29.

30.

Homework 29 Solutions Math 141

flr y)=x"—x? =237 +1;

% =45° —2x-2y; %: 2y—2x
32{ =12x7 -2, 82{ =2 "7
P dy dxdy
Solving the system
4% —2x -2y =0]

“2x+2y=0f

yields the solutions {0, U)_ (-1 - 1)_ and

(11).

¥ &r (7
D) o Ay’ [axayJ
=(12x? -2)2-(-2)*

D(G, 0) =—8<0, so f(x. v) has netthera
relatrve maximum nor a relative minmmmim at

(0. 0).

2
D(-1.-1)=16>0 and 2L 1050 so

= =
&

f(x. ¥) has a relative mininmum at (-1 —1).

2
D(1L1)=16>0 and ‘g f =10>0 so
x
f(x. ¥) has a relative minimum at (1 1).

flx. y)= ¥+ 2y +1II}.].J2 :

df df
-~ =7 Ty = = 2
Ew 2x4+ 2y W 20y +2x
alr . 9r ol f
=2 =20 =2

ax? %l dxady
Solving the system

2x+2y= 0]
2x+20y=0]

vields the solution I:U_ U}_

25 a2 (9f Y
“f o f f
Dix.v)= . -
( } &’ ayz [B.rayJ

=2(20)-2%2=36

2

D(0,0)=38:-D andg—’,;:Z:}U. 50
X

F(x, ¥) has a relative minimum at {0_ U)_

3L

32

33.

Flx. ¥) =63y =337 = 2x+4y—1:
of 5 O

——=6y- =—6y+6x+4
Bx t B_}J ¥ *
2 2 2
J {=U; J {=—6: 0°f =6
dx- oy~ oxdy
Solving the system
6y—2=0]
61’—6y+4=0j
ields the solution 11
g ' 373)
D )= . -
(v.7) ax’ (axay_
=0(-6)-6" =36

D{ _%_ %} =—-36 <0, so f(x. ¥) has neither

a relative maximum nor a relative muninmum at

)

373)

f. =2y +yt£2x-1
i af

azZ}%Z; $:2x+2y

2 2 2

2 {:0:_ 0 {:2: o°f =2
o - dxdy
Solving the system
2y+2=0

2.r+2y=0}

vields the solution (1. —1).

1, 42 1,32
2421 (32

ox> o’
2

=0(2)-2"=—4

dxdy

D[l, — l) =—4 <0, so f(x. ¥) has netther a
relatrve maximum nor a relative nunimum at

(L -1).

Flx. ¥)==2x" + 23— 25" = 2x + 8y —1

ai: —dx+2y -2 ai: 2x—-30y+8
dx dy
2, 3f O f
—=—4: =30 =2
dx= a_vz dxdy

(continued on next page)



(continued)

34.

Lad
rh

Solving the system
—4x+2y-2=0
2x—50y+8=0

31

1elds the soluty -——. =
yields the solu on[ ?_?]

LIPS DS PR
D{x__y}zaf_af_[afJ

9t &yt | oxdy
=—4(-50)-2% =196

D —El =196=0 and
T 7

a‘f[_i_ 1]:—4 <0, s0 f(x,y) hasa

relative maximum at | ——. l]
77
flr ) =3x"+8x-3y" —2x+4y+1

ar ar

_=6I+8I}'—2; —=gx—6y+4
X ay
Of ¢ Of _ o S
ot ay? O dxdy
Solving the system
6x+8y-2=0
Sx—ﬁ}i+4=[}
. (12
yields the solution [—7, —].
35
. 2
olf @5 ()
Dix.¥)= . -
(x.7) ax? a? | dxdy
= 6(-6)—8> =100
1 2
D 53 =-100<0, so f(x, y) has
2

neither a relatrve maximum nor a relative

L 1 2
mummum at | ——. — |.
53

. fle W) =xt—12xt — 4 — 37 +16

a—f =4y —24x- 4v: ai =—4x-2y
dx dy

2 2 2
OF 2-0s &L 5 9
dx” dy~ dxdy

36.

