
4i. Find constants A and B such that the function
y : A sin x * B cos x satisûes the differential equation
y" + y' - 2): sin¡.

E2. (a) Use thc substiturion g : 5x to evaluate

sin 5xlg,,
(b) Use part (a) and the definition of a derivative to find

d
, (sin 5x)

ax

43-45 Use Formula 2 and trigonometric identities to evaluate the

limit.

tan 6t sin 3¡ sin 5"r
43. lim 

- 
44. lim .¡-0 Slll Zl x-o x"

sin 0
¿5. limo-00*tan0

46. (a) Evaluate lig x sin 1.

(b) Evaluate lim x sin l.
¡ ,0 X

ffi (c) Illustrate parts (a) and (b) by graphing y : xsin(l/x).

4?. Differentiate each trigonometric identity to obtain a new
(or familiar) identity.

sinx 1
(a) tan x (b) sec

cos .r cos "r

(c)sinx+cosr- 1*cotx
csc ,r

48. A semicircle with diameter PQ sits on an isosceles triangle
PQR ro form a region shaped like a two-dimensional ice-
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cream cone, as shown in the figure. IfA(0) is the area ofthe
semicircle and B(0) is the area of the triangle, fincl

.. A( 0\lrm "
0è0+ B(0)

l0 cm 10 cm

49, The figure shows a circular arc of length s and a chord of
length d, both subtended by a central angle d. Find

FFso. L"t [6:-+.
r/l - cos2x

(a) Graphl What type of discontinuity does it appear to
have at 0?

(b) Calculate the left and right limits of/at 0. Do these
values confirm your answer to part (a)?

^Í

d
lim

d+0+

ES

.e

f

The Ghain Rule

Suppose you are asked to differentiate the function

F(x): ,fr'+ I

The differentiation formulas you learned in the previous sections of this chapter do not
enable you to calculate F'(x).

Observe that ,F' is a composite function. In fact, if we let y : f(u) : Ju and let
u: S(x): x2 + 1, then we can write y : F(*):fGGÐ, that is, F:.f " 9. rùy'e know
how to differentiate both / and g, so it would be useful to have a rule that tells us how to
f,nd the derivative of F : f " g in terms of the derivatives of / and g.

It turns out that the derivative of the composite function f " g is the product of the deriv-
atives of / and g. This fact is one of the most important of the differentiation rules and is

See Section 1.3 for a review of
composite functions.
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James Gregory

The first person to formulate the Chain Rule

was the Scottish mathematician James Gregory

(1638-1675), who also designed the first practi-

cal reflecting telescope. Gregory discovered the

basic ideas of calculus at about the same time

as Newton. He became the first Professor of

Mathematics at the University of St. Andrews

and later held the same position at the Univer-

sity of Edinburgh. But one year after accepting

that pos¡tion he died at the age of 36.

called the Chain Rule. It seems plausible if we interpret derivatives as rates of change.

Regard duf d.x as the rate of change of ø with respect to x, dyf du as the rate of change of
y with respect to u, and dy/dx as the rate of change of y with respect to x. If a changes

twice as fast as x and y changes three times as fast as ø, then it seems reasonable that y

changes six times as fast as r, and so we expect that

dy dy du

dx du dx

C0MMENTS 0N THE pR00F 0F THE CHAIN RULE Let aø be the change in ø corresponding to

a change of A¡ in x, that is,

Lu:s(x+A¡)-s(x)

Then the corresponding change in y is

Ly: f(u + Lu) - f(u)

It is tempting to write

Av L,u: lim -L'
Ax-o Lu Ax

Âv
lim -:1
Á¡+o Ax

Av: lim -:i-
6x-o L,u

dy

dx

Av: lim-1 .
tu-o L,lt

dy du

Lulim--
¡x-0 A.t

L.u
lim
Ä¡-o Af

(Note that A¿r - 0 as A¡ + 0

since g is continuous.)

du dx

The only flaw in this reasoning is that in (1) it might happen that Lu: 0 (even when

L,x * 0) and, of course, we can't divide by 0. Nonetheless, this reasoning does at least

suggest that the Chain Rule is true. A full proof of the Chain Rule is given at the end of
this section. l---)

