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70. A tangent line is drawn to the hyperbola xy : c at a point P.

(a) Show that the midpoint of the line segment cut from this
tangent line by the coordinate axes is P.

(b) Show that the triangle formed by the tangent line and the

coordinate axes always has the same area, no matteÍ
where P is located on the hyperbola.

,¡000 _ I
71. Evaluate lim , .

r+r X_ I

72. Draw a diagram showing two perpendicular lines that inter'-

sect on the y-axis and are both tangent to the parabola

y : x2. Where do these lines intersect?

73. lf c > j, tro* many lines through the point (0, c) are normal

lines to the parabola y: x2? What if c < j?

74. Sketch the parabolas ! : x2 and, ! : x2 - 2x * 2. Do you
think there is a line that is tangent to both curves? If so, find
its equation. If not, why not?

Building a Better Roller Goaster

Suppose you are asked to design the first ascent and drop for a new roller coaster, By stndying
photographs of your favorite coasters, you decide to make the slope of the ascent 0.8 and the slope

of the drop - 1.6. You decide to connect these two straight stretches ! : L(x) and y : lz(¡) with
part of a parabola y : f(x) : axï + bt¡ * c,where x and /(¡) are measured in feet. Fol the track
to be smooth therc can't be abrupt changes in direction, so you want the linear segments L1 and L2

to be tangent to the parabola at the transition points P and Q. (See the figure.) To simplify the

equations, you decide to place the origin at P.

ffi

1. (a) Suppose the horizontal distance between P and Q is 100 ft. Write equations in a, à,' and c that will ensu¡e that the ti-ack is smooth at the transition points.
(b) Solve the equations in part (a) for a, b,and c to tnd a formula foL /(¡).
(c) Plot lr, I and 12 to verify graphicatly that the tlansitions ale smooth.
(d) Find the dift'erence in elevation between P and Q.

2, The solution in Problem I night look smooth, but it might not feel smooth because the
piecewise defined fiurction [consisting of I¡ (.r) for ¡ ( 0, /(x) for 0 < x < 100, and

tz(¡) for "v > 1001 doesn't have a continuous second derivative. So you decide to improve
the design by using a quadlatic function q(x) - ax2 * bx * c oniy on the interval
l0 < ¡ < 90 and connecting it to the linear functions by means of two cubic functions:

sG): kx3 + lx2 * mx* n 0<x< 10

h(x)--¡tx3 * qx2 * rx* s 90<x< 100

CAS

(a) Write a system of equations in 11 unknowns that ensul'e that the functions and their
first two derivatives agree at the transition points.

(b) Solve the equations in palt (a) with a cornputer algebra systern to fìnd fonnulas for'

. q(x),s(¡), anð ¿(x).
(c) Plot Lt, g, e, h, and Lz, and compare with the plot in Problem l(c).

ffi Graphing calculato¡ or computer with graphing software required

lõns-l Co*prt"t algebra system requiled

Átffi

The Product and Ouotient Rules

The formulas of this section enable us to differentiate new functions formed from old func-
tions by multiplication or division.

The Product Rule

Ø SV analogy with the Sum and Difference Rules, one might be tempted to guess, as Leibniz
did three centuries ago, that the derivative of a product is the product of the derivatives. We
can see, howeveE that this guess is wrong by looking at a partiçular example. Let f(x) : x
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FIGURE 1

The geometry of the Product Rule

and g(x) : ¡2. Then the Power Rule gives f '(*) : I and g'(x) : 2x. Bul (fù(x) : x', so

Uù'G) :3x2. Thus (/9)' * f'g'. The conect formula was discovered by Leibniz (soon

after his false start) and is called the Product Rule.

Before stating the Product Rule, let's see how we might discover it. Vy'e start by assum-

ing that u : f(x) and u : g(x) are both positive differentiable functions. Then we can

interpret the product ua as aî area of a rectangle (see Figure 1). Ifx changes by an amount

Ax, then the corresponding changes inu anda are

A,u:f(x+ Ax) -f(x) Lu:s(x+ A,x) - s(x)

and the new value of the product, (u + Lu)(u + Aø), can be interpreted as the area of the

large rectangle in Figure 1 (provided that Lu and Lu happen to be positive).

