiain it by adding together the num-
bers corresponding Lo the basic regions. We oblain

335 +249+ 09+ 1+ 26+ 101 + 0+ 99 = 900,
¥ Now Try Exercises 1-4

One need not always be given the number of elements in each of the basic regions off

a Venn diagram. Very often, this data can be deduced from given information,

EXAMPLE 2

SOLUTION
L
IV
,-"__ — (___d-—— o
VARN- T T
I." I,-r ".I \\II
| o |I I | 11 |
\ \ / /
\'\'-\._ _.-*X--.\_ o _//
Figure &

Corporate Presidents Consider the set of 500 corporate presidenis of Example 1,
Section 2.

(a)
(b)

(a)

Draw a Venn diagram displaying the given data, and determine the number of ele-
menls in each basic region.

Determine the number of presidents having exactly one degree (graduate or under-
graduaie) in business.

Recall that we defined the following sets:

5 = { presidents with an undergraduate degree in business}.

T = {presidents with a graduate degree in business}.
We were given the following data:

n(U) = 300 n(S) = 138 n(T) = 184 r(SUT) = 310.

We draw a Venn diagram corresponding to 5 and T (Fig. 4). Notice that none of
the given information corresponds to a basic region of the Venn diagram. So we
must use our wits to determine the number of presidents in each of the regions T-TV.
Region [V is the complement of S T, so it contains

() = n(SUT)= 500 — 310 =190

presidents. Region 1 is just M 7. By using the inclusion—exclusion principle, in
Example 1, Section 2, we determined that (S M T) = 112, Now, the total number
of presidents in I and II combined equals n{8). or 238, Therefore, the number of
presidents in 1T is

n(S)—n(SNT)=238 — 112 = 126.



Similarly, the number of presidents in 111 15
a(T)—n(5NT)=184 - 112 =72,

Thus, we may fill in the data to obtain a completed Venn diagram (Fig. 3).

u u
19!] — 180 — -
N AT D
|' 126 72 |
\ I\\ /ﬁl
-Figure 5 Figure &

(b) The number of people with exactly one business degree corresponds to the shaded
region in Fig. 6. Adding together the number of presidents in each of these regions
gives 126 + 72 = 198 presidents with exacily one business degree.

»» Now Try Exercise 23

Here is another example illusirating the procedure for determining the number of
elements in each of the basic regions of a2 Venn diagram.

EXAMPLE 3

SOLUTION
w(I7) = 170

/ >\/ \
\ /
'\_ __./

Figure 7

Advertising Media An adveriising agency [inds that the media use of its 170 clienis is
as follows:

115 use television (T)

100 use the Internet (1)

130 use mobile apps { M)

75 vse television and the Internet

93 vse the Internet and mobile apps

83 use television and mobile apps
70 use all three.

Use this data to complete the Venn diagram in Fig, 7 to display the chients’ use of mass
media.

Of the various daia given, only the last item corresponds to one of the eight basic
regions of the Venn diagram-— namely, the “70" corresponding to the use of all three
media. So we begin by entering this number in the diagram [Fig. 8(a)]. We can fill in
the rest of the Venn diagram by working with the remaining information one piece at
a time in the reverse aorder that it is given. Since 85 clients advertise in television and
mobile apps, 85 — 70 = 15 advertise in television and mobile apps but not on the
Internet. The appropriate region is labeled in Fig. &(b). In Fig. 8(c), the next two
pieces of information have been used in the same way io fill in two more basic regions.
In Fig. 8(c). we observe that three of the four basic regions comprising M have been
filled in. Since n(M) = 130, we deduce that the number of clients advertising only in

/,
™

\

Tﬂ
(X
X}

_

'\

N /’

”_ - U i} ’_ _ i
[ ‘\ .- T f’& II/ T J:" EL! \‘\l
e \ \ \ / \ 70 5\
\ =

Figure 8

{a)

(b}




mobile appsis 130 — (15 4+ 70 + 25) = 130 — 110 = 20 [Fig. 9(a)]. By similar reasoning,
the number of clients using only Iniernet advertising and the number using only tele-
vision advertising can be deiermined [Fig. 9(b)]. Adding together the numbers in the
three circles gives the number of clients utilizing television, Internet. or mobile apps as
25+5+0+15+70+ 25+ 20 =160. Since there were 170 clienis in total, the
remainder—or 170 — 160 = 10 clients—use none of these media. Figore 9(c) gives a
compleie display of the data.
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Figure 9

Check Your Understanding 3

» Now Try Exercise 31(a)

Selutions can be found fellowing the section exercises,

1. Of the 1000 firsti-year studenis at a certain college, 700 take
mathematics courses, 300 take mathematics and economics
courses, and 200 do not take any mathematics or economics
courses. Represent this data in a Venn diagram,

EXERCISES 3

2. Refer to the Venn diagram from Problem 1.
{a) How many of the first-year students tale an economics
course’
(b) How many take an economics course but not a math-
emalics course’?

Family Library The Venn diagram in Fig. 10 classifies the 100 books
in a family's library as hardback (#7), fiction (). and children's ().
Exercises 1=10 refer to this Venn diagram.

If'/ H 75 F \\'.

20 |

| 19 '._g_.-'L.

Figure 10

1. How many books are hardback fiction?

2. How many books are paperback fiction?

3. How many books are fiction?

4. How many books are nonfiction?

5. How many books are paperback nonfiction children’s books?
. How many books are adult hardback nenfiction?

7. How many books are either hardback or fiction?

#. How many hardback books are either ichion or children’s
boolks?

9. How many children’s books are either hardback or fiction?

10. How many books are either hardbaclk, fiction, or children’s
books?

In Exercises 11-22, let &, 5, and T be subsets of the universal set
/. Draw an appropriate Venn diagram, and use the given data to
determine the number of elements in each basic region.

1. n(U)=17,0(5) =12, 2(T) = 7,n(SNT) =5

12, n(U)=20,0(S) =11, 0T =T, 05NT)=17
13, ni) =20, r(5)= 12, 0T = 4. n(SUT) =18
4. n(5Y=4n(SUT)=12.0(§NT)=5nT)=9
15, n(U) =75, 0(S) = 15, 0T =25 n(5' M1 Ty =40
16. n(S)=10,n(T)=10,n(SNT) = 5,n(5) = 13
17. riS) =L nSUT)=06,0(T)=4n(SUT" )=
18. n(l=15,n(5)=8.n(T)=9.n(8UT) =14

19, (L) =28, n(R) = 12,5y = 12, n(T) =9, n(RN §) =
RENT) =3, ROT)=T.r(ENSNT)=2

200 (U =29, n(R) = 10, n(8) = 12, 0n(T) = 10, n(RM &) = 1.
RIROT)=5rSNT)=4nRNSNT)=1

21 n(R ) =22 niRUS)=21.0(8)= 14, n(T)=
ARNS)=T.a(SNT)=9,nRNT) =11,
R(ROSNT)=13

22, n(U =64, n(RUSUT) =45 n(R) = 22,n(T) =
n(RNS)=4.a(SNT)=6,nRNT) =8,
RROASNT)=1

23, Music Preferences A survey of 70 high school students
revealed that 35 like rock music, 15 like hip-hop music, and
5 like both. How many of the students surveyed do not like
either rock or hip-hop music?



24, Nobel Winners A Lolal of 900 Nobel Prizes had been awarded
by 2015, Fourteen of the 112 prizes in literature were awarded
to Scandinavians. Scandinavians received a total of 37 awards.
How many Nobel Prizes ouiside of literaiure have been
awarded to non-Scandinavians?

25. Analysis of Sonnet One ol Shakespeare’s sonnets has a verb
in 11 of its 14 lines, an adjective in 9 lines, and both in 7 lines,
How many lines have a verb but no adjective? An adjective
but no verb? Meither an adjective nor a verb?

Exam Performance The results from an exam taken by 150 stu-
dents were as follows:

20 students correctly answered the first question,
71 students correctly answered the second question,
&6 students correctly answered both questions.

Exercises 26-30 refer to these students.

26. How many students correctly answered either the first or sec-
ond guesiion?

27. How many students did not answer either of the two ques-
tions correctly?

28. How many students answered either the first or the second
question coirectly, but not boih?

29. How many stodents answered the second question correctly,
but oot the fizst?

30. How many students missed the second guestion?

31. Class Enrollment Qut of 35 students in a fimte math class. 22
are male, 19 are business majors, 27 are Arst-year students, 14
are male business majors, 17 are male first-year students, 15
are first-vear business majors, and 11 are male first-vear busi-
NEess MAJOTE
(a) Use this data to complete a Venn diagram displaying the
characteristics of the students.
(b} ITow many students in the class are neither first-year, nor
male, nor business majors?
(c) How many non-male business majors are m the ¢lass?
32. Exercise Preferences A survey of 100 college faculty who
exercise regularly found that 43 jog, 30 swim, 20 cycle, 6 jog
and swim. | jogs and cycles, 3 swim and cycle, and 1 does all
three, How many of the faculty members do not do any of
these activities? How many just jog?
Flag Colors The three most common colors in the 193 flags of the
member nations of the United Mations are red, white, and blue:

52 flags contain all three colors

103 flags contain both red and white

&6 flags cantain both red and blue

73 flags contain both white and blue

145 flags contain red

132 flags contain white

104 flags contain blue.
Exercises 33-38 refer to the 193 flags.
33. How many flags contain red, but not white or blue?
34. How many flags contain exactly one of the three colors?
35. How many flags contain none ol the three colors?
36. How many (lags contam exactly two of the three colors?
37. How many flags contam red and white, but not blue?
38. How many flags contain red or white, but not both?

Mews Dissemination & merchant surveyed 400 people to deter-
mine from what source they found out about an upcoming sale. The
results of the survey follow:

180 from the Internet

190 from television

190 from newspapers

80 from the Internet and telavision
90 from the Internet and newspapars
50 from television and newspapers
30 from all three sources,

Exercises 39-44 refer to the people in this survey.

39. How many people learned of the sale from newspapers or the
Internet but not ffom both?

4. How manv people learned of the sale only from newspapers”

41. How many people learned of the sale from the Internei or
television bui not from newspapers?

42, How many people learned of the sale from at least two of the
three media?

43, How many people learned of the sale from exactly one of the
three media?

44, How many people learned of the sale from the Internet and
television but not from newspapers?

43. Course Enrollments Table 1 shows the number of students
enrolled in each of three science courses at Gotham College.
Although no students are enrolled in all three courses. 15 are
enrolled in both chemistry and physics, 10 are enrolled in bath
physics and biology, and 3 are enrolled in both bislogy and
chemistry, How many students are enrolled in at least one of

these science courses?
Table 1
Course Enrollment
Chemistry 60
Physics 40
Biology 30

Foreign Language Courses A survey in a local high school shows
that, of the 4000 students in the school,

2000 take French [F)

3000 take Spanizh (5)

500 take Latin (L)

1500 take both French and Spanish
300 take both French and Latin
200 take Spanish and Latin

50 take all three languages.,

Use a Venn diagram to find the number of people in the sets given
in Exercises 46-50.

4. LM(FLUS)
49, LUSUF

47. (LUFU5Y 48. L'

0. FOULS ML

51. Voting Preferences One hundred college students were sur-
veyed aller voling in an election involving a Democrat and
a Republican. There were 30 [irst-year studenis, 55 voled
Democratic, and 25 were non-first-year students who voied
Republican. How many first-year students voted Democratic?



52,

53.

54.

Union Membership and Education Status A group of 100 work-
ers were asked whether they were college graduates and whether
they belomged to a union. According to their responses, 60 were
not college graduates. 20 were nonunion college graduates, and
30 were union members. How many of the workers were
neither college graduates nor union members?

Diagnostic Test Results A class of 30 siudents was given a
diagnostic test on the first day of a2 mathematics course. At
the end of the semester, only 2 of the 21 students who had
passed the diagnostic test falled the course. A total of 23 stu-
deits passed the course. TTow many students managed (o pass
the course even though they failed the diagnosiic test?
Air-Traffic Controllers A group of applicants for training as
air-traffic controllers consisis of 33 pilots, 20 veterans, 30 pilots
who were not veterans, and 30 people who were neither veter-
ans nor pilots How large was the group?

College Majors A group of &1 students has the following
characteristics:

& are biology majors and seniors
17 are biclogy majors and not seniors
12 are not seniors and are majoring in a field other than biclogy.

Exercises 5560 refer to these students.

55.
56.
57.
58.
59.
o).

How many of the studenis are either seniors or biclogy majors?
How many of the students are seniors?

How many of the students are not semiors?

How many of the students are biology majors?

How many of the seniors are not biology majors?

How many of the students are not biology majors?

Music Preferences A campus radio station surveyed 170 students to
determine the genres of music they liked. The survey results follow:

114 like rock

50 like country

15 like rock and rap

11 like rap and country

20 like rap only

10 like rock and rap, but not country

9 like rock and country, but not rap

20 don't like any of the three types of music.

Exercises 61-68 refer to the students in this survey.

61.
62.

How many students like rock only?

How many students like country bui not rock?

Solutions to Check Your Understanding 3

. How many students like rap and country but not rock?

. How many students like rap or country but not rock?

. How many students like exactly one of the genres?

. How many students like all three genres?

. How manv students like at least two of the three genres?

70.

71

T2,

How many studenis do not like either rock or couniry?

Website Preferences Ome hundred and sixty business execu-
tives were surveyed to determine whether they regularly wvisit
the CNN Money, Bloomberg, or The Wall Street Jowrnal web-
sites. The survey showed that 70 visit CNN Money. 60 visit
Bloomberg, 55 visit The Wall Srreet Journal. 45 visit exactly
two of the three websites, 20 visit CANN Money and Bloom-
berg, 20 visit Blpomberg and The Wall Streei Jowrnal, and 5
vigil all three websiles, How many do not visit any of the thres
websites?

Small Businesses A survey of the characteristics of 100 small
businesses that had failed revealed that 95 of them either were
undercapitalized, had inexperienced management, or had a
poor locabon. Four of the businesses had all three of these
characteristics. Forty businesses were undercapiialized but
had experienced management and good location. Fifteen
businesses had inexperenced management but sufficient capi-
talization and good location. Seven were undercapitalized and
had mexperienced management, Nine were undercapilalized
and had poor location. Ten had inexperienced management
and poor location. How many of the businesses had poor
location? Which of the three characieristics was most preva-
lent in the failed businesses?

Music Each of the 100 students atiending a conservaiory of
music plays al least one of three mslruments: piano, vielin, and
clarinet. Of the students, 65 play the piano, 42 play the violin,
28 play the clarinet. 20 play the plano and the vielin, 10 play the
violin and the clarinet, and 8 play the piano and the clannet,
How many play all three instrumenis? Hing: Let x represent the
number ol students who play all three instruments.

Courses Students living in a certain dormitory were asked
about their enrollment in mathematics and history courses.
Ten percent were taking both types of courses, and twenty
percent were taking neither type of course. Ome hundred sixty
students were taking a mathematics course but not a history
course, and one hundred (wenty students were taking a his-
tory course but not & mathematics course. Ilow many stu-
dents were taking a mathematics course? Hmt: Let x be the
total number of students iving in the dormitory.

1.

Diaw a Venn diagram with two circles, one for mathemai-
ics (M) and one for economics (&) [Fig. 11{a}]. This Venn
diagram has four basic regions, and our goal is to label each
basie region with the proper number of studenis The num-
bers for two of the basic regions are given directly. Sinee =300
take mathematics and economics,” n(M M E) = 300, Since
200 do not take any mathematics of economics courses,”
(A KY) = 200 [Fig. 11(h)]. Now, “700 iake mathematics
courses.” Since M 1s made up of two basic regions and one re-
gion has 300 clements, the other basie region of M mus| contain
400 elements [Fig. 11(c)]. At this point, all but one of the basic
regions have been labeled and 400 + 300 + 200 = 900 students

2

have been accounted for. Since there is a total of 1000 studenrs,
the remaining basic region has 100 students [Fig. L1id)].

{a) 400. “Economics” refers to the entite circle /', which is
made up of iwo basic regions, one having 300 elements
and the other 100, (A common error is lo interpret the
question as asking foi the numbes of first-year students
who take economics exclusively and therefore give the an-
swer 100, To say that a person takes an economics course
does not imply anything about the persen’s enrollmeni i
mathemalics courses.)

(b) 100
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The Multiplication Principle

In this section, we introduce a second fundamenial principle of counting, the multiplica-
tion principle. By way of motivation, consider the following example:

EXAMPLE 1

SOLUTION

Counting Paths through a Maze A medical researcher wishes to test the effect of a drug
on a rat’s percepiion by studying the rat’s ability to run a maze while under the influence
of the drug. The maze is construcied so that, to arrive at the exit point ¢, the rat st
pass through a central point B. There are five paths from the entry point 4 to B, and
three paths from 8 to C. In how many different ways can the rat run the maze from 4 o
' ?(See Fig. 1.)