The Chain Rule can be written either in the prime notation

The Ghain Rule If g is differentiable at x and f is differentiable aÍ g(x), then the

composite function F: f " gdefinedby ¡'(x) : fk?Ð is differentiable atx and

F' is given by the product

F'(x):¡'1n(*Ð's'Q)

In Leibniz notation, if y : f(u) aîd u : g(x) are both differentiable functions, then

dy dy du

dü du dx

I

2 U's)'U) : l'ØGÐ 's'O)
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or, if y : f (u) and u : g(x), inLeibniz notation

dy dy du

dx du dx

Equation 3 is easy to remember because if dy /du and duf dx were quotients, then we could
cancel du. Remember, however, that du has not been defined and duf dx should not be

thought of as an actual quotient.

EXAMPLE 1 Using the Ghain Rule Find F'(¡) if F'(x) : J;r + I

SûLUT|0N 1 (using Equation 2): AL the beginning of this section we expressed F as

r(¡) : U. òQ): fQGÐ wheref(u): Ju andsQ) : x2 + 1. Since

I
2t/uf'(u) : lu-rrz : and g'G) :2x

we have F'(x):f'@(x)),s'G)
lx 4,-z,F+t ^F+t

S0LUTI0N2 (usingEquation3): If welet u: x' * l and y: $,then

1
(2*) : X

.,/-x'1 + l-
dvdu 1

F'(x) : :-+ : ^-- (2x) :
du dx 2t/ u $isg

When using Formula 3 we should bear in mind that dyfdxrcfers to the derivative of
y when y is considered as a function of x (called the derivative of y with respect to x),
whereas dy fdu refers to the derivative of y when considered as a function of ø (the deriv-
ative of y with respect to ø). For instance, in Example 1, y can be considered as a function
of r (y : JF + I) and also as a function of u (y : J;) Note that

dy

ùc
: F'(x) : x

ñ
whereas

dy

du
: f'(r) : 1

îG
Note: In using the Chain Rule we work from the outside to the inside. Formula 2 says

fhat we dffirentiate the outer function f lat the inner function g(x)l and then we multiply
by the derivative of the inner function.

d f GG)) f'
dcrivative
of outer
Iunctkrr

GGÐ s'(x)dx

dvd
slndx dx

!-*f*J

ouIer
futrctior

: Zx cos(x2)

outct cvaluated
at inncr
lilrctioll

evaluatecl
¿t irncr
lìrnction

cbrìvativr
ol'inner
fu nc titu

huìction

[l rxnruelr 2 Differentiate (a) y : sin(¡t) and (b) ] : sin2¡.

SOLUÏION

(a) If y : sin("r2), then the outer function is the sine function and the inner function is

the squaring function, so the Chain Rule gives

) (r') cos

dc¡ivativc
of outcr
lìrnctiori

(r') 2x

cvaluatccl
at inrcr
functiou

evalu¿tc(l
¿tt ilrìcr
funclion

derivativc
ol inncr
I uncti on
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See Reference Page 2 or Appendix C.

(b) Note that sin2x : (sin.r)2. Here the outer function is the squaring function and the

inner function is the sine function. So

dy d..
(srn x)'dx dx'

çVJ

inner
function

2 (sinx)

evaluated
at inner
fturction

cos x

derivativc
of inner
function

de¡ivative
o[ outer
function

The answer can be left as 2 sin Í cos Í or written as sin 2.r (by a trigonometric identity
known as the double-angle formula). I

In Example 2(a) we combined the Chain Rule with the rule for differentiating the sine

function. In general, if y : sin u, where ø is a differentiable function of x, then, by the

Chain Rule,
dy _ dy du : 

"o"ud,dx du dx dx

Thus fi ttt" r) : 
"o, 

uff
In a similar fashion, all of the formulas for differentiating trigonometric functions can

be combined with the Chain Rule.
Let's make explicit the special case of the Chain Rule where the outer function / is a

power function. If y : ls@)l",then we can write y : f(u) : øn where u : S6).By using
the Chain Rule and then the Power Rule, we get

dy _dy du

dü du dx

T

E

)
)
t

4 The Power Rule Gombined with the Ghain Rule If n is any real number and

u : SQ) is differentiable, then

d .dil
- 

(un\ : n¿4-t 
-ùc' dx

Alremarively *bQ)1": nls(x)1"-' .s'(x)