The change in the area of the rectangle is

A,(ua) : (u + Lu)(a + Au) - uu -- u L,a -t u A'u I Lu Aa

: the sum ofthe three shaded areas

U

u

If we divide by Ax, we get

L,(uu) L,a

Ar 
:" 

^*

L,U

L-a

L.u
lim
^¡*o Ax

f +
La

L,U
L,x

Recall that in Leibniz notation the definition of

a derivative can be written as

dv Av' : lim :'.dx Á''*o AI

If we now let Ax -+ 0, we get the derivative of ø¿r:

d L,(uu)

- 
luul : lrm

d^x' ' a¡+o ÂX

/nolimlz *
ar+o \ A¡

Lu:ulim' *u
A¡+o A-f

. (n*^.)(**#)
du du du

+0-T0.-
d"x dx dx

ddudu---(uu): u-- * u--
dx clx dx

The Product Rule Ifl and g are both differentiable, then

fr rl,t nt.tl : r G) fi rnr,tl + sG) ft rtø>l

L,U

At
+U

La

L,Lu

(Notice that Lu -+ 0 as Ax -+ 0 since / is differentiable and therefore continuous.)

Although we started by assuming (for the geometric interpretation) that all the quanti-

ties are positive, we notice that Equation 1 is always true. (The algebra is valid whether ø,

u, L,u, and La are positive or negative.) So we have proved Equation 2, known as the

Product Rule, for all differentiable functions u andu.

In prime notation:

çò' :fs' + sf'

In words, the Product Rule says that the derivative of a product of nuo functions is the

first function times the derivative of the second function plus the second function times the

derivative of the first function.

7

2



Figure 2 shows the graphs of the funct¡on /
of Example 1 and its derivative /'. Notice that

¡,(r) is positive when / is increasing and nega-

ì¡ve when / is decreasing.
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ËI(AMPLÊ I Using the Product Rule

(a) If /(x) : x€x,find/'(x).
(b) Find the nth derivative, fdù(*).

SOLUTION

(a) By the Product Rule, we have

f'(r) :4 Ur')
clx

:.+k) + r,4G)4X ctx

:xe,*e,.L:(x*I)e-

(b) Using the Product Rule a second time, we get

f"(x): *ru + L)e'l

: (¡ + Ð4G,) + ",4(-r + t)üc clx

: (x + 1)e' * e" . | : (x * 2)e'

Further applications of the Product Rule give

f "'(*) : (x + 3)e' ¡tÐ@) : (x + 4)e'

In fact, each successive differentiation adds another term e', so

¡øt@) : (x * n)e, r

EXAMPTE 2, Differentiating a function with arbitrary constants

Differentiate the function/Ø : ^Í (a + bt),

SOLUTI0N 1 Using the Product Rule, we have

f'(t): ",f *@ + bt) + (a + bt)*GE)

:"ft.b+(a+bt).1¡-r/z

. r a*bt a*3bt: b"tt + _rT _rT_

sOLUTl0N 2 If we first use the laws of exponents to rewrite /(r), then we can proceed
directly without using the Product Rule.

f(t) : a"F + turE : o¡t/z 4 6¡z/z

f '(t) : ior't' + zbl/z

which is equivalent to the answer given in Solution 1. I
Example 2 shows that it is sometimes easier to simplify a product of functions before

differentiating than to use the Product Rule. In Example 1, however, the Product Rule is
the only possible method.

3

-J 1.5

-1

FIGURE 2

ln Example 2, a and b are constants. lt is

customary ¡n mathematics to use letters near
the beginning of the alphabet to represent con-

stants and letters near the end of the alphabet
to represent variables.

r
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EXAMPLE z If f(x) : Ji s@), where s(4) : 2 and s,Ø) : 3, frnd f ,(4).

S0LUT|0N Applying rhe product Rule, we get

.r'(x): *V, s@l: ,F *bl)l + s@*u,l
: J* s'@) + sG).lx ttz : G s,@) . #

so f,(4) : Jas,@) . #: 2.3 * fi: ø., r
[l rxameu 4 lnterpreting the terms in the Product Rule A telephone company wants to
estimate the number o-f new residential phone lines that it will need to insiall ãuring the
upcoming month. At the- beginning of January the company had 100,000 subscribeis,
each of whom had 1.2 phone lines, on average. The compãny estimated that its sub_
scribership was increasing at the rate of 1000 monthly. ny pãung its existing sub_
scribers, the company found that each intended to insiall un uu"rui, of 0.01 new phone
lines by the end of January. Estimate the number of new lines the"company will have to
install in January by calculating the rate of increase of lines at the beginning of the
month.