0
E

Figure 1

The paths [rom 4 o B have been labeled 1 through 5, and the paths from B 1o ¢ have
been labeled a through c. The various paths through the maze can be schematically rep-
resenied as in Fig. 2 on the next page. The diagram shows that there are five ways to go
from A 1o B For each of these five ways, there are three ways 1o go [rom B 1o . So
there are five groups of three paths each and therefore 53 = 15 possible paths from A
to C. (A diagram such as Fig. 2, called a tree diagram. is useful in enumerating the
various possibilities in counting problems.)
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Figure 2 »» Now Try Exercise 1

In the preceding problem, seleciing a path is a task that can be broken up nio two
consecutive choices,

Choose path from Choose path from
Ato B BtoC
Choice | Choice 2

The first choice can be performed in five ways, and afier the lirsi choice has been carried
out, the second can be performed in three wavs, And we determined that the entire task
can be performed in 5+ 3 = 15 ways. The same reasoning as just used yields the follow-
ing useful couniing principle.

Multiplication Principle Suppose that a task is composed of two consecutive
choices. If choice 1 can be performed in m ways and. for each of these, choice 2 can
be performed in # ways, then the complete task can be performed in m - 1 ways.

EXAMPLE 2

SOLUTION

Counting Routes for a Trip An airline passenger must fly from New York 1o Frankfurt
via London, There are 8 flights leaving New York for London. All of these provide con-
nections on any one of 19 flights from London to Frankfurt, In how many different
ways can the passenger book reservations?

The task Fly from New York io Frankfiurt is composed of iwo consecutive choices:

Select a flight from Select a flight from
New York to London London to Frankfurt
Choice 1 Choice 2

From the data given, the multiplication principle implies that the task can be accom-
plished in &+ 19 = 152 ways. » Now Try Exercise 3



It is possible to generalize the multuplication principle to tasks consisting of more
than two choices.

Generalized Multiplication Principle Suppose that a task consisis of ¢ choices per-
formed consecutively. Suppose that choice 1 can be performed in #1y ways; for each
of these, choice 2 in m; ways; for each of these, choice 3 in w3 ways: and so forth.
Then the task can be performed in

M| CHp c gt v My WAYS.

EXAMPLE 3

SOLUTION

Officers for a Board of Directors A corporation has a board of directors consisting of
10 members. The board must select from among its members a chairperson, vice chair-
person, and secretary. In how many ways can this be done?

The task Select the three officers can be divided into three consecutiive choices:

Select chairperson ‘ | Select vice chairperson ‘ | Select secretary

Sinece there are 10 direciors, choice | can be perfarmed in 10 ways. After the chair-
person has been selected, there are 9 direciors lefi as possible candidates for vice chair-
person so that for each way of performing choice 1, choice 2 can be performed in 9 ways.
Adter this has been done, ihere are 8 directors who are possible candidaies for secreiary,
50 choice 3 can be performed in & ways. By the generalized multiplication principle. the
number of possible ways to perform the sequence of three choices equals 10-9- 8, or
720. So the officers of the board can be selected in 720 ways.,

» Now Try Exercise 7

In Example 3, we made important use of the phrase “for each of these” in the gen-
eralized multiplication principle. The choice Select a vice chairperson can be performed
in 10 ways, since any member of the board is eligible. However, when we view the selec-
tion process as a sequence of choices of which Select a vice chairperson 1s the second
choice, the situation has changed. For each way that the first choice is performed, one
person will have been used up; hence, there will be only 9 possibiliiies for choosing the
vice chairperson.

Noie that the order of the choices doesn’t matter. For example, we could choose
the vice chairman first, then the secretary, then the chairperson, and we would arrive at
the same result.

EXAMPLE 4

SOLUTION

Posing for a Group Picture In how many ways can a baseball team of nine players
arrange themselves in a line for a group picture?

Choose the playvers by their place in the picture—say, from left to right. The first can be
chosen in nine ways; for each of these ouicomes. the second can be chosen in eight ways;
for each of these outcomes, the third can be chosen in seven ways; and so forth. So the
number of possible arrangements 1s

QeReTeG+5+4-3:2+1 = 362,880. 3 Mow Try Exercise 11

We can write the product 9-8-7+6+5-4-3-2+1 from the previous example in a
condensed way by using factorial notation:

DEFINITION Factorial If n1s a positive integer, the number » factorial, denoted n!,
is defined to be the product

nl=n(n—1)n—2)---(2)(1).

In addition, we define 0! = 1.




EXAMPLE 5

License Plates A ceriain siaie uses aniomohile license plates that consist of three let-

ters followed by three digits. How many such license plates are there?

SOLUTION

The task in this case, Form a license plate, consists of a sequence of six choices: three for

choosing letters and three for choosing digits, Each letier can be chosen in 26 ways and
each digit in 10 ways. So the number of license plates is

26-26-26-10-10-10 = 17.576,000.

Check Your Understanding 4

» Now Try Exercise 17

Solutionz can be found following the seclion exercises,

1. There are five seats available in a sedan. In how many ways 2, A mulitple-choice exam contains 10 questions, each having 3

can five people be seated if only three can drive? possible answers. Assuming you answer each question, how
many different ways are there of compleling (he exam?
EXERCISES 4

1. Jolene wants to diive from her house to the grocery store and 7. Winners Twenty athletes enter an Olympic event. Asswming
then to the lbrary. IF her GPS suggests four routes from her no ties, how many different possibilities are there for winning
house to the grocery store, and two routes from the grocery ihe Gold Medal, Silver Medal, and Bronze Medal?
$m:e t{;_ﬂ;e hbrz;r,;y, how many total ways are there for Jolene 8. Ranking Teams A sportswriter 15 asked to rank six teams.
to do this? (See Fig. 3.) How many different orderings are possible?

i 9. Electing Captains A {oolball squad can elect a captain and an
l/?\l assistant captain in 870 possible ways. How many membess
2 does the squad have?
House C> 10. Club Officers A club can elect a presideni and a treasurer in
600 different ways. How many members does the club have?
w 11. Group Picture A group of five boys and three girls is io be
i photographed.
Fiaure 3 (a) low many ways can they be arranged in one row?
g (b) How many ways can they be arranged with the girls in the

2. There are three bridges from the west shore of a river to an front row and the boys in the back row?
island in the center, and three bridges from the island 1o the 12. Arranging Books Three hisiory books and six novels are to be
easi shore. How many differeni ways are there to cross from arranged on a bookshelf,
the west shore to the east share? (See Fig. 4.) (1) How many ways can they be arranged?

(b) Uow many ways can they be airanged with the history
books to the left of the novels?

13. Rearranging Letters How many different words (including
nonsense words) can be formed by using the four letters of the
word “MATH"?

14. Three-Letter Words How many different three-letter words

. (including nonsense words) are there in which successive let-
Figure & ters are different?

3. Travel Options If you can travel from Fredericl, Maryland, to 15. Selecting an Outfit How many different ouifits consisting of a
Baltimore, Maryland, by car, bus, or irain and from Baliimore coat and a hat can be selected from two coats and three hats?
tE London f‘? ¥ a‘?ﬁw p;shqi. ]“:IW m%ﬂgﬂ;ﬁemtﬁwa}rs are 16. Selecting an Outfit How many different outfits can be selected
there o go from Predenck to London wvia hmore?! from two coats, four hats, and two scarves?

4, Trnu-l_l‘.'lptifms Suppose that Maria wants Lo go from .F"]unda 17. Serial Numbers A computer manufacturer assigns serial um-
T":'_ Maine via NFW Y“ﬂ'.[ and can travel cach lf:g of the journey bers to its compuiers. The first symbol of a senial number is
by b’_‘”” car, train, _Df? airplane. How many different ways can either A, B, or C, indicating the mamifacturing plant. The sec-
Maria make the trip? ond and third symbols taken together are one of the numbers

5. Daytona 500 Foriy-four race cars competed in the 2016 Day- 01, 02, ..., 12, indicating the menth of manufacture. The
tona 300. Assuming no les, how many possibilities were there linal four symbols are digits. How many possible serigl num-
for the first-, second-, and third-place finishers? bers are there?

6. Kentucky Derby Twenty horses competed in the 2016 Ken- 18. License Plates Suppose that a licenss plate consists of a non-

tucky Derby. Assuming no ties, how many possibilities were
there for the first, second, and third place finishers?

zero digit followed by three letiers and then three nonzero dig-
its. How many such license plaies are there?



19,

20.

21.

22,

Social Security Numbers ITow many Social Security num-
bers are available if the only restriciion is that the number
000-00-0000 canmot be assigned?

Call Letters In 1923, the Federal Communications Commis-
sion directed that all new radio stations east of the Mississippi
River have call letters beginmng with the letier W, Tlow many
different three- or four-letier call letiers are possible?

Area Codes Before 1993, three-digit area codes for the United
States had the following restrictions:
(1} Neither 0 nor | could be used as the first digit.
(i1} 0or 1 had to be used for (the second digit.
{11} There were no restrictions on the third digit.
How many different area codes were possible?

Area Codes Refer to Exercise 21, Beginning in 1995, restric-
tion (1) was lifted and any digit could be used in the second
position, How many different area codes were then possible?

Palindromes A number or word is said to be a palindrome if it
reads the same backward as forward (e.g., 58485 or radar).

23.
24,
as.

26.

27.

28,

29.

30.

il

32

33.

34,

How many 5-digit numbers are palindromes?

How many 6-digit numbers are palindromes?

How many 4-letter words (including nonsense words) are pal-
indromes?

How many 3-letter words (including nonsense words) are pal-
mdromes”

World Series The World Series of Baseball is played between
the American League and National League champions, in
which each league consists of 15 teams. How many different
possible matchups are there for the Wozld Series?

Super Bowl The Super Bowl 15 a game played between the
Mational Football Conference and American Football Confer-
ence champions. Each conference consists of 16 teams. How
many different possible matchups are there for the Super Bow!?

Bridge Games There are 3200 duplicate bridge clubs sanc-
tioned by the American Coniract Bridge Association. If each
club halds two games per week and each duplicate game con-
sists of 24 deals, how many deals are played in club games
cach year?

Ice Cream Selections An ice cream parlor offers 25 flavors
of ice cream. Assuming that order matters, how many differ-
ent two-scoop cones can be made? What if no flavor can be
repeaied?

Internet Accounts A college of 20,000 students provides each
student with an Internet account. Explain why letling cach
student have hiz or her initials as the vsername cannot pos-
sibly work, Assume that each person has a first name, middle
name, and last name and therefore that each person’s initials
caonsist of three letiers,

Pairs of Initials A company has 700 employees, Explain why
there must be two people with the same first and last minals,

Game Outcomes The final score in a soccer game 13 6 Lo 4,
How many different halftime scores are possible?

Selecting an Outfit Each day, Gloria dresses in a blouse, a
skirt, and shoes, She wants to wear a different combination on
every day of the year. If she has the same number of blouses,
skirls, and pairs of shoes, how many of each article would she
need 1o have a different combination every day”

35.

3o

i7.

38.

39

41.

42,

Mismatched Gloves A man has five different pairs of gloves
In how many wayvs can he select a righi-hand glove and a lefi-
hand glove that do not match?

Mismatched Shoes Fred has 11 different pairs of shoes, In how
many ways can he pul on a pair of shoes that do not match?

Coin Tesses Toss a coin 3ix limes, and observe the sequence of
heads and tails that results. How many different sequences are
possible?

Coin Tesses Refer to Exercise 37, In how many of the
sequences are the first and last tosses identical?

Exam Questions An exam coniains five true-or-false ques-
tiong In how many different ways can the exam be completed?
Assume that every guestion mmist be answered.

. Exam Questions An exam contains five true-or-false ques-

tions. In how many ways can the exam be completed if leaving
the answer blank is also an option?

Exam Questions Each of the 10} questions on a multiple-
choice exam has four possible answers. How many different
ways are there for a student 1o answer the questions? Assume
that every question must be answered.

Exam Questions Rework Exercise 41 under the assumption
that not every question muvst be answered,

ZIP Codes ZIP (Zone Improvement Plan) codes, sequences of five
digits, were introduced by the United States Post Office Depart-
ment in 1963.

43.
44,

45,

5

47.

49,

50.

How many ZIP codes are possible?

ZIP codes for Delaware, New York, and Pennsylvama begin
with the digit 1. How many such ZIP codes are possible?

Group Pictures [lTow many ways can eight people stand in a
line for a group picture? If you fook a picture every 15 sec-
onds (day and night with no breaks), how long would it take
to photograph every possible arrangement?

License Plates A company 15 manufacturing license plates
with the pattern LLE-5#LL, where L represenis a letier and #
represents a digit from 1 through 3. If a letter can be any letter
from A to Z except O, how many different license plates are
possible? If the company produces 500,000 license plates per
week, how many years will be required to make every possible
license plaie?

Menu Selections A college student eals all of their meals at a
restaurant offering six breakfast specials, seven lunch specials,
and four dinner specials. How many days can they go without
repeating an entire day’s menu selections?

Menu Selections A restaurant menu lists 7 appetizers, 10
enirees, and 4 desserls. How many ways can a diner select a
three-course meal?

Gift Wrapping The gift-wrap desk at a large department store
offers 5 box sizes, 10 wrapping papers, 7 colors of ribbon in
2 widihs, and 9 special items io be added on the box. How
many different ways are there to package a gift, assuming that
the enstomer must choose at least a box but need nol choose
any of the other offerings?

Selecting Fruit Jose was told to create a gift basket containing
one dozen oranges, eight apples, and a half-pound of grapes.
When he geis to the store, he finds five vaneties of oranges,
tive varieties of apples, and two varieties of grapes. Assuming



that he selects only one variety of each type of fruit, how many
different gift basketis of fruit could he bring home?

51. Shading of Yenn Diagrams How many different ways can a
Venn diagram with two circles be shaded?

52. Shading of Venn Diagrams How many different ways can a
Venn diagram with (hree circles be shaded?

Roulette An American roulette wheel consists of 38 numbered
pockets. Twa of them (numbered 0 and 00) are colored green, 18
are colored red, and 18 are colored black. Gamblers bet on which
numbered pocket a ball will fall into when the wheel is spun. For
Exercises 53 and 54, assume the wheel is spun three times.

53. How many outcomes are possible if the (ivst mumbes 18 green?

54. How many outcomes are possible if all three mumbers are red
and no number repeats?

55. Batting Orders The manager of a Little League baseball team
has picked the nine stariing plavers for a game How many
dilferent batting orders are possible under each of the follow-
ing conditions?

(a) There are no restriciions.

(b) The pitcher must bat last.

(e) The pitcher must bat last, the caicher eighth, and the
shortstop first.

56. Test Volunteers A physiclogist wants to test the elfecis of
eacrcise and meditation on blood pressure. She devises four
different exercizse programs and three differeni meditation
programs. If she wants 10 subjects for each combination of
exercise and meditation program, how many voluniears must
ghe recruit?

57. Handshakes Two 10-member baskelball leams play a game,
After the game, sach of the members of the winning team
shakes hands once with each member of both teams. How
many handshakes take place?

58. Band Selections In how many ways can a band play a sei of
three waltzes and three tangos without repeating any song,

such thal the frst, third, and fifth songs are wallzes?

Solutions to Check Your Understanding 4

59.

6l.

62.

63.

Colored Houses Six houses 1n a row are cach 1o be painied
with one of the colors red, blue, green, and vellow. [n how
many different ways can the houses be painted so thai no two
adjacent houses are of the same color?

Chair Varieties A furniture manufacturer makes three types of
upholstered chaits and offers 20 labrics. How many different
chairs are available?

Ballots Seven candidates for mavor, four candidates for city
council president, and six propositions are being put before
the electorate. How many different ballots could be cast,
assuming that every voter votes on each of the items? If voters
can choose Lo leave any item blank, how many different bal-
lots are possible?

College Applications Allison iz preparing her applications
for college. She will apply to three community colleges and
has to fill out six parts in each of those applications. She will
apply to three four-year schools. each of which has a seven-
part apphcation. How many appheation segments must she
complete?

Paths to Texas Consider the triangular display of letters
below, Start with the letter T at the top and move down the
triangle to a letter S at the botiom. From any given letier,
move only (o one of the letters directly below 11 on the left or
right. How many different paths spell TEXAS?

E E
¥ X X
A 4 4 A
§ 5 85§ 5 5

. Railroad Tickets A railway has 20 stations. Il the names of

the point of departure and the destination are printed on
each ticket, how many different kinds of single tickets must be
printed? How many different kinds of tickeis are needed if each
ticket may be used in either direction between two siations?

1. 72, Pretend that you ase given the task of seating the
five people. This task consists of five choices performed
consecuiively, as shown in Table 1. After you have per-
formed choice 1, four people will remain, and any one
of these tour can be seated in the right fromt seat, After
choice 2, three people remain, and so on. By the general-
ized multiplication principle, the task can be performed in
3+4-3-2+1 =72 ways.