Solving the system
45 —2dx—4y = 0}
4x-2y=0
yields the solutions (0. O:I, {—2, 4)_. and
(2.-4).

=-24x" +32

3’ f |
D(0.0)=32>0 and . (0.0)=-24<0.

so f(x. ¥) has a relatrve maximuom at {D, 0}.
D(-2. 4)=-24(-2) +32=—64<0. so

F(x. ¥) has neither a relative maxinmm nor a
relative nuninnum at {—2_. 4].
D(2.-4)=-24(2)" +32=—64 <0, and

3f _
) =24>0 so f(x. y) has neithera
2

relattve maximum nor a relatrve mummum at

(2.-4).

fx. ¥) =gx2 + 20 +5y7 +5x -2y +2

aF 17 of
Y vayrs Looert0p-2
dx 2 ey e dy g Y

2 2 2
FF VT 9S 10. O
dx- 2 dy” dxdy
Solving the system

EJ:+2;v+5=lf]'
2
2x+10y-2=0

vields the solution —E, 1 .
33

5 - 2
2 f 9 [9'f
D(x.v)= . -
(x.5) A’ a;p2 [Bxay

=¥(10}—22 =81

(continwed on next page)



(continued)

37.

38.

D{—E, l]=}E€1:-Ej} and
3 3

3—{[—% %]=¥:} 0, so f(x. v) hasa
I~ 2

. . 21
relative mummumeoat | ——, — |.
3 3

Flx. )= X - 2xy +4}'2

df - df 5

—=2x—-2y;=—=-2x+8y
F. X }a}‘ X+ay
8°f _, 08 _of

axz ) a}lz - axa_v T
2x—2y=0]x=0
2x+8y=0/y=0

24 020 (2,02
D(x.y)=2L.2 f—[ o fJ —2.8-(-2)°

Tt 3}12 dxdy
=12

D(0. 0)=2-8—(~2)2 >0 and Z‘f (0. 0) > 0,
2

so f{x. ¥) has a relative nunimum at (0, 0).

Fx 1) =2x 43+ 517

o of

= =4x+3y.=—=3x+10y
dx Ty dy e

’f | 9f 3’ f
=4 =10 =3

ot ot oxdy

4x+3_v=0}x=0

Jx+10y=0]y=0

P E':l_lf'2 - dxdy

R A
wn-2L3L (32
~4.10-32=31

2 af
D(0,0y)=4-10-3" >0 and e (0, 0)=0,
s
s0 flx. ¥) has a relative minimum at (0, 0).

39, f(x. ) =-2x>+20 -3  +4x—61+5

ai:—4x+2y+4:ai:2x—2y—ﬁ
dx dy
2 2 2
0f 43L. 597,
dx~ dy dxdy

—4x+2_v+4:[}] x=-1
2x—2y—-6=0/y=—4
3 9 2
3*f a'F [dF
D 1= . —_
{x1|}} ax:! a.']_,,‘z (axa'v
= —4(-2)-21 -4
D(-1. —4) = (—4)(-2)-2° =0 and

9 F , .
™ (—1. —4) =< 0. so flx. ») has a relative
run

maximum at (—1, —4).

40. f(x. V) =—x’ —8xy—1°

f _ af

Y o8y Y- g2y
FE e T
azf: 2:azf:—2:azf =-8
a2 ' a_vz - dxdy

—2x—8y=0]x=0
—8x—2y=0]y=0
32f 32 32 )
o 22
=—2(-2)—(-8)" =60
D(0, 0) = (-2)(=2)— (-8)> < 0. so fix. y) has
neither a maximmm nor a minimum at (0, 0).