sOLUTloN Let s(r) be the number of subscribers and Iet n(t) be the number of phone lines
per subscriber at time /, where / is measured in months and ¡ : 0 corresponds to the
beginning of January. Then the total number of lines is given by

L(t) : s(t)n(t)

and we want to find Z'(0). According to the product Rule, we have

r,(t) : fibf,l,1¡1- ,G) * nQ) + n(t) * ,U,

we are given that s(0) : 100,000 and n(0):.i.2. The company,s estimares concerning
rates of increase are that s'(0) - 1000 and n,(0) - 0.01. Therefore

¿(0) : s(0)n'(0) + n(0)s,(0)

- 100,000 .0.01 + 1.2 . 1000 :2200
The company will need to instail approximatery 22o0new phone rines in January.

Notice that the two terms arising from the Product Rule ôome from different sources-
old subscribers and new subscribers. one contribution to Z' is the number of existing sub-
scribers (100,000) times the rate at which they order new lines (about 0.01 per subscriber
monthly)' A second contribution is the average number of lines per s:rbscriber (1.2 at the
beginning of the month) times the rate of increase of subscriberc ltooo monthly). r
The Ouotient Rule

We find a rule for differentiating the quotient of two differentiable functions u : f (x) and
a : g(x) in much the same way that we found the product Rule. If x, u, aîda change by
amounts Lx, A,u, and L,u, then the corresponding change in the quotient uf u is

^(+)
u* L,u u (u+A,u)u-u(utA,u ) u\,u - uAru
u*La u u(u + A,a) u(u + Au)
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L,u La

-q-(v\: rim ^v/ù : rim
dx\a/ ar+o Ax a¡+o

u u
Âx Ax
u(u + L,u)

ln prime notation:

The Ouotient Rule If / and g are differentiable, then

a I ¡a>l* lr,Ò l:
oøtfitlo)l - rø)*r .)J

lsG)1'

As A.r-+0, Au-+0 also, because u : SU) is differentiable and therefore continuous. Thus,
using the Limit Laws, we get

/ \ ,1i^lu - urimLu oØ-rLd I u \ ar-o [¡ ¡¡-o Âx dx dx
_t 

- 
I 

- 

-

dx\u / ø lim (ø + Au) u'

x2+x-2
I rxnmflr 5 Using the Ouotient Rule Let y : jl: 

;;:. Ttren

(r3 + o) *ro + x - 2) - (*' + x - z)fr{*' + ø)

(Ð:ry

In words, the Quotient Rule says that the derivative of a quotient is the denominator
times the derivative of the numerator minus the numerator times the derivative of the

denominator, all divided by the square of the denominatox
The Quotient Rule and the other differentiation formulas enable us to compute the

derivative of any rational function, as the next example illustrates.

We can use a graphing device to check that

the answer to Example 5 is plausible. Figure 3

shows the graphs of the function of Example 5

and its derivative. Notice that when y grows

rapidly (near -2), y' is large. And when y
grows slowly, y' is near 0.

1.5

-1.5

FIGURE 3

(x3 + 6)2

(x3 + 6)(2x+ 1) - (x' + x - 2)(3x2)

(x3 + 6)2

(Zxa + x3 + lzx + 6) - (3xa + 3x3 - 6x2)

(x3 + 6)2

-xo - 2x3 + 6x2 * L2x -f 6
(x3 + 6)2

ùc (l + x2)2

_ (L + x2)e' - e"(2x) : e'(l - x)2

(l + x2)2 (r + x2)2

v

*4 L

r

[f rxnUrm 6 Find an equation of the tangent line to the curve y : e"/(l * -r2) at the

point (1, le).

S0LUTI0N According to the Quotient Rule, we have

lr + -r2) L G,\ - e' L(l + .r2)dy ' dx' dü

v'

)

J
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2.5

ex
v.: T +;'

y:tr,

FIGURE 4

Table of Differentiation Formulas

3x2 + 2^EF(x):
x

3.5

So the slope of the tangent line at (i, je) is

drl't :0
dx l"_r

This means that the tangent line at (f , je) is horizontal and its equation is y.:.fe. [See

Figure 4. Notice that the function is increasing and crosses its tangent line at (1, jø).1

I

Note: Don't use the Quotient Ftule every time you see a quotient. Sometimes it's eas-

ier to rewrite a quotient first to put it in a form that is simpler for the purpose of differen-

tiation. For instance, although it is possible to differentiate the function

0

using the Quotient Rule, it is much easier to perform the division first and write the func-

tion as

F(*) :3x * 2x-t/2

before differentiating.
We summarize the differentiation formulas we have learned so far as follows.