Table 1

. 3", The task of answering the questions consists of 10 consec-

uiive choices, each of which can be performed in three ways
Therefore, by the generalized multiplication principle, the task
can be performed in

3-3-3- -+ -3 ways
s - - =
10 terms

Note: The answer can be left as 3'Y or can be multiplied out
Lo 59,049

Choice

Number of Ways Choice
Can Be Performed

1: Select person Lo drive.

2: Select person for right front seat.
3: Select person for left rear seat.

4: Select person for middle rear seat.
5: Select person lor right rear seat,

3

4
3
2
1




B Permutations and Combinations

In preceding sections, we have solved a variety of counting problems by using Venn
diagrams and the generalized muliiplication principle. Let us now turn our attention io
two types of counting problems that occur very frequently and that can be solved by
using formulas derived from the generalized multiplication principle. These problems
mvolve what are called permurations and combinations, which are particular tvpes of
arrangements of elements of a set. The sorts of arrangements that we have in mind are
fllustrated in two problems:

Problem A IMow many words (by which we mean strings of letters) of iwo distinet
letiers can be formed [rom the letiers {a, b, c}?

Problem B A construction crew has three members. A team of two must be chosen
for a particular job. In how many ways can the ieam be chosen?

Each of the two problems can be solved by enumerating all possibilities.
Solution of Problem A There are six possible words, namely,
ab ac ba be o ch.

Solution of Problem B Designate the three crew members by a, b, and «. Then
there are three possible two-person leams. namely,

{a, b} {a,c} {b,c}.

Note that {b. a}, the team consisting of b and a, is the same as the team {a. b}.

We deliberaicely set up boih problems with the same letiers in order to facilitate
comparison. Both problems are concerned with counting the numbers of arrange-
ments of the elements of the set {a, b, c}, taken two at a time, without allowing repeti-
tion. (For example, aa was not allowed.) However, in Problem A, the order of the
arrangement matiered. whereas in Problem B 1t did not. Arrangements of the sort
considered in Problem A are called permutations, whereas those in Problem B are
called combinations.

More precisely. suppose that we are given a set of n distinguishable objects.

Permutations A permutation of n objects taken r at a time is an arrangement ol
r of the n objects in a specific order.

So, for example, Problem A was concerned with permutations of the three objects a, b, ¢
{n = 3) taken two at a time (r = 2).

Combinations A combination of n objects taken » at a time is a selection of »
objects from among the ». with order disregarded.

Thus, for example, in Problem B, we considered combinations of the three objecis a. b, ¢
{(n = 3} taken two at a time (r = 2).

It is convenient to introduce the notation that follows for counting permutations
and combinations, Let

P(n, ¥) = the number of permutations of n objects taken r at a time
C(n., r) = the number of combinations of n objecis taken r at a time.

Thus, for example, from our solutions to Problems A and B, we have

P3,2)=6 C(3,2) =3



Very simple formulas for P(n, ) and C(n. #) allow us to calculate these quantities for
any # and r, Let us begin by siating the formula for P(n, r). For r = 1, 2, 3, respectively,

FPinnly=n
Pin,2)=mnn-1) (two factors),
Pin.3)=mnin - 1)in — 2) {three [actors).

Continuing, we obtain the following formula:

Permutation Formula The number of permutations of n objects taken r at a time,
PBin, r), is the product of the r whole numbers couniing down by 1 from ». That is,

Pinr)=nn—1)n—-2)---(n—r+1) (r factors), (1)
or

1
Pl r)=—>— 2)

(n—r)

This formula 1s verified at the end of the section.

EXAMPLE 1

SOLUTION

Applying the Permutation Formula Compute the following numbers:
(a) P(100.2) (b)y Pi6,4) (c) P(5,3)

(a) Here,n = 100.r = 2. S0 we 1ake the product of two [actors, beginning with 100:
P(100,2) = 100 - 99 = 9900.

(b) P(6,4)=06-5-4-3 =360
() Pi5,5)=5-4-3-2:-1=120 » Now Try Exercise 1

Combination Formula The number of combinations of » ohjects taken r at a time,
Cin, r), 18

P(n.r) _ ne—1r—2)---(n—r+1) (r factors), (3)

r! rl

Cin,r)=

ar
!

Cin,r)=

rlin—r)!

This formula 1z venfied at the end of this section.

EXAMPLE 2

SOLUTION

Applying the Combination Formula Compute the following numbers:
(a) C(100.2) (b) C(6,4) (c) Ci5.3)

P(100.2) _ 100-99

(@) €(100,2)=— B0
L P4 6-5-4-3
(b) C(\ﬁ‘dﬂ'_ 41 - .3.2.1_15
P(5,5) 5+4-3-2-1
CB.5)=—F—= =1
(© C(5.5) 31 5.4-3.2-1 »» Now Try Exercise 5



EXAMPLE 3

SOLUTION

Applying the Permutation and Combination Formulas Solve Problems A and B, using
formulas (1} and (3).

The number of two-letter words that can be formed from the three letters a, b, and ¢ 15
equal to P(3,2) = 3-2 = 6, in agreement with our previous solution.

The number of two-worker teams that can be formed (rom three individuals is equal
to (3, 2), and

P(3,2) 3-2

CB.2)=—==57

=3.

in agreement with our previous resuli. 2> Now Try Exercises 27 and 29

EXAMPLE 4

SOLUTION

Selecting a Committee The board of directors of a corporation has 10 members. In
how many ways can they choose a committee of three board members to negotiate a
merger?

Since the commitiee of three involves no ordering of its members. we are concerned here
with combinations. The number of combinations of 10 people taken 3 at a time is
(10, 3), which is

10-9-8
C{10,3) = = 120.
{ ] 3.241
Thus, there are 120 possibilities for the commiiiee. 3> Now Try Exercise 31

EXAMPLE 5

SOLUTION

Selecting Club Officers A club has 10 members. In how many ways can they choose a
slate of Tour officers. consisting of a president. vice president. secretary. and treasurer?

In this problem, we are dealing with an ordering of four members. (The [irst is the
president, the second the vice president, and so on.) So we are dealing with permuta-
tiong, and the number of ways of choosing the officers i3

F(10,4) =10-9-8-7 = 5040. »» New Try Exercise 33

EXAMPLE &

SOLUTION

Outcomes of a Horse Race Fighi horses are eniered in a race in which a [irsi, second,
and third prize will be awarded. Assuming no ties, how many different outcomes are
possible?

In this example, we are considering ordered arrangements of three horses, so we are
dealing with permutations. The number of permutations of eightl horses taken three at a
time is

P(3,3)=8-T-6=3306.

s0 the number of possible cutcomes of the race is 336, 2» Now Try Exercise 39

EXAMPLE 7

SOLUTION

Polling Sample A political pollster wishes to survey 1500 individuals chosen from a
samaple of 5,000,000 adults. In how many ways can the 1500 individuals be chosen?

No ordering of the 1500 individuals is involved, so we are dealing with combinations.
So the mymber in question is C{5,000,000, 1500), a number too large to be wrilten down
in digit form. (It has several thousand digits!) But it could be calculated with the aid of
a computer. 3> Now Try Exercise 29

EXAMPLE 8

Seating Arrangements Three couples go on a movie date. In how many ways can they
be seaied in a row of six seats so that each couple is seaied together?



SOLUTION

A seating arrangement can be composed of four consecutive choices:

Select an order Seat the left- Seat the maddle Seat the night-
in which to seat most couple couple most couple
ithe couples
Choice 1 Choice 2 Choice 3 Choice 4

Sinee there are three couples. choice 1 can be performed in 3! ways. Aller the order
of the three couples has been chosen, there are 2! ways to seat the two members of the
leftmost couple, Similarly, there are 2! ways to perform choice 3 and 2! ways 1o perform
choice 4.

By the generalized muliiplication principle, the number of possible arrangements is
31-21-21-21 = 48, » Now Try Exercise 59

EXAMPLE %

SOLUTION

ALTERNATIVE
SOLUTION

Arranging Books I vou have six books, in how many ways can yvou select four books
and arrange them on a shelf?

Arrange four of the six books in order. This can be done in P(6, 4) = 360 ways.
Asis often the cage in counting problems, there are multiple ways 1o arrive al a solution.

First, select the four bools [rom the group of six. Since order does not maiier at this
point, this can be done in C'(6, 4) ways, Next, arrange the selection of four books on the
shelf, which can be done in 4! ways. By the multiplication principle, the number of pos-
sible arrangemenis is C'(6, 4)-4! = 15+ 24 = 360, »» Now Try Exercise 58

Example 9 shows that P{p, #) = C(n, 7)-#! when n = 6 and » = 4. The discussion
that follows shows that this formula holds for all values of v and r,

Verification of the Formulas for Pin, r) and Cin, r)

Let us first derive the formula for Pln, ), the number of permutations of #» objects taken
r at a time. The task of choosing r objects (in a given order) consists of r consecutive
choices (Fig. 1). The first choice can be performed in » ways. For each way that the first
choice is performed, one object will have been used up so that we can perform the sec-
ond choice in v — 1 ways, and so on. For each way ol performing the sequence of
choices 1.2, 3,...,r — I, the rth choice can be performed mn —(r — 1) =n—r + 1
ways. By the generalized muliiplication principle, the task of choosing the r objects
[rom among the » can be performed in

im—1)=--+(n—r+1) ways.
That is,
Pin,ry=mnn—1)-+(n—r+1)
which is formula (1).
Choose 1st Choose 2nd . Chouose rth
ohject ohject ohject
Figure 1

Let us now verify the formula for C(n, ), the number of combinations of n objects
taken r al a time. Each such combination is a set of r objecis and, therefore. can be
ordered in

P{}',t‘}=#‘(?‘_ l}i ...+2_|1=r1|

ways by formula (1). In other words, each different combination of r objects gives rise to
! permutations of the same » objects. On the other hand, each permutation of # objects



taken » at a time gives rise to a combination of n objects taken r at a time, by simply
ignoring the order of the permutation. Thus, if we start with the P(n, r) permutations,
we will have all of the combinations of » objecis taken r at a time, with each combination
repeated r! times. Thus,

Pln,r)=r' Cin, r).

On dividing both sides of the equation by 7!, we obtain formula (3).

INCORPORATING Computing Permutations, Combinations, and Factorials Mosl graphing calculators
TECHNOLOGY have commands to compute P(n, ), Cin, #), and n!. For instance, the MATH key

on the TI-84 Plus leads to the pros menu of Fig. 2, which contains the commands nPr,
nCr, and !. Figure 3 shows how these commands are used. Norer The number
8.799226775E1S tepresents 8.799226775 % 10",

NORHAL FLOAT AUTOD KEAL EADIAN €L Tl
5 nPr 2
28 nCr 33
E...._.................§.-.I.‘??22!5?]'5515.

!
FirandBin
trandlntMoRer(
Figure 2 Figure 3

= The values of n!, P{(n.r). and C{n. r) are calculated in an Excel spreadsheet with
the funciions FACT(n). PERMUT{#m, r), and COMBIN(mn, r).

8% WollramAlpha  Factorials, permutaiions, and combinations can be calculaied in
Wolfram|Alpha with the instructions al, P(n, ¥), and C(n, ¥). Some alternative imstruc-
tions are factorial n, permutations (u, ¥), and combinations (n, ) or n choose r,

Check Your Understandi ng 5 Solutiong can be found followang the section exerciges,
1. Calculate the following values: 2. A newborn child ig 1o be given a first name and a middle
(a) 3 (b) P(5 5) ey P(7. % (dy <7.3) name from a selection of 10 names. How many different pos-

sibilities are there?

EXERCISES 5

For Exercises 1-20, calculate the values. 21, Airport Codes The number of different airport codes in which
1. P{4, 2:| 2. P{S, l'} 3. P{'E:. 3:} each code consisis of three lﬁtwm Julelnis repemtd.
4. P(5.4) 5. C(10,3) 6. Cl12.2) 23, _I:e Cream Flavers The selection of three different ﬂavors of
ice cream (out of 29 flavors) for the three scoops of ice cream
7. C(5.4) 8. (6, 3) 9. F(7. 1) in a sundae.
10. P(3, 3} 11. P(n,1) 12. P(n2) 24. lce Cream Flavors The selection of three different Mavors of
13, Cid, 4) 14, Cin, 2) 15. Cin,n— 2) ice eream (out of 29 flavors) for the three scoops of ice cream
1ot on an ice cream cone, where order matters.
16. Cin, 1) 17. ! 18. —=
o1 4 25. Rolling Dice The number of possible sums when two dice are
19. F 20. T rolled and the mombers displayed are added.
In Exercises 21-24, determine whether the computation involves a 26. Meal Choices The number of possible meals consisting of
permutation, a combination, or neither., an appelizer, a main course, and a dessert from a resiau-
21. Stock Abbreviations The mumber of different stock ahbreviations za:;i Lhﬂj.. offers 5 different appetizers, 10 main courses, and
E5IEris.

for which each abbreviation consists of four letters, none repeated.



27. Group Picture In how many ways can four people hine up in a
row for a group picture?

28. Waiting in Line In how many ways can six people line up at a
gingle connter lo order food al a fast-food restanrant?

29. Book Selection How many different selections of seven books
can be made rom nine books?

30. Pizza Varieties A pizzeria offers five toppings for the plain
cheese base of ihe pizzas. How many pizzas can be made thai
use three different toppings?

31. Selecting Colleges A high school student decides to apply to
four of the eight lvy League colleges. In how many possible
ways can the four colleges be selected?

32. Senate Committees In how many different ways can a com-
mitiee of 3 senators be selected from the 100 members of the
LS, Senale?

33. Ranking Teams A sportswriter makes a preseason guess of the
top five football teams (in order) from among the 65 Power
Five conlerence teams. How many different possibilitics are
theze?

34. CD Changer Suppose that you have 36 CDs and your CD
player has live slols numbered 1 through 5. How many ways

can you [ill your CD playe:?

35. Guest Lists How many ways can you choose five out of 10

friends 1o imvile to a dinner party?

36. Choosing Exam Questions A siwdent is requited fo work
exactly four problems from an eight-problem exam, In how

many ways can Lhe problems be chosen?

DYDs In a baich of 100 DVDs, seven are defective. A sample
of three DVDs 15 to be selected from the batch. How many
samples are possible? How many of (he samples consist of all
defective DVDs?

Debates There are 17 candidates for an elected office. If 10
candidates are selected 1o participate in a debate, determine

the total nwmber of possible debate groups.

37

38

39

Race Winners Theoretically, assuming no ties, how many pos-
sibilities are there for firsl, second, and third places in a mara-
thon race with 150 entries?

40. Player Introductions The five startmg players of a basketball
team are mtroduced one at a time. In how many different
ways can they be introduced?

Poker Hands Exercises &1-44 refer to poker hands. A poker hand
consists of 5 cards selected from a standard deck of 52 cards.

41. How many different poker hands are there?

42, How many different poker hands consist entirely of aces and
kings?

43. How many different poker hands consist entirely of clubs?

44, How many different poker hands consist entirely of red eards?

45. Distributing Sandwiches Five students order dilferent sand-
wiches al a campus eatery. The waiter forgels who ordered

what and gives out the sandwiches at random. In how many
different ways can the sandwiches be distributed?

46. Mautical Signals A nautical signal consists of three flags
arranged vertically on a flagpole. If a sailor has six flags. each
of a different color, how many different signals are possible?

47. Selecting Sweaters Suppose thal you own 10 swealers,
(a) Tlow many ways can vou select four of them to take on a
trip?
(b) How many ways can vou select six of the sweaters to leave
at home?
(e} Explam why the answers (o paris (a) and (b) are the same,

48. Distributing Books Ired has 12 different books.

(a) Suppose ihat Fred first gives ihree boolks to Jill and then
mves four of the remaining boolks to Jack, How many dif-
ferent outcomes are possible?

(b) Suppose that Fred first gives four books (o Jack and then
gives three of the remaining books to Till. How many dif-
ferent outcomes are possible?

(c) Explain why the answers 1o paris(a) and (b) are the same,

49, Conference Games In an eight-team foothall conference, each
team plays every other team exactly once. How many games
must be played?

50). League Games In a six-team sofiball league, cach leam plays
every other team three times during the season. How many
games must be scheduled?

51. Powerball In the Powerball lottery, five white balls are drawn
out of a drum with 69 numbered white balls and then one red
ball is drawn out of a drum with 26 numbered red balls The
jackpot is won by guessing all five while balls in any ovder
and ihe red Powerball. Determine the number of possible
oUiCOMmES.

52. Baseball Lineup On a children’s baseball team. there are four
players who can play at any of the following infield posi-
tions; calcher, first base, third base, and shoristop. There
are five possible piichers, none of whom plays any othes
position. And there are four players who can play any of
ihe three outfield positions (right, lefi. and center) or sec-
ond base. In how many ways can the coach assign players io
positions?

Lotto Exercises 53 and 54 refer to the Mew York State lottery
{Lottol. When it was first established, a contestant had to select six
numbers from 1 to 49, A few years later, the numbers 50 through
54 were added. In March 2007, the numbers 55 through 5% were
added.