41 flx. V) =x> + 230+ 597 +2x +10y -3
of of

—=2x+2y+2:——=2x+10y+10
dx dv

2 2 2

J {:2'af—10'a S =2

di ) 3}'2 T ddy
2x+2_‘u+2=lﬂ x=0
2x+10y+10=0f y=-1

o] 3 2
a'f a'f [
Dixv)= . -
(I,Jr} axg ayg {axay_
=2(10)-22 =16

3’ f

D(0. —1) = (2)(10) - 22 = 0.
©.-D=10)-2*>0.=3

=0, s0

Ax. 1) has a relative minimum at (0, —1).



42,

43.

Flo ) =xT =2 +33  +4x—16y+22
a—f=2.‘c af
dx ¥ v
azfzz_a’f_f:s_ °f __
oyt oxdy
2x=2yv+4= U}x:l

=—2x+6y—16

—2x+6y-16=0]y=3

D(x.y)= o’

=2(6)- (=
D(.3)=2-6-(-2)" >0

has a relative minimum at (1, 3).

‘f a’f ['asz'

%)
L
et
I

2’ o =0 s0f{x. »)
“ox?
flr ) =x —y*=3x+4y

df a _
T 3239 - 5.4
dx dy !

L'{ = 0x: a_{ =-2 a_f =
ax' ay a.ray

3t —3=0|x=41
—2y+4=0]y=2

= 6x(-2)-0% = -12x
D(1, 2) =0, so fix, ) has nerther a maxinum
nnrammnmm:lat(l 2).
D(—1,2)=0and 13 f(—l N=—6=0,s50

Ax. v) has a relative maximum at (—1. 2).

fl ) =x" -2y +4y

o af
=37 =2y L = 2x 4

dx dy o

a2 2

77 6 a{ 097 _
o’ dy dxdy
3’ —2y=0|x=2
—2x+4=0jy=6

D(x.y)= { [ }
}2

= 6x{0 (=2
D(2, 6) <0, soflx.y) has neither a maxinum

nor a minmmum at (2, 6).

45.

46.

flx, V)—712+3.13—x—12y+?
a1 ¥ 32 1

dx v

2 a2 2

OF 4 f —6p: 2L g
dx~ ay dxdy

4x—l=ﬂ]x=l."4
32 -12=0/y=%2
4 32
o’f . B‘f 9°f
o o | avdy
=4(6y)-0% =24y

D(x.y)=

D[l, 2]:48:-0 and &7
4 dx”

=0, soflx. )
; . 1
has a relative mimmum at [E 2}.
D(% —2]:—48 < 0, so flx, v) has neither a
. o 1
maxmummramumumat[z,—l].

JFlx, v)= x2 + 4y + 2_1,'4
df af

L
ax oy

9° 9’ , 97
B'.rj‘: == 3,15 - 24}JL:££‘ =
2x+4y =0] x=-2y
4x+8y° =0/ 83 —8y=0
8}'{}*2 —1]:0:;- y=0_t1
Solutions: (0, 0). (=2. 1). (2. 1)
n alr alf (9% Y
(x.x)= EW: '3}12 _[ EixBy]
=2(24w2}—42 =48y2-16
D0, 0) = 0, so flx. ¥) has neither a relative

nunimum nor a relative maximmun at (0, 0).
]

“

D(2.1)>0 and 2L
i’

—4I+8].«

=

=0, soflx, y) has a

relative nunimum at (—2, 1),

3 f
D2 —1)=0 and P, =0, sofix.v)hasa
x

relative nunimum at (2, —1).



47.

48.

49,

flx, v, 2)= 257 +3_v2 +22 -2x—-y-:z

daf 9 9

—=4x-2—=6y-L=—=2:z-1
ox : dy ! dz -
4x—2=0] . ) :
6y—1=0 x=5:y=g:z=5
27—1—0J
1 1 1%, : : . .
(E 3 15 the only point at which f{x. v. z) can have a relative nunimum.
Filx, v z:l:fr+8x—4,'_|;+x2+_v2+:2
of of of
—=8+2x; —=2y—-4 —=1z
x o w T %
842x=0]x=-4
2y—4=0;v=2
22=0J2=0

(—4. 2. 0) 1s the only point at which f{x, y, z) can have a relative mimmum

!
Letx. v, and [ be as shown in the figure.
Since [ = 84 — 2x — 2y, the volume of the box may be written as

Vix.y)=x(84-2x-2y)=84xy— 2x2y - 21}!2 .