Notice that the derivative in Example 1 could be calculated by taking n: I in Rule 4

EXAMPTE 3 Using the Ghain Rute with the Power Rule Differentiate y : (x3 - 1)too

S0LUTI0N Taking u: SQ) : x3 - L andn: 100 in (4), we have

dv_d
dx dx

(r' - 1)'* : 1oo(x3 - r)* *("' - t)

: 1oo(x3 - l)ry . 3x2 :3oox2(rt - 1)n'

1

*x*1EXAMPLE 4 Find /'(x) if f (x) :

I



SOLUT|0N First rewrite /: f(*) : (xz + x + 1)-tl3. Thus

f,@) : -Iu' + x + r)-4/3 ft ør* x + t)

:-l7r*xrl)-a/t(Zx+t)

EXAMPTÈ 5 Find the derivative of the function

,\ lr-2\'o(t'l : | 
-

v\¡/ \u+tf

ffi)
S0LUTI0N Combining the Power Rule, Chain Rule, and Quotient Rule, we get
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+1).1-2(t-2) 45(t-2)8 I
(2t + 7)2 (2t + I)to

g'(t):r(#)'
:,(*)

d

dt

(2t

n

a
û
b

EXAMP,LE..$ Using the Product Rule and the Chain Rule

Differentiate y : (2x + 1)5(x3 - x * l)a.

SOLUTI0N In this example we must use the Product Rule before using the Chain Rule:

dv ..d .d
n:Q, * t)'ã(*'- * + l)4 + (*'- ** t)^ a*(2x+ I)s

: (2x + I)s . 4(x3- x * 1)3 ft f-'- -r + 1)

i (*' - x * I)a . 5(zx + t, *Qx + t)

: 4(2x+ 1)5(x3 - r + 1)3(3xt - 1) + 5(r' - x + t)a(2x + r)4. 2

The graphs of the functions y and y' in

Example 6 are shown in Figure 1. Notice that

y' is large when y increases rapidly and

)' : 0 when y has a horizontal tangent. So

our answer appears to be reasonable.

10

v'

A/
üv

-10

FIGURE I

-2

Noticing that each term has the common factor 2(2x t 1)a(¡3 - x * l)3, we could
factor it out and write the answer as

dy : 2(2x + l)a(x3 - x + l)3(17x3 + 6x2 - 9x + 3)
ùc

EXAMPTE 7 Differentiàte y : 
"sinx.

SOLUTI0N Here the inner function is g(x) : sin x and the outer function is the exponen-
tial function f(x) : e'. So, by the Chain Rule,

dY:4 
(e"'n') :r'in'4 (sinx):¿'in'cosx Jdx dx' dx

We can use the Chain Rule to differentiate an exponential function with any base a ) 0.
Recall from Section 1.6 that a: etno. So

4.

t

a':(e'"")t:r(Ina)t
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Don't confuse Formula 5 (where x is the

exponentl with the Power Rule (where x is

the base):

!.,r'\ : nxù-l
dx

and the Chain Rule gives

4 @,) : 4. 1",^",) : ,(tna)x ! çn o¡,
dx ûc dx

: ¿(tna)t,lna: a'lna'

because ln ø is a constant. So we have the formula

L (o'\ : a'lnadx'

In particular, if a:2, we get

L o'\:2'rn2dx'

!l fxnueu I Using the Chain Rule twice If /(¡) : sin(cos(tan x)), then

-f '(r) : cos(cos(tan Ð) +cos(tan x)
üc

: cos(cos(tan x))l-sin(ta n x¡l fr @n r)

: -cos(cos(tan x)) sin(tan x) sec2x

dv ^^d---!- : esecia _ (sec 30)de d0'

: esec3osec 3g ran zo ft Oel

: 3esec3o sec 30 tan30

lf'
al
rh,

tir
ta

In Section 3.1 we gave the estimate

d
; (2') - (0.6e)2'

This is consistent with the exact formula (6) because ln2 - 0.693147.
The reason for the name "Chain Rule" becomes clear when we make a longer chain by

adding anotherlink. Supposethaty: f("),": g(x),andx: å(r), where f,g,andhate
differentiable functions. Then, to compute the derivative of y with respect to /, we use the

Chain Rule twice:

dy :dy dx _dy du dx

dt dx dt du dx dt

Notice that we used the Chain Rule twice.