53. The number of possible combinations of six numbers selected

from 1 to 39 15 approximately times the number of com-
hinations selected from 1 through 49,
) 2 (b) 3 e} 10 (d) 100

54. Drawings for Lotto are held twice per week, Suppose that you
decide to purchase 110 tickets for each drawing and never use
ihe same combination twice. Approximately how many years
would be required before you would have bet on every pos-
sible combinalion?

{a) 100 (by 1000 {c) 2000 {d) 4000

55. Choosing Candy Two children, Moe and Joe, are allowed 1o
select candy from a plate of nine pieces of candy. Moe, being
younger, is allowed to choose first but can take only two can-
dies. Joe is then allowed to take four of the remaining candies.
Joe complaing that he has fewer options than Moe. Is Joe cor-
rect? How many options will each child have?

56. Committee Selection The 12 members of the Gotham City
Coungcil consists of four members from each of the city's three
wards. In how many ways can a commitiee of six council



57.

58.

59,

2

members be selected if the committes must contain at least
ong council member from each ward?

Group Picture The student council at Gotham College is made
up of four freshmen, five sophomores, six juniors, and seven
seniors. A yearbook photographer would like to line up three
council members from each class for a pieture, How many dif-
ferent pictures are possible if each group of classmates stands
together?

Arranging Books George has three books by each of his five
favoriie authors. In how many ways can the books be placed
on a shelf il books by the same author must be together?

Seating Arrangements In the quiz show [r's A cademic. {hree-
person teams from three high schools are seated in a row,
with each team seated together. How many different seating
arrangements are possible?

Displaying Paintings An art gallery has four paintings, by each
of three artists. hanging i a row, with pamtings by the same
artist grouped together. How many different arrangements
are possible?

Hint: Count the oumber of words that follow TUCSON in
the list, They must each be of the form TTUN:xx or Unoooo

. Detour-Prone ZIP Codes A five-digit ZIP code is said io be

detour prone if it looks like a valid and different ZIP code when
read upside down (Fig. 4). For instance. 68901 and 88111 are
detour prone, whereas 32145 and 10801 are not. How many of
the 10° possible ZIP code mumnbers are detour prone?

e |
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TECHNOLOGY EXERCISES

67. Lotte
61. Handshakes Af a party. everyone shakes hands with everyone (a) (l:;lcujate the number of possible lottery tickets if the
else. If 45 handshakes take place, how many people are at the player must choose five distinet numbers from 0 to 44,
party? inclusive, where the order does not maiter. The winner
62. Football Games In a football league, each team plays one must match all five,
game againsl cach other team in the league. 17 55 games are by Caleulate the nomber of lottery tickets if the player must
played, how many teams are in the league? choose four distinet numbers from 0 o 99, inclusive,
63. Side Dishes A restaurant offers its customers a choice of three where the order does not matier. The wmner must maich
gide dishes with each meal. The side dishes can be chosen all fnu_r.
from a list of 15 possibilities, with duplications allowed. For () In whrch lottery does the player I?ax'e a better chance of
mslance, a customer can order two sides of mashed potatoes choosing the randomly selected winmng numbers?
and one aide of string beans Show that there are 680 possible 68. Bridge A bridge hand contains 13 cards.
options for the three side dishes. (a) What percent of bridge hands contain all four aces?
64. lce Cream Specials An ice cream parlor offers a special con- (b) What percent of bridge hands contatn the two red kings,
sisting of three scoops of ice cream chosen from 16 differ- the mr&d quefms, and ““_ other klngg or queens?
ent flavors. Duplication of flavors is allowed. For insiance, () w]uch 1smore hlrebr a bridge hand with four aces or one
one possibility is two scoops of chocolate and one scoop of wlth the two red langs, the two red queens, and no other
vanilla. Show that there are 816 different possible options for kings or queens?
the special. 69. Cards versus Atoms Are there more waye to order a deck
65. Determine Position Thers are 6! = 720 six-letter words (that of 52 cau;éls _thﬂn there are atoms on Earth? Nose: There are
15, sirings of letiers) that can be made from the letiers C, N, about 10°" atoms on Earth.
0, 8, T, and U. If these 720 words are listed in alphabetical 70. Alphabet versus Atoms Are there more ways to rearrange the
order, what position in the hist will be occupied by TUCSON? 206 letlers of the alphabet than there are atoms on Earth?
Solutions to Check Your Understanding 5
1. {a) 5/=5-4-3-2-1=120 the denominator and then to write in the oumerator a
(b) P(5.5)=5+4+3:2:1=120 whole pumber above each integer in the denominator.
’ [P(n, n) is the same as n!] The whole numbers should begin with » and successively
decrease by 1.]
(cy PI7,.3)=7-6-5=210 . ,
—_— 2. 90. The first question Lo be asked here is whether permuta-

3 factors
[P(7,3) 13 the product of the 3 whole numbers, counting
down by 1 from 7]

T3
3-2-

_ 185
F2:1

(dy (7,31 = 15

[A& convenient procedure to follow when calenlating
C'(m, #) is first to write the product expansion of ! in

Lons or combinations are involved. Two names are o be se-
lected, and the order of the names iz important. (The name
Amanda Beth is different from the name Beth Amanda.)
Since the problem asks for arrangements of 10 names taken
2 at a time in a specific order, the number of arrangements
15 Pi10,2) = 10-9 = 90. In general, order 15 important 1if a
different outcome results when two items in the selection are
interchanged.



B3 Further Counting Techniques

In Section 3, we introduced permuiations and combinations and developed formulas
for counting all permutations (or combinations) of a given type. Many couniing prob-
lems can be formulated in terms of permutations or combinations. But to use the for-
mulas of Seciion 3 successfully, we must be able 1o recognize these problems when they
oceur and to translate them into a form in which the formulas may be applied. In ihis
section, we practice doing that. We consider five typical applications giving rise to per-
muiations or combinations. At first glance, the first two applications may seem to have
litile practical significance. However, they suggest a common way 1o “model” ouicomes
of real-life situations having two equally likely results.

As our first application, consider a coin-tossing experiment in which we toss a coin
a [ixed number of times. We can describe the outcome of the experiment as a sequence
of “heads” and *tails.” For instance, if a coin is tossed three times, then one possible
ouicome is “heads on the first toss, tails on the second toss, and tails on the third ioss.”
This ouicome can be abbreviaied as HTT. We can use the methods of the preceding sec-
tions to count the number of possible outcomes having various prescribed properties.

EXAMPLE 1

SOLUTION

Tossing a Coin Ten Times Suppose that an expenment consists of tossing a coin 10
times and observing the sequence of heads and tails.

(a) How many different ouicomes are possible?

(b) How many different outcomes have exactly four heads?

(a) Visualize each outcome of the experiment as a sequence of 10 boxes, where each
box contains one letter, H or T, with the first box recording the result of the first
10ss, the second box recording the result of the second toss, and so forth.

1 2 3 456 78 9 10

Each box can be filled in two ways. So by the generalized multiplication principle,
the sequence of 10 boxes can be filled in

Fudase.aq =110
(R —
10 factars

ways. So there are 2'% = 1024 different possible outcomes.
(b) An outcome with 4 heads corresponds to filling the boxes with 4 H's and 6 T"s. A
particular outcome is determined as soon as we decide where to place the H's. The
4 boxes Lo receive H's can be selected from the 10 boxes in C{10. 4) ways. So the
number of outcomes with 4 heads is
10987y

Ci10,4) = 1- 1 » Now Try Exercise 1

Ideas similar to those applied in Example 1 are useful in counting even more com-
plicated seis of outcomes of coin-tossing experimenis. The second part of our nexi
example highlights a technique that can ofien save time and effort.

EXAMPLE 2

SOLUTION

Tossing a Coin Ten Times Consider the comn-tossing experiment of Example 1.
(a) How many different oulcomes have al most two heads?
(b) How many different outcomes have at least three heads?

(a) The outcomes with at most two heads are those having 0, 1, or 2 heads. Let us
couni the number of these outcomes separately:

0 heads: Thereis 1 outcome, namely, TTTTTTTTTT.
1 head: To determine such an ouicome, we just select the box in which 1o put the
single H. And ihis can be done in (10, 1) = 10 ways.



2 heads: To determine such an outcome, we just select the boxes in which to put
the two H's. And this can be done in C(10,2) = (10-9)/(2-1) =45
Wavs.

Adding up all the possible outcomes, we see that the number of outcomes with at
mosi Two heads is 1 + 10 + 45 = 36.

(b) “At least three heads” refers to an outcome with either 3, 4. 5.6, 7, 8. 9. or 10 heads.
The total number of such ouicomes is

C{10.3) + 10,4y + - -+ C{10.10).

This sum can, of course, be calculated, but there is a less tedious way to solve the
problem. Jusi start with all ouicomes [1024 of them by Example 1{a)], and subtract
those with at most two heads [56 of them by part (a)]. So the number of outcomes
with at least three heads is 1024 — 56 = 968, »» Now Try Exercise 3

The soluiion to part (b) of Example 2 employs a useful counting technique,

Complement Rule for Counting If U is the set ol all possible outcomes and 8 is a
subset of L7, then S is the set of all outcomes for which 5 does not occur, and

niS")y=nill) = n(5).

Let us now turn to a different sort of counting problem, namely, one that involves
counting the number of paths between two points.

EXAMPLE 3

SOLUTION

Routes through a City In Fig. 1, we have drawn a partial map of the strests in
New York City. A tourisi wishes to walk from Times Square to Grand Ceniral Station.
We have drawn two possible routes. What 1s the total number of routes (with no back-
tracking) from Times Square to Grand Central Station?

Times Tirmes
Snquare Squara

Grand Grand

Ceontral Sration Central Station
Figure 1

Amny particular route can be described by giving the directions of each block walked in
the appropriate order. For instance, the route on the left of Fig. 1 is described as
“a block south. a block south, a block east. a block east, a block east, a block south, a
block east,” Using S for south and E for east. this rouie can be designated by the string
of letters SSEEESE. Similarly, the route on the right is ESESEES. Note that each route
is then described by a siring of seven letters. of which three are S's (we musi go three
blocks souih) and four are E's (we must go four blocks east). Selecting a route is thus
the same as placing three §'s in a string of seven boxes:

LIS SIS

The three boxes to receive S's can be selected in C(7, 3) = 35 ways. So the number of
paths from Times Square to Grand Ceniral Station is 35, »» Now Try Exercise 11



EXAMPLE 4

SOLUTION

Routes through a City Refer to the street map of Example 3. In how many of the routes
does the tourist never walle south for two consecutive blocks?

Each route is a string of letters containing three 8's and four E’s. We are asked to count
the number of such strings in which two 5°s are never adjacent to each other. One way
io consiruct such a siring is to write down four E's and then decide where {o insert the
three 8's. The arrows below show the five places that the §'s can be inserted:

EEEE

T
The three insertion points can be selected in (5, 3) = 10 ways. Therefore, there are 10
rouies without consecutive souths. » Now Try Exercise 15

Let us now move on 1o a third type of counting problem. Suppose that we have an
urn in which there are a certain number of red balls and a certain number of white balls.
We perform an experiment that consists of selecting a number of balls from the uwrn and
observing the color distribution of the sample selected. (This model may be used, for
example, 1o describe the process of seleciing people io be polled in a survey. The differ-
ent colors would correspond to different opinions.) By using familiar counting tech-
niques, we can calculaie the number of possible samples having a given color distribution.
The next example illustraies a {ypical computation,

EXAMPLE 5

SOLUTION

Selecting Balls from an Urn An urn contains 25 numbered balls, of which 15 are red
and 10 are white. A sample of 3 balls is 1o be selecied,

{a) How many differeni samples are possible?

{b) How many samples contain all red balls?

{c) How many samples contain 3 red balls and 2 whiis balls?

(d) How many samples contain at least 4 red balls?

(a) A sample is just an unordered selection of 5 balls out of 23, There are C(25, 5) such
samples. Numerically, we have

25
5

. _ 25-24-23-22-21
C(25,5) = — 23001 = 53,130
samples,
{b) To form a sample of all red balls, we musi select 5 balls from the 135 red ones. This
can be done in C(13. 3) ways—that is. in
; _15-14-13-12-11
C(15.5)= 5. 4.3.2.1 = 3003

Ways.

{c) To answer this question, we use both the multiplication principle and the formula
for C'(n, ). We form a sample of 3 red balls and 2 white balls, using a sequence of
two choices;

Select 3 red balls Select 2 white balls

Choice 1 Choice 2

The firsti choice can be performed in C(15,3) ways and the second in
(10, 2) ways. Thus, the total munber of samples having 3 red and 2 white balls is
C'(15,3)- C(10, 2). That is,

i 15-14-13
C(15,3) = ﬁ—dﬁﬁ
, _10-9
C(]U',E}——E'I =45

C(15,3)- C(10,2) = 455-45 = 20,475,

So the number of possible samples 1s 20,475,



(d) A sample with at least 4 red balls has either 4 or 5 red balls. By part (b), the number
of samples with 5 red balls is 3003. Using the same reasoning as in part (c). the
number of samples with 4 red ballsis C'{15.4)- C{10, 1) = 1365+ 10 = 13,650, Thus,
the tatal number of samples having at least 4 red balls is 13,650 4+ 3003 = 16,653,

3 Now Try Exercise 25

EXAMPLE 6

FIRST SOLUTION

SECOND SOLUTION

Photo Session The nine justices of the United Staies Supreme Court can be seated in a
row for a pholo session in ! different ways. In how many of the choices will Justice
Elena Kagan be seated to the lefi of, but not necessarily beside, Justice John Roberis?

A possible seating for the justices can be obtained as follows:

1. Select the set of two chairs for Jusiices Kagan and Roberis. (9, 2) possibilities
2. Seat Justice Kagan in the left chair and Justice Roberts

in the right chair. I possibility
3. Seal the remaining justices in the uvnoccupied seven chairs. 7! possibilities

Therefore, by the multiplication principle, the number of such seatings are
Ci{9,2)-1-7=736-1-5040 = 181,440.

There are a total of 9! = 362,880 possible seatings of the nine justices. In half of them,
Justice Kagan will be seaied 1o the lefi of Justice Roberis. Therefore, the answer to the
question is % < 362,880 = 181,440, »» Now Try Exercise 37

EXAMPLE 7

SOLUTION

Numbers How many six-digit numbers are there in which the digits sirictly decrease
when read from left to right? (Two examples are 865,421 and 976,532.)

Omne way 1o obtain a six-digit number is to siari with the ten-digii number 9876543210
and remove four digits. Since the four digits can be selected in C{10. 4) = 210 different
ways, there are 210 six-digit numbers whose digits are sirictly decreasing.

3» Now Try Exercise 3%

In counting problems, we often compute permutations or combinations as an intermedi-
ate step, then add, subtract, or multiply to solve the problem. A useful guideline 1o
determine when to perform which arithmetic operation is:

+ Addition If a set of ouicomes can be expressed as the umion of disjoint subsets of
outcomes, then we may calculate the number of outcomes in each subset and add
[see Example 2(a)].

* Subtraction If a set of outcomes can be expressed as the complement of another
set, then we may use the complement rule [see Example 2(b)].

* Multiplication IT a set of oulcomes can be expressed as a sequence ol choices, then
we may use the muliiplication principle (see Example 3).

Check Your Understandi ng b Selutions can be found following the section exescizes,

1. School Board A newspaper reporter wanis an indication of 2. Free Throws A baskethall player shoots eight free throws
how the 15 members of the school board feel about a certain and lisis the sequence of results of each irial in order. Let S
proposal, She decides to question a sample of 6 of the board represent success and F represent faifure. Then, for mstance,

members,

FF358558 represents the outcome of missing the first two

(a) Mow many different samples are possible? shots and hitting the rest.

(b} Suppose that 10 of the board members support the {a) How many different outcomes are possible?
proposal, and 5 oppose it, How many of the samples (b) How many of the outcomes have six successes?
reflect the distribution of ihe board? That is, in how
many of the samples do 4 people support the propozal

and 2 eppose 1L?



EXERCISES 6

1. Tessing a Coin An experiment conssts of tossing a coin eight

4

7

times and observing the sequence of heads and tails.
(1) How many different outcomes are possible?
(b) Mow many different oulcomes have exactly fous heads?

. Tossing a Coin An experiment consists of tossing a coin nine

.

-

times and observing the sequence of heads and tails,
(a) How many different outcomes are possible?
(b) How many different outcomes have exactly two tails?

Tossing a Coin An experimen| consisls of lossing a coin seven
times and observing the sequence of heads and 1ails.

(a) How many different outcomes have at leasi five heads?
{(b) How many different outcomes have at most four heads?

Tessing a Coin An experiment consists of tossing a coin 51X
times and observing the sequence of heads and tails.

(1) How many different outcomes have at most thres heads?
(b) Vow many different oulcomes have four or more heads?

. World Series In the World Series, the American League team

~A") and the MNational Leagoe team (™N™) play until one feam
wing four games. Each sequence of winners can be designated
by a sequence of As and Ns. For instance. NAAAA means the
Mational League won the first game and lost the next four games.
In how many ways can a series end in seven games? Sox games?