L =84y -4y - Zyz;ai =84x—2x7 —4xy
ox dy

R R 9V
—=—d—=—4dr—=84-4x-4y
o > o’ * dxdy Y

84y—4xy—2y2 =0l x=0 or 84-4x-2y=0|x=14
8ax—2x — 4y =0fyoo 84-4y-2x=0/y=14

Obwviously, (0. 0) does not grve the maximum value of Fx_ v). To venfy that (14, 14) 1s the maximum. check
2
2 2 2
972 V_[El V}

ax? dy 2 | oxdy _

=4y (—4x) - (84— 4x—4y)’
3 atr
D(14.14) = —4(14)(—4)(14) — [84— 4(14) - 414)]* > 0 and ST=4ad<0.
X"

Thus. the dimensions that give the maximmum volume are x=14_ y=14 /=84 -56=28; or 14 x 14 x 28 in_



50. Letx, v, and z be the dimensions of the box. Since the volume of the box 1s 1000 in’ x>0, y=0, and
p
z= 1000 . The surface area 1s S{x l} 2xy+ 21'{1000] + 2}{1{}00] =2xy+ 2000 + 2000.
o

xy xy v X

95 _, 2000 95 _, 2000 9°S _4000 3’S _ 4000 9’5 _
| vt 2 Tty oy
2y 2000 _

2

x=y=10

5, 2000

¥

To venfy that (10, 1(}) is a mumnmm. check
2
3 S 3 S 400[]' 4000 {2)2 4000 _4
axax

o S 5
G 2250 and 8 f
10002 ox?

Thus, the dimensions giving the smallest surface area are 10 x 10 x 10 in.

D(10. 10) =

51. The revenue 1s 10x + 9y, so the profit function 1s
P(x, y)=10x +9y—[ 400+ 2x + 3y + 0.013x” + x+ 337 |
=8x+6y—0.03x" —0.01x— 0.03y7 — 400
2 2
a—P=8—0_06x—ﬂ_01y 9P _6- 0.01x — 0.06y: 9 P_ 006 Gl *;J_—nﬂs 9P _ 501
ox dy dx~ oy dxdy
8-0.06x-0.01y=0] x=120 (120,50 _ Verify this by checking
ﬁ 2 . r r
6-0.01x—0.06y =0 y=80 e Fry TS Dy R
a2 a%p (a%p) 2
D=—F—- =—0.06(—0.06) - (—0.01)" = 0.0035 = D(120. 80) > 0.
o 57 {axa},_] (~0.06)—(-0.01) (120. 80)
J f(lzu. 80) =—0.06 < 0.
Thus profit 15 maxinuzed by producing 120 vnits of product I and 80 units of product IT.
52. The cost1s 30x + 20y, so the profit function 1s
P(x. 1) =98x+112y—0.04xy—0.1x" — 023> —30x — 20y = 68x + 92y — 0.04xy — 0.1x° —0.2p°
2 2 2
9P _6s- 004:—07xa—‘p—92 0.04x — 0.4y 9 ‘:_—02 g o4 P _ 04
ox dv dx dy 2 dxdy

68—0.04y—0.2x=0] x=300
92 —0.04x—0.4y = 0] y =200
To venify that (300, 200) 15 a maximum, check

2
2 2 2
p-3£2 P_[a P] = -0.2(~0.4)~ (~0.04)* =0.0784 = D(300. 200) > 0.

oy’ | axdy
alp

<.
ax?

Thus the profit 1z maximized by producing 300 units of product I and 200 units of product IT.