EXAMPLE 9 Differentiate y : esec3o.

S0LUTI0N The outer function is the exponential function, the middle function is the

secant function, and the inner function is the tripling function. So we have

J

5

6

3
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Tangents to Parametric Curves

In Section I.1 we discussed curves defined by parametric equations

x:f(t) y:sQ)

The Chain Rule helps us find tangent lines to such curves. Suppose f and g are differen-
tiable functions and we want to find the tangent line at a point on the curve where y is also

a differentiable function of x. Then the Chain Rule gives

If dx/dt * 0, we can solve for dyf dx:

dy

dy

dt dxif +0
dtdx dx

dt

Equation 7 (which you can remember by thinking of canceling the dt's) enables us

to find the slope dy/dx of the tangent to a parametric curve without having to eliminate
the parameter /. We see from (7) that the curve has a horizontal tangent when dy/dt -- 0
(provided that dx/dt I 0) and it has a vertical tangent when dxfdt:0 (provided that
dy/dt * o).

ÊXÀMPIE l0 Find an equation of the tangent line to the parametric curve

x:2sin2t y:2sint

at the point (.,Æ, t) 'Where does this curve have horizontal or vertical tangents?

SOLUTION At the point with parameter value r, the slope is

dvd
dy dt o, 

(z sin t)

dy _dy.dx
dt dx dt

lf we think of the curve as being traced out by

¿ moving particle, Then dy/dt and dx/dt are

the vert¡cal and horizontal vefocities of the par-

ticle and Formula 7 says that the slope of the

tangent ¡s the ratio of these velocities.

)y
fe
he

dxdxd
= 

:- (2 sin2t)dt dt

2cost cos/: ,(*tr,)(r): 2*"2t

The point (Ji, t) corresponds to the parameter value t : rf 6, so the slope of the tan-
gent at that point is

dy I coslr/6) ,ß/z Ji
dx l,:.ro 2 cosþr/3) 2(:) 2

An equation of the tangent line is therefore

Jt1Y: z *-t

7

y-t:fU-Ji) or
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3

--1

_J

FIGURE 2

3

Figure 2 shows the curve and its tangent line. The tangent line is horizontal when

dy/dx : 0, which occurs when cos ¡ : 0 (and cos 2t * 0), that is, when t : nf2 or

3n/2. (Note that the entire curve is given by 0 < t < 2r.) Thus the curve has horizontal

tangents at the points (0, 2) and (0, -2), which we could have guessed from Figure 2.

The tangent is vertical when dxf dt : 4 cos 2t : 0 (and cos t + 0), that is, when

t : n/4,3îr/4, 5Í/4, or l nf 4. The corresponding four points on the curve are

(tZ, t$).If we look again at Figure 2, we see that our answer appears to be

reasonable. I

How to Prove the Ghain Rule

Recall thatif y : f(x) andxchanges from ato a * A.r, we defined theincrement of y as

Ly:f("+ A,x)-f(a)

According to the definition of a derivative, we have

Âv

Jrb ñ: f'(a)

So if we denote by e the difference between the difference quotient and the derivative,

we obtain

Ji'i " 
: **(* - r@)) : r'(a) - r'(a)

But ":*-f'(a) >

*: u'@) + e2fls'(a) + el

E
fÆ

Iidt

1.

3.

5.

If we define e to be 0 when Â¡ : 0, then s becomes a continuous function of Ax. Thus,

for a differentiable functionf, we can write

Ly : f'(a)Àx * e Âx where e -+ 0 as Ax-+ 0

and e is a continuous function of Ax. This property of differentiable functions is what

enables us to prove the Chain Rule.