. World Series Refer to Exercise 3. How many different

-

.

sequences are possible?

Game Outcomes A foothall team plays 11 games. In how
many ways can these games result in five wing, five losses, and
one le?

Game Qutcomes A chess master plays 15 games In how many
ways can these games result in 10 wins, 2 losses, and 3 draws?

Bytes Exercises 9 and 10 refer to computer bytes, A computer byfe
is a string of eight digits, where each digit is either a zero or a one.
Two examples are 01001001 and 1100717071,

9, How many bytes have exactly five ones?

10, In how many of the bytes with exactly five ones are no two

11.

12,

13.

14

zerpes next to each other?

Routes through City Streets Refer to the map n Fig. 2. How
many shortest rowles are there from A to B?

A

o I

Figure 2 Figure 3
Routes through City Streets Refer to the map in Fig. 3. How
many shortest routes are there from 4 to B?

Routes through City Streets Refer to the map in Fig. 3. How
many shoriest rouies are there from 4 to & that pass through
the point €7
Routes through City Streets Refer to the map m Fig. 2. How
many shortes] ronies are there from A 1o 8 that pass through
the point 7

15.

16.

17.

13.

19.

20.

21.

22,

23,

24,

Routes through City Streets Refer to the map in Fig. 2. How
many shortest routes are there from 4 to £ that do not have
Lwo consecutive souths?

Routes through City Streets Refer to the map in Fig. 3. How
marny shortest routes are there from 4 to 8 that do not have
two consecutive souths?

Routes through City Streets Refer to the map in Fig. 3. The
number of shoriest routes from A to B is C(9, 4).

{a) Observe that the number of shorlest roules from A lo D13
(8, 3).

Observe thai the mumber of shoriest routes from 4 1o K is
(8. 4.

Bylooking at Fig. 3, explaimn why C(8, 3) + (8, 4) should
equal €9, 4).

Calenlate the values in part (¢) to verify the equality.

()
(<)
(d)

Routes through City Streets Imagine a sireel map similar to

the map in Fig. 3 but having r sireets vertically and » —r

streei horizontally. Then, the mmber of shortest rouies from

A to Bwould be Cin, 1),

(a) Explamm why the number of shorlest routes 4 to D, the
intersection divectly noith of B, would be Clr — 1, v — 1),

(b) Explain why the number of shoriest rouies A o K. the
intersection directly west of H, would be Cin — 1., F).

{¢) Explainwhy Cin— L,r— 1)+ Cln+ 1,7r) = Cin, #).

Tossing a Coin A coin 15 Lossed 10 times, and the sequence of
heads and tails iz observed. How many of the possible out-
comes contain three heads, with no two heads adjacent io
each other?

Arranging Books Four mathemaiics books and seven history
books are arranged on a bookshelf. In how many of the possi-
ble arrangements are no two mathematics books next to each
other?

Seating Arrangements In how many ways can six people be
sealed in a row of {en chairs 50 (hat at least two adjacent
chairs are vacant? (Mfine: Firat use the reasoning in Example 4
to count the number of ways they can be seated zo thai no two
adjacent chairs are empty.)

Photo Session In 2013, there were three women and six men
on the United States Supreme Courl. In how many ways
could the justices be seated in a row for a group picture where
no women sat next to each other?

Selecting Balls from an Urn An urm contaims 12 numbered

balls, of which 7 are red and 5 are white. A sample of 3 balls 1z

to be selected.

{a) How many different samples are possible?

{h) How many samples contain all red balls?

{¢) How many samples contain two red balls and three white
ballg?

{d) How many samples contain at least four red balls?

Selecting Balls from an Urn An urn contains 15 numbered

balls, of which 6 are red and 9 are white, A sample of six balls

15 to be selected.

{a) How many different samples are possible?

(b) How many samples contain all white balls?

{¢) How many samples contain two red balls and four white
balls?

(1) How many samples contain at least two red balls?



25. Selecting Apples A bag of 10 apples contains 2 rotlen apples
and 8 good apples. A shopper selects a sample of three apples
from the bag.

(a) How many different samples are possible?
(b) How many samples contain all good apples?
{¢) How many samples contain at least one rotten apple?

26. Selecting Light Bulbs A package contains 100 LED light
bulbs, of which 10 are defective. A sample of five bulbs is
selected at random.

{a) How many different samples are there?

() How many of the samples conlain two delective bulbs?

{¢) Tow many of the samples contain at least one defective
bulb?

27. Subcommittee Selection A committee has four male and six
female members. In how many ways can a subcommiites con-
sisting of two males and two females be selected?

28. Investment Portfolio In how many ways can an investor puf
together a porifolio of five stocks and six bonds selected from
her favorite nine stocks and seven bonds?

Poker Hands Exercises 29-32 refer to poker hands. A poker hand
consists of 5 cards selected from a standard deck of 52 cards.

29. How many poker hands consist of three gces and two kngs?

30. How many poker hands consist of two aces, two cards of
another rank, and one card of a third zank?

31. How many poker hands consist of three cards of one rank
and two cards of another rank? (Such a poker hand 15 called a
“full howse.™)

32. How many poker hands consist of two cards of one rank,
two cards of another (different) rank, and one card of a third
rank? (Such a poker hand iz called “two paizs™)

In Exercises 33-36, a "word” is interpreted to be a sequence of
letters.

33, SEQUOIA How many seven-letter words with no repeated
letters contain all five vowels?

34. FACETIOUS How many nine-lelter words with no repeated
letters contain the five vowels in alphabetical order?

35. ABSTEMIOUS How many 10-letter words with no repeated
letters contain the five vowels in alphabetical order?

36. DIALOGUE How many eight-letier words with no repeaied
letters contain all five vowels?

Solutions to Check Your Understanding é

37. Photo Session In 2013, there were three women and X men
on the United States Supreme Court. In how many ways
could the justices be seated in a row for a group picture in
which the three women sat next to each other?

38. Seating Arrangements You, a friend, and four other people
are o be seated in a row of six chairs, How many arrange-
ments are there in which you and your [riend are seated next

io each other?

39. Numbers In how many five-digit numbers (without zeros) are
the digiis strictly increasing when read from left to right?

44, Alphabetical Order In how many four-letter words (including
nonsense words) using four different letters from A through J
are the letters in alphabetical order?

41. License Plates Suppose that license plates (rom a certain state
consist of four different letters followed by three different dig-
its. In how many license plates are the letters in alphabetical
order and the digits in increasing order?

42, License Plates Suppose that license plates from a certain state
consisl of two different letters followed by four different dig-
its. In how many license plates are the letters in alphabetical

order and the digits in increasing order?

43. Seating Arrangements A family has 12 members. In how
many ways can six family members be seated in a row so that
their ages increase from left to right?

44. Arranging Books In how many ways can five books out of
eight be selected and lined up on a bookshelf so that their
page counts increase from left to right? Nete: Assume that no
w0 boolks have the same page count,

TECHMOLOGY EXERCISES

45, Tossing a Cein Whal percent of the possible oulcomes result-
ing from tossing a coin 100 times contain exactly 50 heads?

46. Tossing a Cein What percent of the possible cutcomes resuli-
ing from tossing a coin 200 times contain exactly 100 heads?

47. Selecting Balls from an Urn Suppose thai a sample of 20 balls
is selected from an urn coniaining 30 white balls and 30 red
balls. What perceni of the possible oulcomes conlaing
10 white balls and 10 red balls?

48. Selecting Balls from an Urn Suppose that a sample of 20 balls
is selected from an vrn containing 100 white balls and 100 red
balls. What percent of the possible ouicomes contains
10 white balls and 10 red balls?

1. (a) (15, 6). Each sample is an unordered selection of 15
objecis taken 6 af a time.

(by C(10,4)- C(5,2). Asking for the number of samples of a
certain type is the same as asking for the number of ways
that the task of forming such a sample can be performed.
This tazk i= composed of two consecutive choices, Choice 1,
seleciing 4 people from among the 10 who support the
proposal, can be performed in (10, 4) ways. Choice 2,
selecting two people from among the five people who
oppose the proposal. can be performed in C(5. 2) ways.
Thersfore, by the multiplication principle, the complete
task can be performed in C(10, 4) - C(5, 2) ways.

Note: C(15,6)=35005 and C(10,4)- C(5,2) = 2100.
Therefore, less than half of the possible samples refleci
the true distnbution of the school board,

2. (a) 2% or 236. Apply the generalized multiplication principle.

{b) C(8,6), or 28. Each culeome having $ix successes corre-
sponds 1o a sequence of eight letiers of which six are 8%
and two are Fa. Such an outcome is specified by selecting
the six locations for the 8% from among the eight loca-
tions, and this has Ci8, 6) possibilities,



The Binomial Theorem

In Seciions 5 and 6, we deali with permuiations and combinations and. in particular,
derived a formula for Cir, ¥), the number of combinations of n objects taken » at a time.
Namely, we have

P{mr}zﬂ{n— perevsin—r+1)

Cln,r)=—j7 ,
Pl rl

(1)

Actually, lformula (1) was verified in case both n and r are positive integers. But it is use-
ful to consider Cim, 7) also in case » = 0. In this case, we are considering the number of
combinations of n things taken 0 at a time. There is clearly only one such combination:
ihe one containing no elements. Therefore,

Cin,0) =1,

In Section 5, we encountered another formula for Cln. r):

. . n 2
o == e
MNote that, for r = 0, formula (2) reads
nl n! 1

o0 =G o oo
Az stated in Section 4. the value of 0! is 1. Then the right-hand side of the preceding
equation is 1, so formula (2) also holds for » = 0.

Formula (2) can be used to prove many facts about C(n, r). For example, the fol-
lowing formula is useful in caleulating C(n. r) for large values of »:

Cin.r) = Cln,n— r). i3

EXAMPLE 1

SOLUTION

Applying Formula (3) Calculate C'(100, 98).
If we apply lormula (3), we have
100-99

"J'.]_

C100,98) = G100, 100 — 98) = (100, 2) = = 4950,

»» Now Try Exercise 1

Verification of Formula (3)  Apply formula (2) to evaluaie C(n, n — r):

! !
in—r)lin—(n—r) - in=r)r!

Cin.m—1r) =

= C(n,r) |bylormula(2) again]

The forraula 1s mntuitively reasonable, since each time we select a subset of r elements,
we are selecling a subset of # — » elements Lo be excluded. Thus, there are as many sub-
sets of n — r elements as thers are subsets of r elements. «

An alternative notation for Cin, ¥) 18 {:] . Thus, for example,

N ey =24
G)_uiﬁ_bl 10.



The symbol | ] 18 called a binomial coetticient. 1o discover why, let us tabulate

the values of (*) for some small values of # and
ez (g)=1 (1)=2 ()=
(o= (1)=2 ()2 ()=
=4() (1)-+ G)=s )=+ ()=

= (0)=1 ()= ()0 ()= (-5 ()

Each row consists of the coefficients that arise in expanding (x + 3)". To see this, mspect
the results of expanding (x + )" forn = 2,3, 4, and 5:

(x+ p)F = x2 + 2xp + 37

(x+ P =x? + 3x% + 307 + )7

(x+ y_]4 =x*+ 4.r3y + ze 24 41cy3 4 y4

(x + pP = x7 + 5x%p + 10x%% + 10x%° + 50t + )7
Compare the coefficienis in any row with the values in the corresponding row of bino-
mial coefficients. Note that they are the same. Thus, we see that the binomial coeffi-
cients arise as coefficients in muliiplving out powers of the binomial x + 3—hence the
name binomial coefficient.

What we observed for the exponents n = 2, 3, 4, and 5 holds true for any positive
integer n. We have the following result, a proof of which is given at the end of this section:

Binomial Theorem

R O O ) e Y e W

EXAMPLE 2 Applying the Binomial Theorem Expand (x + »)°.

SOLUTION By the binomial theorem.

() = (g)xﬁ " (L :

=
S
II'<L"|
b
+
P
[o*
L= -
L
e
L b
+ o+
——
LRSI =
e
>‘ll..-a
HLH

D1 (-t (©)-55-
()-S5 ()-()-s
©-0- -~

(o + 3% = x + 6x7p + 15x%% + 207 + 15657 + 63p° + )°
3 Now Try Exercise 21



The binonmal theorem can be used io count the number of subsets of a set, as shown
in the next example.

EXAMPLE 3

SOLUTION

Counting the Number of Subsets of a Set Determine the number of subsets of a set
with five elements.

Let us count the number of subsets of each possible size. A subsel of r elemenis can be
chosen in (3) ways, since C(5,r) = (3). So the set has (7) subseis with 0 clements, (7)
subsets with 1 element, {'i] subseis with 2 elements, and so on. Therefore, the total num-

@)+ ()+()-()+()+ () @

Rather than calculate this sum directly, we can take advantage of the binomial theorem.
Setting n = 5 gives

5 5 3 5 5 5 5
(x+yP = (U):-:S -~ (Jx“y - (2) P (szy’ + (4).'-:y4 + (5)'P5'

We want the right-hand side of this formaula to equal the sum (5). This can be done by
seiting x = land y = 1.

o= (e (s (v (o (Qres ()
(400000

Thus, the total number of subsets of a set with five elements (the right side) equals
2P =32 » Now Try Exercise 37

There is nothing special about the number 5 in the preceding example. An analo-
gous argument gives the following result:

A set of n elements has 27 subsets,

EXAMPLE 4

SOLUTION

Counting Pizza Options A pizza parlor offers a plain cheese pizza to which any number
of six possible toppings can be added. How many different pizzas can be ordered?

Ordering a pizza requires seleciing a subset of the six possible toppings. Since the sei of
six toppings has 2° different subsets, there are 2%, or 64, different pizzas. Note that the
plain cheese pizza corresponds to selecting the empty subset of toppings.

3 Now Try Exercise 41

EXAMPLE 5

SOLUTION

Book Selection In how many ways can a selection of at least two books be made [rom
a set of six books?

There are 25 = 64 different subsets of the six books. However, one subset contains no
books and six subsels contain just one book. Therefore. the number of possibilities is
6l—1—6=57. » Now Try Exercise 43

Proof of the Binomial Theorem Moie thai

(x+ "=+ x+p) e (x+p.

# factors



Check Your Understanding 7

Multiplying out these factors involves forming all products, where one term is selected
from each factor. and then combining like producis. For instance,

x+yix+yix+y)=x-x-x+x-x-y+xyxty-x-x
TxeyrytyrxcptyyxEyyey

The first product on the right, x - x - x. 1s oblained by selecting the x-lerm from each of
the three factors. The next term, x - x - v, is obtained by selecting the x-terms from the
first two factors and the p-term from the third. The next product, x « ¥ - x, is obtained by
selecting the x-terms from the frst and third factors and the p-lerm from the second,
and so on. There are as many products containing two x's and one y as there are ways
of selecting the factor from which to pick the p-term—namely, {?}.

In general. when multiplying the n factors (x + 3)ix + ¥) - - - {x + ¥), the number of
products having & 3's (and therefore, (n — k) x's) is equal to the number of different
ways of selecting the & factors from which to take ihe y-term—that is, (}). Therefore,
the coefficient of x" ¥k is (%). This proves the binomial theorem. «

Solutions can be found following the section exercises,

1. Calculate (182)'

2. Anice cream parlor offers 10 Mavors of 1ee cream and 5 (oppings.
Howr many different servings are possible if each serving consists
of one flavor of ice cream and as many toppings as desired?

EXERCISES 7

Calculate the value for each of Exercises 1-18,

G
LoC{18. 16) 2, €(25.24) 3, (2) 4,

(
() <) 20 =0
o) () m () e
2 (9 O-()-+(0-©
w () ()-0- 00+ Q-0+

19, How many terms are there in the binomial expansion of

(x ="

20. How many terms are there im the binomial expansion of

(x + 3™

21. Determine the first (hree terms in the binomial expansion of

(x+ il

22, Determine the first three ferms in the binomial expansion of

(x+ ™

23, Determine the last three terms in the binomial expansion of

(x+ b,

24, Determine the last three terms in the binomial expansion of

(x+ .

25. Determine the middle term in the binomial expansion of

(x+ ™

26, Determine the middle term in the binomial expansion of

(x+=p'

27.
28,
29.

30,

3L

32,

33.

Lad

4.

35,

36.

37.

38,

39

*

440).

41.

Determine the coefficient of x? in the expansion of (1 + x)*,
Determine the coefficient of x” in the expansion of (2 + x)°,
Determine the coeflicient of x%y7 in the binomial expansion
of (x + '

Determine the coefficient of x™* in the binomial g pansion
of (x + b,

Determine the first three terms in the binomial expansion of
(x+ 2"

Determine the last three terms in the binomial expansion of
(=t

Determine the middle term in the binomial expansion of
(3 — )2,

Determine the coefficient of x%¢ in the binomial gxpansion
of (x + 3y,

Deiermine the ierm containing 3° in the expansion of
(x— 337

Determine the term containing 37 in the expansion of
(x — 3t

Tow many different subsels can be chosen from a sel of eight
elemenis?