4ç>:o
d"x.

(cf)' : cf'

4 G'): nxil-I
dx

d
-- (e') -- e'
cbc

(f + ù' :f' * s' U- ù':l' - s'

(*) sf' - Ís'
92

(fs)' -- fs' + gf'

Exercises

1. Find the derivative of f Q) : (l + 2x2)(x - x2) in two ways:

by using the Product Rule and by performing the multiplication
first. Do your answers agree?

2. Find the derivative of'the function

F(x):x4-sxl+Jxx'
in two ways: by using the Quotient Rule and by simplifying
first. Show that your answers are equivalent. Which method do

you prefer?

3-24 Differentiate.

s. f(x): (x3 + 2x)e' a. g(ù: \ñ e'

et5.y: ,x-

. 3x-l
7. o(x): 2x*7

e'
6. v:-' l*x

2t
8. f(r): 

-
4+î"

x*l12'v: --*x'+x-z

e. r(v) : 73
t--v-y

(y + 5v')

10. i?(r) : (t + e')(Z - tfr)
x3

11. v: .-
' 1-x'

t2+2
13. r : ---:-----------=-

3î'+l
t

ffi Graphing calculator or computer with graphing software required L Homework Hints available in TEC

14. v: --
" (t-1)'



15. y -- (r2 - Zr)e'
1

16. v:" slke'

1'1. y : a3 - zuJu
t)

Ig. z: *t/z(p * ce*)

Ie. fu):
._ /;

20. s(t):f

21. f(x): 
"f -

l-xer
22. f(xl x*e*

ß. f(x): t; axlb
24. .f (x): ----:-;cx+d
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31. (a) Iff(x) : (x' - t)/(x2 + 1), find /'(x) and f"(x).
(b) Check to see that your answers to part (a) are reasonable

by comparing the graphs of f, f' , and f" .

3S. (a) Ifl(r) : (x' - 1)e', find f'(x) and.f"(x).
(b) Check to see that your answers to part (a) are reasonable

by comparing the graphs of f, f' , and f" .

39. If /(x) : x'/(l + x), find/"(1).

40. If g(.r) : x/e', find g{")1"¡.

41. Suppose that /(5) : 1, /(5) : 6, s6): -3, and s'6) : 2.

Find the following values.
(a) (fù'(s) þ) U/ù'(s)
(c) (s/f)'(s)

42. Suppose thatf (2) : -3, sQ) : 4, f '(2) : -2, and

S' (2) : 1 . Find h' (2).
(a) h(x) : sf (x) - 4sQ) þ) h(x) : f (x)s?)

ffi

ffi2t
2+ Jr

x+-
x

25-28 Find/'( x) and f " (x).

25. f(x): xae'

x2
21. f(x): .-t-r¿x

26. f(x): ,5/2"x

28. f(x): -: ,x-- |

(c) h(x):4+
g\x)

(d) h(x):#6

29-30 Find an equation ofthe tangent line to the given curve at

the specified point.

2x
29. v:" x41' (1, 1) 30. y:e', (l,e)

31-32 Find equations ofthe tangent line and normal line to the
given curve at the specified point.

31. y :2*r*, (0,0) 12. y: Ji (4,0.4)

a3. If /(x) : e'g(x), where 9(0) : 2 and ø'(0) : 5, find /'(0).

44. If h(2) : 4 and h'(2) : -3, find

*(ry)l:,
45. If/ and g arethe functions whose graphs are shown, let

u(x) : f(x)s(x) and a(x) : f@)/s?).
(a) Find ø'(1). (b) Find ¿'(5).

x * 7' r

/¡
\ o

-1

0 1 J

r
F

G-1

0 1 ]

l
33. (a) The curve y : l/(l + .r2) is called a witch of Maria

Agnesi. Find an equation of the tangent line to this curve
at the point (- t, å).

(b) Illustrate part (a) by graphing the curve and the tangent
line on the same screen.

34. (a) The curve 1, 
: x/(1 +.r2) is called a serpentine. Find

an equation of the tangent line to this curve at the point
(3, 0.3).