PRO0F 0F THE CHAIN FULE Suppose ¿¿ : 9(,r) is differentiable at a and y -- f (u) is differ-
entiable atb : g(a).fi A¡ is an increment in x and Aa and Ày are the corresponding

increments in ø and y, then we can use Equation 8 to writq
1

L,u : g'(a) Ax * er A,x : lg'(a) * e1] A.r

where er --+ 0 as Ax -+ 0. Similarly

10 Ly : f'(b) Lu t ez Lu : lf '(b) -t e2) Lu

where e2 -+ 0 as Aa --+ 0. If we now substitute the expression for Au from Equation 9

into Equation 10, we get

Ly : ll'(b) + e2lls'@) * e,l Âx

7_:.

7

9

11

13

1!

1:

1t

2

¿

SO

I

I

As Ax -+ 0, Equation 9 shows that Lu -+ 0. So both er -+ 0 and sz -+ 0 as Ax -+ 0
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Therefore

dt¡ Âv":lim "
dx a'*o Ax

: 
Jg,lf'(b) + e2lls'(a) + e1)

-- Í'(b)s'@) : f'ø("Ðs'@)

This proves the Chain Rule.

Exercises

rt

1-6 Write the composite function in the form Í(S(ù.
[Identif, the inner function u : S(x) and the outer function

y : f (u).) Then find the derivative dyf dx.

L y: JT + qx z. y: (zx3 + 5)a

3. y: tannx 4. y : sin(cotx)

5. y: eú s. y: JT- ¿

7-36 Find the derivative ofthe function.

7. F(x): (xa * 3x2 - 2)s s. r(x) : (4x - x2)tú

39,Y: e"'sinBx 40. v: ,"'

41-{4 Find an equation ofthe tangent line to the curve at the given
point.

41.y: (t + 2x)to, (o,l) 42. y: "Ã +7, Q,3)

43. y : sin(sin.r), (ø, 0) 4.tL y -- sin x * sin2x, (0, 0)

45. (a) Find an equation of the tangent line to the curve
y : 2/(1 -t e-') at the point (0, 1).

(b) Illustrate part (a) by graphing the curve and the tangent line
on the same screen.

46. (a) The curve y : lxl/J, - x' is called abullet-nose curve.

Find an equation of the tangent line to this curve at the
point (1, 1).

(b) Illustrate part (a) by graphing the curve and the tangent line
on the same screen.

a7. (a) If/(¡) : r'E - ,',ûnd/'(x).
(b) Check to see that your answer to part (a) is reasonable by

comparing the graphs of f and f '.

ffi aa. fn" function f (x) : sin(x * sinZx),0 ( x < z', arises in
applications to frequency modulation (FM) synthesis.
(a) Use a graph of / produced by a graphing device to make a

rough sketch of the graph of /'.
(b) Calculate /'(¡) and use this expression, with a graphing

device, to graph f '. Compare with your sketch in part (a).

49. Find all points on the graph ofthe function

f(r) :2sinx * sin2x at which the tangent line is horizontal.

50. Find the x-coordinates of all points on the curve

.) : sin 2x - 2 sin x at which the tangent line is horizontal

51. If r(x) : fø(r)), where/(-2) :8, f'(-2):4, f'(s):3,
s6) : -2, and 9'(5) : 6, find F'(5).

52. If h(x) : J4 +1f6, where /(l) : 7 and f '(1) : 4,
find ¡É(1).

1r.fe): t+1
13'Y:cos(a3+x3)

15. h(t): ¡t - 3t

17' Y: "r-t'
19. y: (2x - 5)4(8x2 - 5)-3

27, y: ¿xcosx

23. v: /": * t )'' \r'-1/

e. r(¡) : 1-2x

25. Y: sec2x I tan2x

2l. t:-L" Jr2+I

23. y:sin(tan2.r)

31. y : 2'in"

33.):cot,(sin0)

35' ) : cos.,[ir(tanør)

10. f(x): (l + x4)2/3

12. .f(t): :F + tat

14. Y: a3 + cos3x

16.y:3cot(n|)
18. Y: e-2tcos4t

20. h(t): (/ - 1)3(13 + l)4

ü2. y: 1gt-"
/ . \s

24. G(v\: f )' I
\Y+l/

e'- e-u
26. v:' e'* e-u

28. Y: ¿rø'ß

30. "f(r) 
:

t2+4

32. y : sin(sin(sin,r))

34.v:J;+ffi
36. y:2t"

37*40 Find y' and y"

3?. ): cos(¡2) 38. Y: "otz"

EFI Graptring calculator or computer with graphing software required algebra system required 1. Homework Hints available in TEC
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1

2
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3

1

7

2

8

2

4
5

7

6

7

9
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53. A table of values for f, g, f', and 9' is given.