How manv different subsets can be chosen from a set of nine
elements?

Restaurant Tip How many different tips could you leave im a
ap jar il you had a nickel, a dime, a guarter, and a half-dollar?
Pizza Options A pizza parlor offers mushrooms, green pep-
pers, onions, and sausage as toppings for the plain cheese

base. How many different types of pizzas with no duplicate
toppings can be made?

Cable TV Options A cable TV franchise offers 20 basic chan-
nels plus a selection (at an extra cost per channel) from a



42,

43,

45,

47,

48.

49,

50

51.

collection of 5 premium channels. How many different
options are available to the subscriber?

Salad Options A salad bar offers a base of letiuce to which
tomatoes, chickpeas, beets, pinto beans, olives, and green pep-
pers can be added. Five salad dressings are available, How
many dilferent salads are possible? {Assume that each salad
containg at least lettuce and at most one salad dressing. )

Tie Selection In how many ways can a selection of at least one
tie be made from a set of eight ties?

. Dessert Choices In how many ways can a seleciion of ai most

five desserts be made from a dessert trolley containing six
desserts?

Pizza Options Airmand’s Chicago Pizzenia offeis thin-crust
and deep-dish pizzas in 9-, 12-, and 14-inch sizes, with 13 pos-
sible toppings. How manv different types of pizzas with no
duplicate toppings can be ordered?

. lee Cream Sundaes An ice cream parlor offers four flavors of

ice cream, three sauces, and two types of nutz. How many dif-
ferent sundaes consisting of a single flavor of ice coeam plos
one or motre toppings are possible?

Appetizer Selection [n how many ways can a selection of at
most five appetizers be made from a menu contaning seven
appetizers?

CD Selection In how many ways can a selection ol at least two
CDe be made from a set of seven CDs?

Lab Projects Students in a physics class are required to com-
plete at leasi two out of a collection of eight lab projecis. In
how many ways can a student satisfy the requirement?

Election A voter is asked to voie for at most six of the eight
candidates for school board, In how many ways can the voter
cast their ballol?

CD Selection James has mine jazz CDs and ten top 40/pop
CDs. How many possible combinations of CDs can he select
if he decides to fale at lsast two CDs of each type to a party?

Solutions to Check Your Understanding 7

53,

53.
54.
55.

36.

57.

58.

Book Selection Sarah has five nonhclion and six fiction books
on her reading list. When paclking for her summer vacation,
she decides to pack ai least two nonfiction boolts and ai least
one ficiion book. How many different book selections are
possible?

Can {g} x3y* be a term of a binomial expansion?

Can {g} x7 be a term of a binomial expansion?

Show that hall of the subsets of a set of five elements
have an odd number of elemenis. fMinf; Show that

G+ +R=0+G)+3)

{a) Use equation (3) to show that

@)-()+()-G)()-()-e

(b) Forwhat values of # can equation (3) be used to show that

6)-()+()- ()2 ()=o

{e) Use the binomial theorem 1o prove the result in part (a).
Hume: Apply the binomial theorem 1o (x + y)° with x = 1
and y = -1,

{(d) For what values of » can the binomial thegrem be used to
prove the result i part (k)7

Find a simple expression for the value of
(2)-(2)+(2)+(2)- 2
L 2 3 4 5
N (10) N (10) N (11}) N (ID)
] 7 8 9/
Seating Passengers A blue van and a red van, each having
nine passenger seats, have arrived (o take ten people to the

airport. In how many different ways can the passengers be
placed inio the vans?

1.

2,

495, (',f] is the same as (12, §), which equals C(12, 12 — §)
or C(12, 4).

5
12-11-10-% ¥-11-4 -9
4-3-2-1 #-85-2-1
320. The task of deciding what sort of serving to have con-
sists of two choices. The first choice, selecting the flavor of

12, 4) = = 403

fce cream, can be performed in 10 ways. The second choice,
selecting the toppings, can be performed in 2, or 32, WaYs,
simce selecting the toppings amounis {o seleciing a subset from
the set of 5 toppings and a set of 5 elements has 2° subsels
(Motice that selecting the empiy subsel corresponds to order-
ing a plain dish of ice cream.) By the multiplication principle,
the task can be performed in 10-32 = 320 ways.

B Multinomial Coefficients and Partitions

Permutation and combination problems are only two of the many types of counting
problems. One such iype, problems involving partitions. arise as a generalization of a
problem we've already studied, To introduce the notion of a partition, let us return to
combinations and look at them from another viewpoini.

First, congider the number of wavys o select two elements from the set {a. b, ¢}

{a. b}

{a.c}  {b.e}
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Alternatively, we can wriie the seleciion {a, b} as ({a, b}, {c}), separating the elements
of theset {a, b, ¢} that we selected from the element we did not select. Wecall ({a, b}, {c})
an ordered partition of type (2, 1). There are three such partitions of the set:

({a. b}, {e}). (a.eh. {bh)  ({b,c}. {a})

In general, suppose that we consider combinations of n objects taken r at a time. View
ihe » objects as the elemenis of a sei . Then each combination determines an ordered
division of & into two subsets, 8 and S;, the first containing the r elements selected and
the second containing the n — r elemenis remaining (Fig. 1). We see that

5= S] L Sz and H{Sl} T HI:SJ_]' =n.

This ordered division is called an ordered partition of type (v, » — ¢). We know that
the number of such partitions is just the number of ways of selecting the first subset—
that is, ! /[rl{n — ¥)I]. If we let n; = ®(5) = r and ny = n(S3) = n — r, then we find that
ihe number of ordered partitions of type (rny. #3) is n! f[ny! ngl].

We may generahize the aforementioned situation as Tollows: Lel & be a set of n ele-
ments. An ordered partition of § of type (1. #2, - . . . 1) 15 2 decomposition of § into
m subsets (given in a specific order) 51, 52, . . ., Sy, where no iwo of these intersect and
where

n{S)) = ny. {81} = na. (S = A,

(Fig. 2). Since § has » elements, we clearly must have n = np + 1y + -+ - + 1,

affn

Ty,
an ;W
Figure 2

EXAMPLE 1

SOLUTION

Ordered Partitions of a Set List all ordered partitions of §= {a, b, ¢, d} of type
(1,1,2).

({a}. {6} {e. d})
({ak. {c}, {b,d})
({a}. {d}, {b. <))
({b}. {a}, {e.d})
({b}. {c}. {a.d})
({b}. {d}, {a.c})

({c}, {a}. {&, d})
({ch. {b}. {a.d})
({e}, {d}, {a. b})
({d}, {a} b, c})
({d}, {b}. {a. c})
({d}. {c}. {a. b})

Note that the ordered pariition ({a}.{b}.{c, d}) is different from the ordered partition
({b}.{a}.{c. d}). since in the first, Sy is {a}, whereas in the second, ¥ is {b}. The order

i which the subsets are given is sigmficant. <«

We saw earlier that the number of ordered pariitions of tvpe (n), nz) for a set of v
elements is u!,/[n11! 13!]. This result generalizes.

Number of Ordered Partitions of Type (ny, N3, .. ., fm)  Let 8 be a set of n elements.
Then the number of ordered partitions of § of type (m.ma.... Hp). Where
mtat+-+m,=nis
n!
. n
nilngl---ngl




The number of ordered partitions of type (1, na, . . ., 1,,) for a set of n elements is
ofien denoted

T SR

Using the preceding notation, resuli (1) says that

( i )_ n!
My, Hye oo L gy H]!Hg.r"'?i!m.r

The binomial coeflicient (:) can also be wriiten ( ) The number

( "
TR 5 TR Mo

15 kmown as a multinomial coefficient, since it appears as the coefficient of 275 - - - xTw
in the expansion of (x; + x2 + - - + x,.)".

3

EXAMPLE 2

SOLUTION

Ordered Partitions of a Set Lei S be a sei of four elements. Use the formula in (1) to
determine the number of ordered partitions of S of type (1, 1, 2).

Here,n =4, n; = 1, np = 1, and n; = 2. Therefore, the number of ordered partitions of

iype (1. 1.2) is
( 4 )= 4t _4-3-21_
1,1.2 a2 1-1-2-1 )

This result is the same as obtained in Example | by enumeration.

-

¥ Now Try Exercise 1

EXAMPLE 3

SOLUTION

Assigning Tasks to Construction Workers A work crew consisis of 12 construction
workers, all having the same skills, A construction job requires four welders, three con-
crete workers, three heavy equipment operators, and two bricklavers. In how many ways
can the 12 workers be assigned to the required tasks?

Each assignment of jobs corresponds to an ordered partition of the type (4. 3, 3, 2). The
number of such ordered partitions is

( 12 ) 121
= ———= 277,200,
4.3.3.2 41313121 3 Now Try Exercise 15

Sometimes, the m subseis of an ordered partition are required to have the same
number of elements. I the set has » elements and each of the m subseis has r elements,
then the number of ordered partitions of type

(FoFuu.oaF)

n n! n! _
(r,r ..... r) TR el (R 2)

EXAMPLE 4

Counting the Number of Bridge Hands In the game of bridge. [our players seated in a
specific order are each dealt 13 cards. How many different possibilities are there for the
hands dealt io the players?



SOLUTION

Each deal results in an ordered partition of the 52 cards of type (13, 13,13, 13). The

number of such partitions is
( 52 ) 52
13,13.13.13) (an¥

This number is approximately 5.36 x 10°%. «

EXAMPLE 5

SOLUTION

MISSISSIPPI How many 11-letter words consist of one M, four Is, four Ss, and two Ps?

Think of forming a word as filling slots numbered 1, 2, . . ., 11 with the letiers. Partition
the set of 11 slots into four subsets where the first subset gives the location for the M,
ihe second subset gives the locations for the four Is, the third subsei gives the locations
for the four Ss, and the fourth subset gives the locations for the two Ps. The number of
partitions is

= 34,650.

¥ Mow Try Exercise 17

( 11 ): 11 _ 39,916,800 _ 39,916,800
1.4.4,2 irar4rzl 1-24-24-2 1152

Unordered Partitions

Determining the number of unordered partitions of a certain type is a complex
matier. We will resirict onr attention to the special case in which each subset is of the
same size,

EXAMPLE &

SOLUTION

Unordered Partitions of a Set Lisi all unordered partitions of § = {a. b. ¢, d} of type
(2, 2).

({a, b}, {e, d})
(a.ch, {b,d})
({a.d}. {b, c}) «

Note that the partition ({c. d}.{a, b}) is the same as the partition ({a.b}. {¢. d})
when order is not taken into account.

Number of Unordered Partitions of Type (r,r. ..., r) Lei S be a set of n elements
where n = p - r. Then the number of unordered partitions of 5 of type (r,r. ..., 7)is

1 =

—_—

m! ()™

(3)

Formula (3) follows from the fact that each unordered partition of the m subsets gives
rise to m! ordered partitions. Therefore,

(m!) [number of unordered partitions] = [number of ordered partitions]

or

. 1 ...
[number of unordered partitions] = e [number of ordered partitions]

1 nl
_E.(I‘!_}m [by formula (2)].



EXAMPLE 7

SOLUTION

Unordered Partitions of a Set Let 8 be a set of four elements. Use formula (3) to deter-
mine the number of unordered partitions of § of type (2, 2).

Here, n = 4, v = 2, and m = 2. Therefore, the number of unordered partiions of type
(2,2)is

1.4 14-3.2.1_
20 20 (2.1

This resuli is the same as thai obtained in Example 6 by enumeraiion.
»» Now Try Exercise 11

EXAMPLE 8

SOLUTION

Grouping Construction Workers A construction crew contains 12 workers, all having
similar skills. In how many ways can the workers be divided into four groups of three?

The order of the [our groups is nol relevant. (It does not matter which is labeled 57 and
which S2. and so on. Only the composition of the groups is important.) Applying for-

wula (3) with n = 12, ¢ = 3, and m = 4, we see that the number of wavs i3

1 a1 12
m! (P4 an?

= 15.400.

»» Mow Try Exercise 21

INCORPORATING

TECHNOLOGY

the instruction

% WollramAlpha The number of ordered partitions of tvpe (ny. n. . . ., M) 15 given by

multinomial (7. #a, -« oo Hpy)e

For instance, the answer to Example 3 is given by multinomial (4, 3, 3, 2) and the an-

swer to Example 8 15 given by (1/4))*multinomial (3, 3, 3, 3).

Check Your Understanding 8

Solutions can be found following the section exercises,

1. A foundation wishes o award one grani of §100.000, (wo 2. In how many differen] ways can six medical inferns be pul
grants of $10,000, five grants of £5000, and five grants of into three groups of two and assigned to
52000. Tis list of potential grant recipients has been narrowed {(a) the radiclogy, neurology, and surgery departments?
io 13 possibilities. In how many ways can the awards be made? (b} share offices?
EXERCISES 8
Let § be a =el of n elements, Determine the number of ordered 15. Stock Reports A brokerage house regularly reports the behav-
partitions of the types in Exercises 1-10. ior of a group of 20 siocks, each stock being reported as
L n=513.11) 2. n=51(2.1.2) “up,” “down,” or “unchanged.” How many different reports
can show seven stocks up. five stocks down, and eight slocks
on=6(2,1,2,1) 4. n=10;(3,3) unchanged?
5. n=T7(3,2.2) 6. n=T1412) 16. Investment Ratings An investment advisory service rates
T.n=12(4,4,4) 8. n=813.32) invesiments as A, AAL and AAA. On a cerlain week, 1L rales
9. n=12(53.2.2) 10, n = 8:(2.2.2.2) ;5 investments. In hﬂﬁf many ways can it rate five investments
ineach of the categories?
Let § be a set of n elements. Determine the number of unordered 17. RIFFRAFF How many eight-letter words consist ol two Rs,
partitions of the types in Exercises 11=14. one [, four Fs, and one A?
11, n=15.(3,3.3,3. 3) 12 n=10: (5. 5) 18, RAZZMATAZZ How many 10-letter words consist of one R,

13. n=18;(6,6,6) 14, n=12;(4,4.4)

three As. four Zs, one M, and one T?



19,

20.

21

22,

23,

b=

25,

5

Postage Stamps [n how many ways can three Forever slamps,
two 20 stamps, and four 1¢ stamps be pasted in a row on an
envelope?

Nautical Signals A nautical signal consists of six (lags
arranged vertically on a flagpole. If a zailor has three red
flags, two blue flags, and one white flag, how many different
signals are possible?

Observation Groups A psychology experiment observes
groups of four individuals, In how many ways can an expori-
menter choose 5 groups of 4 from among 20 subjects?

Orientation Groups During orientation, new students are
divided into groups of five people. In how many ways can 4
groups be chosen from among 20 people?

Weather In a certain month (of 30 days) it rains 10 days,
snows 2 days, and is clear 18 days. In how many ways can such
weather be distributed over the month?

Awarding Prizes Of the mine contestants in a contest, three
will receive cars, three will receive TV sets, and three will
receive radios. In how many different ways can the prizes be
awarded?

Job Promotions A corporation has four employees that it
wants to place in high execulive positions. One will become
president, one will become vice president, and two will be
appointed to the board of directors. In how many different
ways can this be accomplished?

Forming Committees The [0 members of a city council decide
to form two commitiees of six o siudy zoning ordinances
and street-repair schedules, with an overlap of two commitiee
members, In how manyv ways can the commitiess be formed?
{Aint Specify three groups, not two,)

Solutions to Check Your Understanding 8

27.

29,

30.

31.
32.

Field Trip In how many ways can the 14 children in a third-
grade class be paired up for a trip to a musenm?

. Work Schedule A sales representative must travel io three

cities, twice each, in the next 10 days. Her nontravel days
are spent in the office. In how many different ways can she
schedule her travel”?

Basketball Teams Ten students in a physical education class
are to be divided into five-member teams for a basketball
game, In how many ways can the two teams be selected?

Sorting Sweaters In how many ways can 12 sweaters be
stored into three boxes of different sizes if 6 sweaters are to
be stored m the large box. 4 in the medium box, and 2 m the
small box?

What is the value of (,; " ) where there are n 187

Derive formula (1), using the generalized multiplication prin-
ciple and the formula for {*). { M- Firsi seleci the elements
of 8, then the elemenis of 5>, and so0 on.)

TECHNOLOGY EXERCISES

33,

34.

35.

Assignments to Seminars Calculaie the number of ways that
38 students can be assigned to four seminars of size 10, 12, 10,
and b, respectively.

Campaign Tasks Calculale the number of ways that 65 phone

numbers can be distributed to 5 campaign workers if each
worler gets the same number of names.

Bridge Deals One ociillion is 102, or 10 billion billion billion.
Is the number of possible deals in bridge greater than or less
than one octllion?

1.