(b) Illustrate part (a) by graphing the curve and the tangent
line on the same screen.

35. (a) If/(x) : (x' - x)e', find f'(x).
(b) Check to see that your answer to part (a) is reasonable by

comparing the graphs of f and f'.
36. (a) Ifl("r) : e'/(zxz + x + 1), frnd f'(x).

(b) Check to see that your answer to part (a) is reasonable by
comparing the graphs of f and f'.

46. Let P(x) : F(x)C(x) and Q(x) : F(x)/G(x), where F and G
are the functions whose graphs are shown.
(a) Find P'(2). (b) Find Q'(7).

ffi

H

ffi

H
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47. If g is a differentiable function, find an expression for the

derivative of each of the following functions.

(a) y: xs(x) (u) y: * Ol y: *g\x) x

4S. Ifl is a differentiable function, find an expression for the

derivative of each of the following functions.

55, Find R'(0), where

R(¡): x--3x3+-5xs 
-

7 -t 3x3 + 6x6 + 9xe

Hint: Ínstead of f,nding R'(x) first, let/(x) be the numerator

and g(x) the denominator of R(x) and compute R'(0) from/(0),

"f'(0), S(0), and g'(0).

56. Use the method of Exercise 55 to compute O'(0), where

QQ):1+x+x|+xe''1-¡*x2-xe'

57. (a) Use the Product Rule twice to prove that if /, g, and h are

differentiable, then (fgh)' : f'gh + fg'h + fgh' '

(b) Taking l: S : ft in part (a), show that

d- _

fr lt t*tl' : 3lf (x)]'? l' G)

(c) Use part (b) to differentiate ! : e3'.

5S. (a) If F(¡) : f(x)SQ), where / and g have derivatives of all

orders, show that F" : f"g I 2f'g' + fg".
(b) Find similar formulas for F"' and F(a).

(c) Guess a formula for F(').

59. Find expressions for the first five derivatives of /(-r) : x2e'.

Do you see a pattern in these expressions? Guess a formula for

/0Ð(x) and prove it using mathematical induction.

60. (a) If ø is differentiable, the Reciprocal Rule says that

(a) y : x2f(x)

x2(c) v : ----:-=

f\x)

f(x\
(b) v: î x-

I + xf(x)
(d) v: ---#lx

49. In this exercise we estimate the rate at which the total personal

income is rising in the Richmond-Petersburg, Virginia, metro-

politan area. In 1999, the population ofthis area was 961,400,

and the popuÌation was increasing at roughly 9200 people per

year. The average annual income was $30,593 per capita, and

this average was increasing at about $1400 per year (a little
above the national average of about $1225 yearly). Use the

Product Rule and these figures to estimate the rate at which

total personal income was rising in the Richmond-Petersburg

area in 1999. Explain the meaning of each term in the Product

Rule.

50. A manufacturer produces bolts of a fabric with a fixed width.

The quantity q of this fabric (measured in yards) that is sold is

a function of the selling price p (in dollars per yard), so we can

write q : f (p). Then the total revenue earned with selling price

p is R(p) : pf (p).
(a) What does it mean to say that f QÐ : 10,000 and

f'(20) : -3s0?
(b) Assuming the values in part (a), ûnd R'(20) and interpret

your answer.

5f. On what interval is the function f(r) : x3e'increasing?

52. On what inte¡val is the function f(x) : x2e'concave
downward?

5Í1. How many tangent lines to the curve y : xl\ * 1) pass

through the point (1, 2)? At which points do these tangent lines

touch the curve?

54. Find equations of the tangent lines to the curve

x-7
Y: x+1

that are parallel to the ìine x - 2y : 2.

Use the Quotient Rule to prove the Reciprocal Rule.

(b) Use the Reciprocal Rule to differentiate the function in
Exercise 16.

(c) Use the Reciprocal Rule to verify that the Power Rule is

valid for negative integers, that is,

for all positive integers n.

¡
0

1

sQ)

d
d"x

- - 
g'(x)

lsGY

Derivatives of Trigonometric Functions

A review of the trìgonometric functions is given

in Appendix C.

Before starting this section, you might need to review the trigonometric functions. In par-

ticular, it is important to remember that when we talk about the function / defined for all

real numbers r by
f(x) : sin x

it is understood that sin r means the sine of the angle whose radian measure is r. A simi-

lar convention holds for the other trigonometric functions cos, tan, csc, sec, and cot. Recall