(a) If h(x) : f bQÐ, find l¿'(1).

@) If ã(x) : sUGÐ, flnd 11'(1).

54. Let f and g be the functions in Exercise 53.
(a) If F(x) : f (f (r)), find F'(2).
(b) If G(x) : s@GÐ, find G'(3).

55. Ifl and g are the functions whose graphs are shown, let
u(x) : f (s(x)), a(x) : s(f@Ð, and w(x) : sk?Ð. Find each

derivative, if it exists. If it does not exist, explain why.
(a) u'(1) (b) ¿'(1) (c) u'(1)

56. If / is the tunction whose graph is shown, let h(x) : f UQ))
and g(x) : f (r'). Use the graph of / to estimate the value
of each derivative.
(a) h'(2) (b) s'Q)

I

v: .f (x)

I

0 .1 a

57. Use the table to estimate the value of å'(0.5), where
h(x) : f(s(x)).

x 0 0.1 0.2 0.3 0.4 0.5 0.6

f(*) 12.6 14.8 18.4 23.0 25.9 21.5 29.1

sG) 0.58 0.40 0.37 0.26 0.17 0.10 0.05

58, If 9(x) : Í(f(x)), use the table to estimate the value of g'(l).

x 0.0 0.5 1.0 1.5 2.0 2.5

f(r) 1.7 1.8 2.0 2.4 3.1 4.4

59. Suppose / is differentiable on R. Let F(x) : f(e') and
G(¡) : 

"r(ò.pin¿ 
expressions for (a) F'(x) and (b) G'(x).

60. Suppose / is differentiable on R and a is a real number.

Let F(x) : f (x") and G(;) : t/G)1". Find expressions

for (a) F'(.r) and (b) G'(x).

61. Let r(x) : f(s(h(x))), where h(1) : 2, sQ) : 3, h'(1) : 4,

s'(2) :5, and /'(3) : 6. Find r'(1).

62. If g is a twice differentiable function and f(x) : xg(x'), frnd

;f" in terms of g, g' , and g".

63. If F(x) : f?fØf?ù), where/(o) : 0 and/'(0) : 2,

find F'(0).

64. If F(x) : Í(xf (xf (x))), where/(l) : 2,f (2) : 3,f '(t) : 4,

f '(2) : 5, andf '(3): 6, ûnd F'(1).

65. Show that the function y : e2'(A cos 3x * B sin 3x) satisfies

the differential equation y" - 4y' + 13y :0.

66. For what values of r does the function y : e" satisfy the

differential equation y" - 4y' + y: 0?

67. Find the 50th derivative ofy : cos 2x.

68. Find the 1000th derivative of f(x): a"-'.

69. The displacement ofa particle on a vibrating string is given by
the equation

s(r): 10 + ]sin(102'r)

where s is measured in centimeters and ¡ in seconds. Find the

velocity of the particle after t seconds.

70. If the equation of motion of a particle is given by
s : A cos(r¿r + ô), the particle is said to undergo simple
harmonic motion.
(a) Find the velocity of the particle at time l.
(b) When is the velociry 0?

71. A Cepheid variable star is a star whose brightness alternately
increases and decreases. The most easily visible such star is

Delta Cephei, for which the interval between times of maxi-
mum brightness is 5.4 days. The average brightness of this star

is 4.0 and its brightness changes by *0.35. In view ofthese
data, the brightness of Delta Cephei at time l, where f is mea-

sured in days, has been modeled by the function

B(t): 4.0* O.rr r,"13)
\s.4/

(a) Find the ¡ate of change of the brightness after r days.
(b) Find, correct to two decimal places, the rate of increase

after one day.