Each choice of recipients is an ordered partition of the 13
finalists into a first subsel of one ($100,000 award), a second
subsel of two (310,000 award), a third subset of lve ($5000
award), and a fourth subset of five (32000 award). The number
of ways 10 choose the recipients is thus

( 13 )_ 131
1.2.5,5/ 1255

3
_13-12-11-M0-F-B-7-6-3-4-3-2-
1 Ze1 5o g 3215422
=13-12-11-3-7-6 = 216,216,

2, Each partition is of the type (2,2, 2). In part (a). the order

of the subsets is importani, whereas m part (b), the order is
irrelevant. Congider the partitions

({Dr A, Dr. B}, {Dr.C.Dr.D}. {Dr.E.Dr F})

and

({Dr. C,Dr.D}, {Dr. A, Dr. B}, {Dr.E, Dr.F}).
With tespect to part (a), these two partitions are different,
since I ome, Drs, A and B are assigned to the radiology
depariment and in the other, they are assigned Lo the new-
rology department. With respect to part (b), these two par-
titions are the same, since, for instance, Drs. A and B are
officemates in both partitions. Therefore, the answers are as
follows:

6l 654321

6
@ (2,2,2)_{2!]3_ 722 "
1l I &-5-4-3-2-1 -
® 3w TE 22z



Sets and Counting

BN summary

KEY TERMS AND CONCEPTS EXAMPLES

1 Sets
Let 4 and 8 be sets with universal set U,

The intersection of 4 and 8, written A M B, 1s the set of all
elements that belong to both 4 and A.

The union of 4 and &, written 4 U B, is the set of all elements
that belong to either 4 or & or both.

The complement of A, written A', is the set of all elements in
U/ that do not belong to A.

The el 5 15 a subset of the set T, writlen 5§ C T, if every
element of § 15 an elerment of T

The empty set, denoted @, 18 the sel containing no elements.

Let U= {a.b,c.d. e, f}, A ={a.b,c.d}, and B= {c,d f}. Then,
ANE={c d}

AUB={ab.c.df}

A" ={e.f}.

{ave fCla b edef}

2 A Fundamental Principle of Counting
Number of elements m set S 18 denoted #(S).

Inclusion-Exclusion Principle:
A(SUT) =n(8)+n(T)—n(SNT).

Venn diagrams are used to illustrate set operations.

De Morgan®s Laws:
(SUTY =8 NT and(SNTY =5 UT",

wi{a. b c}) =3

Let 8= {a, b, ¢, d} and T= {b,d. e}. Then,
(S =4.nT=3nSNT)=2,and SUT={a. b, c.d e}l
By the inclusion-exclusion prmeciple, n(SUT)=4+3 -2 =3,

S o R . /z" e T .

o W \-

s () L s ) )

\ / ,-"I

\ \/ / . X/
sSnT surTy

Let U= {a,b,c,d.e,f}, S = {a,b, ¢, d},and T = {c, d,f}. Then.
SUTY ={a, b e,d f} ={e}
SNT ={eftN{a. b e} ={e}
(SNTY = {e,d} = {a.b.e.f}
S'UT' ={e.f}U{a.b e} = {ab.ef}.

3 Venn Diagrams and Counting

WVenn diagrams can be used to solve certain types of counting
problems.

Suppose that s(U) =47, (SN T") = 10, n(§) = 15, n(T) = 25.
Find n ({5 T)).

n(ll) =47

n(U) =47 [0 [ '.
RSN T =10 \ \ )




KEY TERMS AND CONCEPTS EXAMPLES

n(l) = 47
p # o ':y:,- - \\
Since #(S) = 15, (1w )
ASAT)=5 { 5 |
M e )
a(ll) = 47
iy, g
Since n(T) = 25, [ | . Voo20 'I
. | |
n(8' NT)=20 \ | ) .
- P -
Al = 47
12 -// - -\.:)‘\: - - \\.
n((SUT)) = [0 [ 20 )
47-10-5-20=12 | | 5| |
h Pt A

4 The Multiplication Principle

The multiplication principle states that if there are m ways
to male a selection and, for each of these, there are n ways to
make a second selection, then there are » % »n ways 1o make
the two selections,

The multiplication principle generalizes to any number of
selections.

If you have three coals and four hats, then there are 3 X 4 = 12
ways to select a coat and hat.

If you also have iwo scarves, there are 3 X 4 % 2 = 24 ways to
select a coat, hat, and scarf.

5 Permutations and Combinations

The number of permutations of » elements taken r at a time
(ordered selections) is

1
P{n,r}=m"—'r}!=§{n—1}(r;—2}---(a—r+1}_

¥ factars
The number of combinations of » elements taken r at a time
(unordered seleciions) is
n! o= in =2+ 1)
Fir = 1)ir—=2)---1

Cin,r) =
. lin — #)!

How many wavs can you select three of ten photos and hang
them in a row on the wall?

Answer: P(10,3)=10-9-8 =720

How many ways can you select three of ten photos?
Angwer: C(10,3) = $5+F =120

4 Further Counting Techniques

The complement rule of counting says that
il S = (U — n(S).

When a coin 15 tossed five times, how many possible outcomes
contain two or more heads?

Answer: Let § be the set of outcomes containing two or more
heads. Then 57 is the number of outcomes containing zero or one
head. Sincen(8')=1+5=6,n(85)=2"-6=132 -6 =26



KEY TERMS AND CONCEPTS EXAMPLES

7 The Binomial Theorem
Cin vl = Cln,n— 1)

The binomial theorem states that

(x+y"= (:jx” + (?)x""y + (z)xn—zy:_'_
- (ni 1)”")‘_l " (:)’"

A set of n elements has 27 subsets,

5-4-3  5-4.3
=357 €52

3.2
3 3N . 3\ a4 3
{'x+y)3 — (ﬂ)xﬂ + [L)x: !J" + [z)x: ..-}.l + (3)13 3};3

=x'+ 3ty + 3t +

C(3,3) =

-

The set {a. b, ¢} has 3 elements and 2% = B gubsets:
{a.boeh Ja.bh {a ek {boc} {a)l. b}, {c]. &

B Multinomial Coefficients and Partitions

The rumber of ordered partitions of type
(Fy, 12, . . ., M) for a set of » elements is ﬁ'”m.,
denoted (n, ", _x,).

The number of unordered partitions of tvpe
(r.r....,r)for asetof n elemenis where n = m-r is

1,
el

How many different signals can be created by lining up 10 flags
in a vertical column if 2 flags are green, 3 are red, and 3 are blue?

A signal 15 an ordered partition of the poumbers 1 through 10.
For instance, one example of an ordered partition is ({3, 7},
1,4, 93, {2, 5.6, &, 10}) corresponding to the green [lags being
in the 3 and 7™ positions, the red flags being in the 1%, 4*", and
9% positions, and the blue flags being in the remaining pogitions.
Therefore, the total number of signals is 2—.1;"7 = 2520.

In how many ways can six students be paired up fo work on a
group project? Answer: Simce n = 6,r = 2, m = 3, there are

ﬁ'(;:; = 15 different ways.

_ Fundamental Concept Check Exercises

. What is a set?
. What is a subset of a set?

. What is an element of a set?

1
2
3
4. Define a universal sei.
5. Define the emply set.
6. Define the complement of the set 4.
7. Define the mtersection of the two sels 4 and B,
#. Define the union of the (wo seis 4 and B.
9, State the generalized multiplication principle for counting,
10. What is meant by a permutation of » items talken r at a time?

11. How would you calculate the number of permuiations of »
items taken r at a time?

_ Review Exercises

1. List all subsets of the sei {a, b}.

2. Draw g two-circle Venn diagram, and shade the portion cor-
responding Lo the set (§U T,

3. Tennis Finalists There are 16 conteslanis in a tennis tourna-
ment. ITow many different possibilities are there for the two
people who will play in the final round?

12. What is the difference between a permutation and a combi-
nation?

13. How would yvou calculate the number of combinations of

nitems taken r at a time?

14, Give a formula that can be used to caleulate each of the
following:

H! (’:) Cin. 1) Pinn

15. State the binomizl theorem.
16. If a sei conlaing » elements. how many subsets does it have?
17. Explain what iz meant by an ordered partition of a sei.

18. Explain how to calculate the number of ordered partitions of
a set,

4. Team Picture In how many ways can a coach and five baslet-
ball players line up in a row for a picture if the coach insists
on standing at one of the ends of the row?

5. Draw a threecircle Venn diagram, and shade the portion cor-
responding to the set R' M (S U T,



6. Determine the first three terms in the binomial expansion of
(x — 2",

7. Ballsinan Urn An urn contains 14 numbered balls, of which 8
are red and § are green. How many different possibilities are
there for selecting a sample of 5 balls in which 3 are red and 2
are green?

8. Testing a Drug Sixiy people with a certain medical condition
were given pills. Fifteen of these people received placebos.
Forty people showed improvement, and 30 of these had
received an acinal drug. How many of the people who
received the drug showed no improvement?

9. Appliance Purchase An appliance siore carnes seven different
types of washing machines and five different types of dryers.
How many different combinations are possible for a cus-
tomer who wanis to purchase a washing machine and a dryer?

10. Contest Prizes There are 12 contestants in a contest. Twa will
receive trips around the world, Four will receive cars. and six
will receive TV sets. In how many different ways can the
prizes be awarded?

11. Languages Oui of a group of 115 applicants for jobs at the
World Banle, 70 speak French, 65 speak Spanish, 65 speal
German, 45 speak French and Spanish, 35 speak Spanish
and German, 40 speak French and German, and 35 speak
all three languages. How many ol the people speak none of
the three langnages?

17
12. Calcul .
f'a.cuate(ls)

Environmental Poll The 100 members of the Earth Club were asked
what they felt the club’s priorities should be in the coming year:
clean water, clean air, or recycling. The responses were 45 for
clean water, 30 for clean air, 42 for recycling, 13 for baoth clean air
and clean water, 20 for clean air and recycling, 16 for clean water
and recycling, and ? for all three, Exercises 13-20 refer to this poll.

13. How many members thought that the priority should be clean
air only?

14. How many members thought that the priority should be clean
water or clean air, but not both?

15. How many members thought that the priority should be clean
water or recyclmg but not clean air?

16. How many members thought that the priority should be clean
air and recycling bul not clean water?

17. How many members thought that the priority should be
exactly one of the three izsues?

18. How many members thought that recycling should not be a
priorty”

19. How many members thought that the prionty should be recy-
cling but not clean air?

20. How many members thought that the priority should be
something other than one of these three issues?

21. Nine-Letter Words IHow many dilferent nine-letier words
(i.e., sequences of letters) can be made by using four S5 and
five Ts?

Passing an Exam Twenty people take an exam. How many
ditferent possibilities are there for the set of people who pass
the exam?”

22

23,

24.

25,

26.

27

29,

30,

il.

iz

i3,

34,

35

36

37,

38.

39

41.

Winter Sports A survey at a small New England college
showed that 400 students skied, 300 playved ice hockey, and
130 did both. How many studenis participaied in at least one
of these sporis?

Meal Choices 1low many different meals can be chosen i
ihere are 6 appetizers. 10 main dishes, and 8§ desseris. assum-
1ng that a meal consists of one item from each category?

Test Scoring On an essay lest, there are five questions worth
20 points each. [n how many ways can a student get 10 poinis
oh one question, 15 poinis on each of three questions. and 20
points on another question?

Seven-Digit Numbers How many seven-digit numbers are
even and have a 3 in the hundreds place?

Telephone Numbers How many telephone numbers are theo-
retically possible if all numbers are of the form abe-def-ghij
and neither of the first two leading digits (o and ) is zero?

. Three-Digit Numbers How many three-digit numbers can be

formed from the digits 1, 2, 3, 4, 5, 6, and 7 if no digit is
repeated?

Eight-Letter Words How many sirings of length § can be
formed from the letters 4, 8, C, D, and ¥ 7 How many of the
strings have at least one E7

Basketball Teams [Tow many different five-person basketball
teams can be formed from a pool of 12 players?

Selecting Students Fourteen students i the 30-student eighth
grade are 1o be chosen to toui the United Nations. How
many different groups of 14 are possible?

Journal Subscriptions In one ZIP code, there are 40,000
households. OF them, 4000 houscholds get Fancy Diet Maga-
zine, 10,000 households get Clean Living Jowrnal, and 1500
households gei both publications. How many households get
neither?

Computer Program Al each stage in a decision process, a
computer program has three branches. There are 10 stages at
which these branches appear. How manyv different paths
could the process follow?

Filling Jobs Sixly people apply lor 10 job openings. In how
many ways can all of the jobs be filled?

Generating Tests A compuierized test generator can generate
any one of five problems for each of the 10 areas being tested.
How many different tests can be generated?

Six-Letter Words If 2 siring of six letiers cannot contain any
vowels (A, E, 1. O, 1, how many strings are possible?
Choosing Delegations How many different four-person dele-
gations can be chosen from 10 ambassadors?

Subdividing a Class In how many ways ean a teacher divide a
class of 21 students into groups of 7 students each?

Distributing Candy In how many wavs can 14 different candies
be distributed to 14 scouts?

. Subdividing Peo ple In how many ways can 20 people be

divided into groups of 5 each?

Executive Positions An Inlernel company is considering three
candidates for CEO, five candidates for CTO, and four can-
didates for marketing director. In how many different ways
can these posifions be filled?



42,

43.

45

&

47

48

49,

50.

Softball League Il every (eam in a 10-ieam sofiball leagne
plays every other team three times, how many games are

played?
Diagonals How many diagonals does an n-sided polygon have?

. Racetrack Betting Raceiraclks have a compound bet called the

dai]y double. in which the bettor tries 1o select the winners of
the first two races, If eight horses compete 1n the first race and
six horses compeie in the second race, determine the possible
number of daily double bets,

Hat Displays A designer of a window display wants to form
pyramid with 15 hats. She wants to place the five men's hats
in the bottom row, the four women’s hats in the next row,
nexi the three baseball caps, then the iwo berets, and a
clown's hat at the top. All of the hats are differant, How
many displays are possible?

Seat Assignments In how many ways can five people be
assigned to seais in a 12-seat room?

Poker A poker hand consists of five cards. How many different
poker hands contam all cards of the same swt? (Such a hand is
called a “Mush.™)

Poker How many hands of five cards contain exactly three
aces?

Three-Digit Numbers How many three-digit numbers are
there in which exactly two digiis are alike?

Three-Digit Numbers How many three-digit numbers are
there in which no two digiis are alike?

Baseball In Exercises 51 and 52, suppose there are three pilchers
and three catchers al a baseball training camp.

51.
52.

53,

54.

55.

56.

57.

5.

59.

How many different pitcher—catcher pairs can be formed?

In how many ways can the six players be sealed in a row if no
one sits next to someone who plays the same position?

Greek-Letter Societies Fraternily and sororily names congist
of two or three letters from the Greel alphabet. How many
different names are there in which no leiter appears more
than once? (The Greek alphabet contains 24 letters.)

Family Picture A family consisting of two parenis and four
children is to be seated in a row for a picture, How many dif-
ferent arrangements are possible in which the children are
seated together?

Feasible Set 11" 10 lines are drawn m the plane so that no two
of them are parallel and no thiee lines intersect at the same
point. how many poinis of intersection are there?

Splitting Classes Two elementary school teachers have 24 slu-
dents each. The first ieacher splits his students into four
groups of six. The second teacher splits her students into six
groups of four. Which teacher has more options?

Consultation Schedule A consulting engineer agrees to spend
three days at Widgeis International, four days at Gadgets
Unlimited, and three days a1 Doodads Incorporated in the
next two workweeks. In how many different ways can she
schedule her consultations?

Arranging Books A set of books can be arranged on a book-
shelf in 120 different ways. How many books are in the sei?

Batting Order Ilow many batting orders are possible in a
nine-member baseball team if the catcher must bat fourth and
the piicher last?

60). Choosing Committees In the United Siates Senate, each state
is represented by one junior senator and one senior senator,
In how many wavs can a commitiee of five senators from the
12 Midwesi staies be represenied if
(a) the committee must consist of two senior senators and

three jumior senators?
(b) no two zenators from the same state can serve on the
commities?

61, Voting Suppose that you are voting in an election for state
delegate. Two state delegates are to be elected from among
seven candidates. In how many different ways can you casl
your ballot? More: You may vote for two candidates. How-
ever, some people “single-shoot,” and others don't pull any
levers,

62. Spelling Algebra The object is o stari with the letier 4 on top
and to move down the diagram to an A at the bottom. From
any given leiter, move only Lo one of the letiers directly below
it on the lefi or right. I these rules are followed, how many
different paths spell ALGEBRA?

E E E E
E B B B B
R R R R R R
4 4 4 4 4 4 A4

63. Call Letters The call letters of radio stations in the United
States consist of either three ot four letters, where the first let-
ter 1z K or W, How many different call letters are possible?

TECHNOLOGY EXERCISES

In Exercises 64=66, use technelogy to calculate the answer,

64, Arranging Students A group of students can be arranged in a
row of seats in 479,001,600 ways. How many studenis are
there?

65. Assigning Jobs There are 25 people in a department who
must be deployed to work on three projects requiring 10, 9,
and 6 people. All of the peaple are eligible for all jobs. Calcu-
laie the number of ways this can be done.