72. In Example 4 in Section 1.3 we arrived at a model for the

length of daylight (in hours) in Philadelphia on the /th day of
the year:

f ^- I
L(t): 12 + 2.8 sinL#tr - aoi-l

Use this model to compare how the number of hours of day-
light is increasing in Philadelphia on March 21 and May 21.

ffi
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74, Under certain circumstances a rumor spreads according to the

equation

p0\: -J---_' I + ae-r'

ß. The motion of a spring that is subject to a frictional force or

a damping force (such as a shock absorber in a car) is often

modeled by the product of an exponential function and a sine

or cosine function. Suppose the equation of motion of a point

on such a sPring is

s(t) : 2'-t s' sin2nt

where s is measured in centimeters and ¡ in seconds. Find
the velocity after t seconds and graph both the position and

velocity functions for 0 < ¡ < 2.

where p(t) is the proportion of the population that knows

the rumor at time t and a and fr are positive constants. [In
Section 7.5 we will see that this is a reasonable equation
for p(r).1
(a) Find lim',-p(r).
(b) Find the rate of spread of the rumor.
(c) Graph p for the case d : 10, k : 0.5 with t measured in

hours. Use the graph to estimate how long it will take for
807o of the population to hear the rumor.

A particle moves along a straight line with displacement s(t),
velocity o(r), and acceleration a(r). Show that

SECTION 3.4 THE CHAIN BULE 2OI

ffi fa. fne table gives the US population from 1790 to 1860.

Year Population Year Population

l',t90

1 800

1810

1 820

3,929,000

5,308,000

7,240,000

9,639,000

I 830

1840

l 850

1860

12,861,000

17,063,000

23,t92,000

3t,443,000

(a) Use a graphing calculator or computer to fit an exponen-

tial function to the data. Graph the data points and the

exponential model. How good is the fit?
(b) Estimate the rates of'population growth in 1800 and

1850 by averaging slopes of secant lines.
(c) Use the exponential model in part (a) to estimate the

rates of growth in 1800 and 1850. Compare these

estimates with the ones in paft (b).
(d) Use the exponential model to predict the population in

1870. Compare with the actual population of 38,558,000.

Can you explain the discrepancy?

79-Bl Find an equation of the tangent line to the curve at the
point corresponding to the given value of the parameter.

79. x:t4 + l, y:t3 + t; t: -1
80. x: cos0 * sin20, y: sinO I cos20; 0:0
8L x: e{, y: t - lîtz; î: 1

82-83 Find the points on the curve where the tangent is horizon-
tal or vertical. If you have a graphing device, graph the curve to
check your work.

82. x :2t3 + 3t2 - 72t, y -- 2tt + 3t2 + 1

83. x: 70 - t2, y: t3 - l2t

. .daa(t): a(t) 

^

u

Explain the difference between the meanings of the deriv-
atives dafdt and dufds.

76. Air is being pumped into a spherical weather balloon. At any

time l, the volume of the balloon is V(r) and its radius is r(r).
(a) What do the derivatives dVf dr and dV/dt represent?
(b) Express dV/dt in terms of drf dt.

ffi ff. fne flash unit on a camera operates by storing charge on a

capacitor and releasing it suddenly when the flash is set off.
The following data describe the charge Q remaining on the
capacitor (measured in microcoulombs, pC) at time / (mea-

sured in seconds).

t 0.00 0.02 0.04 0.06 0.08 0.10

o 44.93 36.76100.00 81.87 67.03 54.88

(a) Use a graphing calculator or computer to flnd an expo-
nential model for the charge.

(b) The derivative Q'(r) represents the electric curent (mea-

sured in microampe¡es, pA) flowing from the capacitor to
the flash bulb. Use part (a) to estimate the current when
t : 0.04 s. Compare with the result of Example 2 in
Section 2.1.

Show that the curve with parametric equations x : sin t,
y : sin(r + sin t) has two tangent lines at the origin and f,nd
their equations. Illustrate by graphing the curve and its
tangents.

A curve C is defined by the palametric equaLions x : /2,
-. 

- 
¿l aty - , JL.

(a) Show that C has two tangents at the point (3,0) and find
their equations.

(b) Find the points on C where the tangent is horizontal or
vertical.

(c) Illustrate parts (a) and (b) by graphing C and the tangent

lines.

The cycloid x - r(0 - sin 0), y : r(l - cos 9) was

discussed in Example 7 in Section 1.7.

(a) Find an equation of the tangent to the cycloid at the
point where 0: n/3.

(b) At what points is the tangent horizontal? Where is it
vertical?

(c) Graph the cycloid and its tangent lines for the case r : 1.

ffi oa.

85.

ffi
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ffi
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@ al. Computer algebra systems have commands that differentiate
functions, but the form of the answer may not be convenient
and so further commands may be necessary to simplify the

answer.
(a) Use a CAS to find the derivative in Example 5 and com-

pare with the answer in that example. Then use the sim-
plify command and compare again.

(b) Use a CAS to ûnd the derivative in Example 6. What hap-
pens if you use the simplify command? What happens if
you use the factor command? Which form of the answer

would be best for locating horizontal tangents?

Ed eg. (a) Use a CAS to differentiate the function

f(x) : xa-x*1
x4+x+l

and to simplify the result.
(b) Where does the graph of/ have horizontal tangents?
(c) Graph f and f ' on the same screen. Are the graphs con-

sistent with your answer to part (b)?

89. (a) If n is a positive integer, prove that

91. Use the Chain Rule to show that if 0 is measured in degrees,

then

d 7f
cos 0(sin d)

d0 180

(This gives one reason for the convention that radian measure

is always used when dealing with trigonometric functions in
calculus: The differentiation formulas would not be as simple
if we used degree measure.)

92. (a) V/rite l*l: ^[-' and use the Chain Rule to show that

d t-t- *
* lxt: lx)

(b) If/(x) : I sin x l, flnd /'(x) and sketch the graphs of /
and.f'. Where is / not differentiable?

(c) If 9(x) : sin I ¡ l, find 9'(x) and sketch the graphs of g
and g'. Where is g not differentiable?

93. If y:f(u)andu: S6), where/ andgare twicedifferen-
tiable functions, show that

d2y : ¿'?y ( ¿u\' - dy d}u

d",- dZ\dr)- du d*,

94. Assume that a snowball melts so that its volume decreases at

a rate proportional to its surface area. If iT takes three hours

for the snowball to decrease to half its original volume, how
much longer will it take for the snowball to melt completely?

)

fi {rrn, cos nx) : ¿ sin"-rx cos(n + l)x

@) Find a formula for the derivative of y : cosnr cos ,?.r

that is similar to the one in part (a).

90. Find equations of the tangents to the curve x : 3t2 + 1,,

! : 2t3 * I that pass through the point (4, 3).

Bézier curves are used in computer-aided design and are named after the French mathema-

tícian Piene Bézier (1910-1999), who worked in the automotive industry. A cubic Bézier curve
is determined by four control poínts, Po(xo, yo), Pt(x', y'), Pz(xz, y), and P¡(¡¡, y¡), and is

denned bv the paramet::::iti;3 

+ 3.r,,(1 - ,)2 + 3xztz(t - t) * x3t3

y: yo(l - Ðt + 3yrr(t - t)2 + 3y2t2(1 - r) * y3r3

where 0 <, < l. Notice that when f : 0 we have (r,y) : (¡0,)o) and when t : l we have
(¡, y) : (¡t, y¡), so the curve starts at Po and ends at P¡.

1. Graph the Bézier curve with control points P0(4, 1), Pr(28, 48), P2(50,42), and P3(40, 5).

Then,.on the same screen, graph the line segments PoPt PtPz, and PzPl. (Exercise 29 in
Section 1,7 shows how to do this,) Notice that the middle control points P1 and Pz don't lie
on the curve; the curve starts at Pe, heads toward P¡ and Pz without reaching them, and ends

at Pz.

2. From the graph in Problem 1, it appears that the tangent at Pe passes through Pr and the

tangent at P¡ passes through P2. Prove it,

ffi Bézier Gurves

ffi Crapiring calculator or computer with graphing softwa¡e required