&

License Plates Calculate the number of license plates that can
be formed by using three distinet letters and three distinet dig-
its in any order.

Conceptual Exercises
67. What iz the relationship between the two seis 4 and & if
ANME=en

What is the relationship between the two seis 4 and & if
n(AYU By=n(A) + n(B)?

69. Suppose that A and B are subsets of the set . Under what
circumsiance will 4 M B = 87

68

70. Suppose that A and B are subsets of the set U. Under what
circumsiance will 4 LI B = &7

T1. (True or False) nid) + n(B) =n{dN B+ n{d U B).
72. (True or False) The empty set i3 a subset of every set.
73. Explain why n-(n — 1)! = gl



74. Use the result in Exercise 73 to explain why 0! is defined to

be 1.

77. Without doing any compuiation, explain why
110, 3) = C(10, 7).

75. Express in vour own words the difference between a permuta- 78. Without doing any computation, explain why

tion and a combination,

76. Consider a group of 10 people. Without doing any computa-
tion, explain why the number of commitiees of six people 13
equal 1o the number of committees of [our people.

C(10,4) + C(10, 5) = C(11, 5). Hinz: Suppose that 4 com-
mittee of size five 15 to be chosen from a pool of 11 people,
and John Doe 15 one of the people. How many commitiees
are there that include John? How many committees are there
that don’t include John?

CHAPTER

PROJECT

Pascal's Triangle

In ihe following triangular iable, known as Pascal’s triangle, the eniries in the nth row
are the binomial coefficients (ﬂ), {:') (?) s (:)

1 Oth row
11 1st row
1 21 2nd row
1 3 31 3rd row
1 4 6 41 4ih row
1 5 10 10 5 1 Sth row
1 6 15 20 15 6 1 6th row
1 7 21 35 35 21 7 1 Tth row

Observe that each number (other than the ones) is the sum of the two numbers
direcily above it. For example, in the 5{h row, the number 5 is the sum of the numbers 1
and 4 from the 4th row, and the number 10 is the sum of the numbers 4 and 6 from the
4th row. This fact is known as Pascal’s formula. Namely, the formula says that

()-C2)-07)

For what values of n and r does Pascal’s formula say thatl the number 10 in the tri-
angle is the sum of the numbers 4 and 67

=
H

n!

in—nl

3. Derive Pascal’s formula [rom the [act that C(n, #) is the number of ways of select-
ing r objects from a set of n objecis. (Hint: Let x denote the nth object of the set.
Count the number of ways that a subset of r objects containing x can be selecied,
and then count the number of ways thatl a subset of » objecls not containing x can
be selected.)

4. Use Pascal’s formula to extend Pascal’s iriangle to the 12ih row. Deiermine the val-
ues of {152} and (E} from the extended triangle.

5. (a) Show that, for any positive integer n,

-0+ ()e-+()-

Hinr: Apply the binomial theorem to (x + P withx =1,y = 1.
(b) Show that, for any positive integer #,

(0)-()+()-() ()0

Hint: Apply the binomial theorem to (x + 3" with x = 1, y = —1.

2. Derive Pascal’s formula from the fact that Cim, r) =



{c) Show that, for the Tth row of Pascal’s triangle, the sum of the even-numbered
elements equals the sum of the odd-numbered elemenis: that is,

o)+ ()+()+(©)=0)+()+()-C)

(d) Use the result of parts (a) and (b) to show that, for any row of Pascal's triangle,
the sum of the even-numbered elements equals the sum of the odd-numbered
elements, and give that common summ for the #ih row in terims of n, [Hin: Add
ihe two equations in paris (a) and (b).]

(¢) Suppose that Sisa set of n elements. Use the result of part (d) to determine the
mumber of subsets of S that have an even mumber of elements.

. (a) Show that, [or any posiiive integer »,

1 4+2+4+8+ - +2m=2"1 1,

(Hint: Let =142+ 448+ -+ 2" multiply both sides of the equation
by 2. and subtract the first equation from the second.)

(b) Show ithat the sum of the elements of any row of Pascal’s iriangle equals one
more than the sum of the elements of all previous rows.

. (a) Consider the 7th row of Pascal’s triangle. Observe that each inferior number

(that is, a number other than 1) is divisible by 7. For what values of n, for
1 = n =12, are the interior numbers of the nth row divisible by n?

(b) Confirm that each of the values of n from part (a) is a prime number. (Nete:
A number p is a prime number if the only positive integers that divide it are
p and 1.) Prove that, if p is a prime number. then each interior number ol
the pth row of Pascal’s triangle is divisible by p. [H:'nr.' Use the fact that

R

(¢) Show thai, for any prime number p, the sum of the interior mumbers of the pih
row is 27 = 2,

(d) Calculate 2 — 2 for p = 7. and show that it is a multiple of 7.

(e) Use the results of parts (b) and (¢} to show thai, for any prime number p, 2F — 2
is a multple of p. Note: This is a special case of Fermals theorem. which states
that, for any prime number p and any integer a, a® — & is a multiple of p.

There are four odd mumbers in the 6th row of Pascals triangle (1, 15, 15, 1), and

4 = 2% is a power of 2. For the 0th through 12th rows of Pascal’s triangle. show that

the number of odd numbers in each row is a power of 2.

In Fig. 1{a), each odd number in the first eight rows of Pascal’s triangle has
been replaced by a dot and each even number has been replaced by a space. In
Fig. 1(b), the pattern for the first four rows iz shown in blue. Notice that this
pattern appears twice in the next four rows, with the two appearances separated
by an inverted triangle. Fig. 1{c) shows the locations of the odd numnbers in the
first 16 rows of Pascal’s iriangle. and Fig. 1{d) shows that the patiern for the first
eight rows appears twice in the next eight rows, separated by an inverted iriangle.
Figure 2 demonsirates that the first 32 rows of Pascal’s triangle have the same

properiy.

.-'n‘ se
Sove sees
so se s oe
. . .i.i seces . .-'o sees 0'0.
se s se se se .8
...i t.l. .i-t i-.i. -i.. i.i-. .i'i i-i- .C.- i.l-. 'i't -i.
YY) ss o8 se o8 ss ss ss o8 o8 e
SHS8SESE  SESEAESS  SESESESIESSISEEE  SESESSSESESENSNS
(a) (b) () (d



Figure 2

9, Assume that the property shown in Figs. | and 2 continues to hold for subsequent
rows of Pascal’s triangle. Use this resuli to explain why the nomber of odd numbers
in each row of Pascal’s triangle is a power of 2,

Selected Answers

Exercises 1

L (a) 15.6,7F (b) 1L,2.3,4,57 (@ 41,31 (d) {5.7} 3. @) {ab.ceiout (b) 42} (©) @ (d) 1B, e}
5. @, {1k 425, 41,2} 7. (a) {all freshman college students who like basketball}  (b) {all college students who do not like
baskeiballt (c) {all college students who are neither freshmen nor like basketball}  (d) {all college siudents who are either freshmen
or like basketball} 9. (a) §= {1999, 2003, 2006. 2010, 2013+ (b) T = {1996, 1997, 1998, 1999, 2003, 2000, 2013}

(©) SN T=4{1999 2003 2013} (d) SUT={1996.1997 1998, 1999, 2003, 2006, 2009, 2010, 2013} (&) &' M T= {1996, 1997, 1958, 2009}
() SM T =42006,2010} 11. Between 1996 and 2015, there were only two years in which the Standard and Poor's index increased
by 2% or more during the first five days and did not increase by 16% or more for the entire year. 13, (a) {e./} (b) o, b, c.d. 2./
© @ (d) ia bt (&)@ (f) {a.bdeft (g {abct (h) {a b} @ {4t 155 17. U 19. & 21. LUT 23. LNFP
I[POALAT 27.8 29 SUAUD 31 (ANSYND 33 {students at Mount Cellege who are younger than 35}

35. {people who are both students and {eachers at Mount College} 37, {people at Mount College who are studenis or are at most 35}
39, {people at Mount College who are at least 35} 41 1" 43, P (OUs) 45 (FUCY 47 (a) 48, C, D, E}

(b) {C, DL EFE () (A, D EFE (d)y {4, CD EFE () {4, F} () {D, 5} 49, 8§ ways: no toppings; peppers, onions,
mushrooms; peppers and onions; peppers and mushrooms; onions and mushrooms; all three toppings

51. Possible answer: {2} 53, SC T 55 True 57. True 59, False 61, Truoe

Exercises 2
Lo 3.0 5.8 7.5CT 9 1lmilhen 11, 10 13. 452
@ e e | @d| T @ | |
TE® @ @
i A

\ T/ L N N, N
F.SUT 41 SNT 43 0 45 8 47 ROT 49 R'OSNT 51 TURNS) S (ROSNTIUR' NS NTY
55. Eweryone who is not a citizen or 18 both over the age of 18 and emploved 57, Everyvone over the age of 18 who is unemployed
50. Noncitizens who are 5 vears of age or older



Exercises 3

.11 3 46 5 11 7.75 9 30
11. 13. 15. 17.
GOD | | GOD | | GOa | | GOD
3 2 40 4
19. 21. 23, 25 15, 4;2;1 27.55 M. 3 31. (a}
(3) (2) (3
B | OB taD

() 2 ()5 33.28 35 2 37.51 39.190 41. 180 43. 210 45. 100 47. 450 49. 3750 51, 30 53. 4 55. 49 57. 20
80, 26 61. 90 63,6 65 140 67. 30 69, 30 7. 3

Exercises 4

1. 4-2=8 3. 3-2=0 5 44-43-42=T94064 7. 20-19-18 = 6840 9. 30, since 30-29 = 870

11. (a) 8-7-6-53-4-3-2-1=40,320 (b) 5-4-3-2-1-3-2-1=720 13.4-3-2-1=24 15 2-3=6

17. 3-12-10-10-10- 10 = 360,000 19. 10° — | = 999,999,999 21, &-2- ].ﬂ—lﬁ'D 23 9-10-10-1-1 =900 25 26-26-1-1=4676
27, 15-15=225 29, 3200-2-24-52 = 7987200 31. Since 26+ 26-26 = 17,576 < 20,000. two students must have the same initials,
43, 7-5=35 35 5.4=20 37. 20=¢64 30, 25=32 d41. 4'0=1,04%576 43. 10° = 100,000

45. B+T+6+5+4-3-2+1=40,320; one week 47. 6+7-4 = 168 days or 24 weeks 49, 5:11-(7-2 + 1)-10 = §250 51. ¥ =14
§3. 2-38-38=028B8 S55. (a) 9-8:7+6-5-4-3-2-1=3623880 (b) 8-7+6-5-4-3:2-1-1=40,320

(€) 1+6-5-4-3.2-1+1-1=720 57. 824 10-10=145 59, 4-3-3-3.3.3=072 6l 7-4-26=1792;
§-5-3°=129.160 63 2*=16

Exercises 5

112 3120 5120 7.5 9.7 1L 131 15 2 17,720 19, 72 21. Permutation 23. Combination

25, Neither 27. 4l=24 29. C(9.7) =36 31 C(8,4) =70 33. P(65,5)= 991,186,560 35. C(10,5) = 252

37, U100, 3) = 161,700: C(7. 3p = 35 39, P(150.3) = 3307800 41, (52, 5) = 2,508.960 43, (13.5) = 1287 45 sl=120

47. (a) C(10.4y =210 (b) C(10,6) =210 (c) Selecting four sweaters to take iz equivalent to selecting six sweaters to leave.
39,6

49, C(B.2) =28 51. C(69,5)-26 = 202201 338 33, (b) CE@ 6: 3.22 55, Yes: Moe: C(9, 2) = 36; Joe: C(7.4) = 35

57. 41-Pi4,3)- P(5.3)- (6, 3)- P(7.3) = 870,912.000 59. 31-31F = 1296 6L 10 63. C(15.3)+15-14 + 15 =680

65.
09,

720 — 31 = 51=1594 67, (a) C(45,5) = 1,221,739 (W) (‘{IUB 4) = 3921225 (c) Lottery (a)
Yes; the number of ways to shuffle 3 deck of 32 cards is 52! = & x 107

Exercises &

1. (a) 28 — 234 (b} C(8,4)=70 3. (a) C(7.5)+ C(7.6)+ (1, 1) =
T OL5-C6,5H-1=2772 9 CE. 5H=356 11. C{7.2)=
17. (dy 36+ 70 =126 19. C(8 3)1=56 21. C(10,6) —
©) C(7.2)-C(5,.3) =210 (d) C(7.4)-5+21 =195 25 (a) C(10,3)=120 (b) C(R,3)=36 (c) 120 - 36 =64

27, C4,2)-C6,2) =90 29, C(4,3)-Ci(4,2) =24 31 13- C(4,3)-12-C(4,2) = 3744 33, (7, 5)+5!-21+ 20 = 1,058,400
35. (10, 5) - P(21, 5) = 615,353,760 37. 6!-7-31=30,240 39, C(9.4)=126 41. C(26,22)- C(10.7) = 1,794,000

50, 10y - CE0, 10)

29 () 27 —29=199 5 2-0(6 3)—40;2-C(5,3) = 20
21 13 C(.2)-C(d.2) =60 15. C(6,2) =15
CT.4=175 23. (a) C(12,5 =792 (b) C(7.5) =21

43. ©(12,6) =924 45. C(100,50)/2'% = 796% 47. 19.7%
(12.6) (100, 50/ b (100, 20) = a
Exercises 7 .
1153 3,15 5.8 7.1 9.1 1L 131 15 a0 17.64 19. 20 21, x" + 10:%p + 45x%p7 23, 1052717 + 15xp™d 4 P
25, 184.756x10p10 27, 6 29, 330 31. x + 18x%) + 14427y 33, 673.596x0 35, —045x%S 37 28=256 30, 2=
41, 2°=132 43, 22 - 1=255 45 2-3-28=49152 47. 27— C(7,6) - C(T.7T) =120 49. 28 — (3, 1) — C(8.0) =
5L [2° - €9, 1) — €9, 0]-[2'0 — €10, 1) — C(10, 0)] = 508,526 53. No 57. 29— 2=1022
Exercises 8
1. 20 3. 180 5. 210 7. 34,650 9. 166,320 11. 1.401.400 13, 2,858,856 15. (?25? 3)=99,?5a,240 17. (,‘ 13 . I) = 840
90N _ L2 . (30)_ , (4)_,' 114
19. (3 2’4) 1260 21 @ 2,546,168,625 23, 102,18 = 5,708,552,850 25. 112 =12 27. 5 ar 135,135
20 L. 1% o 3w om ( 38 = 115,166,175,166,136,334,240 35 Grcamrthan-( > )tSstactilliﬂn
T (s ©\10,12,10,6 PR ) "\13,13,13,13 '



Chapter Review Exercises

1.
2

7.

17

24

30.
35,

56.

58,
6l.

&, {ak, 1Bk, {a, b}

(D

3. C(16,2) =120 4. 2-51=240
3
A
GRS
7

6. %1% — -243:11-_1.- + 26¢x10y1

C(8,3)-C(6,2) =840 8 15 9. 7-5=135 10. (2.1.3.5) = 13,860 11. 0 12. 136 13. 6 14. 49 15 47 16. 11
L 46 18058 19022 20, 23 21, C(9.4) =126 22. 2" = 1,048,576 23. 550 24. 430 24 (1,;1)_2“
. 9+10%1-5=450,000 27. 9-9-10° = 2,100,000,000 28. P(7,3) =210 29. 5% =300,625; 5% — 4* = 325,080
C(12.5) =792 31. C(30.14) = 145,422,675 32. 27,500 33. 3'"=359.049 34. C(60.10) = 75,394,027.566
5=9765625 36, 21°=85.766,121 37. C(10,4) =210 38, %‘i—ll;s=66.512.160 39, 14! = 87.178,291.200
} ﬁ{iﬁn—asa,sm,sm 41. 3-5-4 =60 42, 3-C(10,2) = 135 43, llf'{rr,ZJ ~n 44, 8-6 =48 45. 51-41-31-21- 11 = 34,560

. P(12,5) = 95,040 47, 4 C(13,5) = 5148 48, C(4,7) - C(48,2) = 4512 49, 9-10-10 998 — 0 = 243
. 998 =648 51. 3-3=9 52 2-31-31=72 53 24-234+24-23-22=12,696 54. 3-41-2=144 55 (C(10,2)=45
1 240 1 241 1
Second teacher: —-—— = 96,197,645,544 vs —-—— = 4,509,264 634,875 57, ( v )=420(J
4 et 6l (4n® 34,4

5. since 51 =120 59, 7+6-5:1+4+3+2:1-1=5040 60. (a) C(12,2)+ C(12,3) = 14,520 (b) C(12,5)-2% = 25344
Cl7.2D+ C(L 1)+ C(7,0) =29 62, 2°=64 63. 2-26-26+2-26-26-26 = 36,504 64. 12

(ml; 5) = 16,360,143,800 66. Ci(26,3)- C(10,3)- 6] = 224,640,000



